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1. 
a) if a,b,c are positive real numbers, then 


otek og Ee Ee 
bc a ~ Vegi Vesti az+1 
b)Let a,b,c, d be positive real numbers.Prove that 
a” — bd b? — ca te c — db d? — ac 
64040 e+ 0dt+e  d4%tb  a+op+e 


Solution: 
a)By Cauchy-Schwarz’s inequality, We have: 


(a? +b?) /(a? +1) (8 +1) > (a? 


= ab (a? +7) +a? +b? > ab(a 


+ b*) (ab + 1) 


+ 6? +2) 


~ +b ~ 2 
>D$+h2-55 


a2 +b? +2 fa2+1 b24+1 
> = 4 
25 (a? +1) (b? +1) x b2 ae | 2 a2 +1 


By Chebyshev’s inequality, We have 


+0? 
ab 


Ge, a? a? _ a? b? _ 
Le Let Ley oa mean 


Therefore ; ‘ : 
a a a 
(+09) =142(05 +5) +5 
az +1 ~ b2 +1 ~ 244 
>1+2 ——— | 
so(pystten SH) meh 
2 1 
a2 + 
= 1 s 
(+s) 
Therefore 
242,65 feet, feat, (ou 
b c a Vb+1 c+1- az+1 
as require. 


b)Notice that 


2(a? — bd) 2a? + b? + d? + 2c(b + d) 
Ot b+ d= 
b+2c+d b+2c+d 

+ c)(b + d) 


_ (a—0)? + (a-d)? + 2(e4 


(1) 


7 b+2c+d 


And similarly, 


(c— d)? + (c— b)? + 2(a+c)(b+ d) 


Using Cauchy-Schwarz’s inequality,we get 


(c— d)? Ce 


b = 
ae d+2a+b 


b)? + (c=) 


2 


b+2c+d' d+2a+b6~ (b+2c+d)+ (d+ 2a+b) 


(3 


(2) 


) 


(a-d)? | (c-b) 2 [@-d)*+(c-)’? 


b+2etd | dtdatb = (b+2e4d)+(dt2a4b) 
2(ia+c)(b+d) _ 2(a+c)(b+d) &s 8(a + c)(b+ d) (5) 
b+2c+d ' d+2a+b ~ (b4+2c+d)+(d+2a+b) 


From (1),(2),(3),(4) and (5), we get 


a? — bd c2 — db (a+c—b—d)? +4(a+c)(b+d) 


| b+d> = b d. 
Rea Eee = a+b+c+d aa eae 


a? — bd 4 c? — db 5 ate-b-d 
b+2c+d d+2a+b7— 2 


In the same manner,we can also show that 


i 
T 


c+2d+a at+2b+c— 2 


b? — ca d? —ac , btd-a-c 


and by adding these two inequalities,we get the desired result. 
Enquality holds if and only if a= cand b=d. 


2 
Let a,b,c be positive real numbers such that 


o) 


a+b+c=1 


Prove that the following inequality holds 


ab be ca 3 
< 


1-2 1-a2 ' 1-82 — 8 


Solution: From the given condition The inequality is equivalent to 


a? + b? + 2(ab+be+ ca) ~ 2 


but from Cauhy Shwarz inequality 


ys 4ab 
a? + b? + 2(ab + be + ca) 


ay. ab ab 
_ a+ab+bet+tca b2+ab+bce+ca 


ab ab 
Ds (a+b)(a+c) ° eS (b+ c)(at+b) 


= - a(b Tr ey 
- (a+ b)(b+ c)(e+a) 
Thus We need prove that 
3(a + b)(b+ c)(e+a) > 25° a(b +e)? 
which reduces to the obvious inequality 
S- ab(a + b) > 6abc 


The Solution is completed.with equality if and only if 


a 


Or We can use the fact that 


S- dab < S- 4dab 
a? + b? + 2(ab + bc + ca) — (2ab + 2ac) + (2ab + 2bc) 
ab ab 
< 
= » 2a(b +c) os 2b(a +c) 


1 b a 
-3D(p5+ze) 
1 b c 3 

-3D (sete) -3 


3, Let a,b,c be the positive real numbers. Prove that 


ab? + bce? + ca? ss 4. 3/(a? + ab + bc) (b? + be + ca)(c? + ca + ab) 


| 


' (ab+bce+ca)(a+b+c) ~ (a+b+c)? 
Solution: Multiplying both sides of the above inequality with (a+b+c)? it’s equivalent to 
prove that 

(a+b+0)2+ (a + b+ c)(ab? + bc? + ca?) 
ab + be + ca 
> 4.3/(a? + ab + bc)(b? + be + ca)(c2 + ca + ab) 
We have 
Cee wee (a + b+ c)(ab? + bc? + ca?) _ ys (a? + ab + be)(c+.a)(c + b) 
ab + bc + ca ab + be + ca 


By using AM-GM inequality We get 


Sg V/(a@ + ab + be)(b? + be + ca)(c? + ca + ab)[(a + 6) (6 + (e+ a)? 


5: (a? + ab + be)(c+.a)(c +b) 


ab+bc+ca ab+bc+ ca 


Since it’s suffices to show that 


V3.%/(a + b)(b + c)(c +a) > 2.Vab + bc + ca 


which is clearly true by AM-GM inequality again. The Solution is completed. Equality 
holds for a=b=c 


4 


Let ag, @1,...,@, be positive real numbers such that ay41—a, > 1 for all k =0,1,...,n—1. 
Prove that 


1 1 1 1 1 1 
1+—(1+ ee (14 <(1+—]({1+—)---(14+— 
ao aj, — ao an — a0 ao ay An 


Solution: We will prove it by induction. 


For n = 1 We need to check that 
1 1 iL 
<{1+— Lee 
a, — ao ao ay 


which is equivalent to ao(a1 — a9 — 1) > 0, which is true by given condition. 


Let 
1 ac 1 1 1 1 
ao a, — ao ak — ag ao ay Qk 


b) 


1 
1+— (14 


ao 


it remains to prove that: 


1 1 1 
1+ = (1+ )- (+o =) < 
ao a, — ao Qk4+1 — 40 
1 1 1 
< (1+) (1+Z)---(1+ ) 
ao a1 Qk4+1 
1 1 1 
1+—)(1+—]---(1+ 2 
ao ay Qk4+1 
pl 1 aD 1 
> (14 )Q+e(4 Jen (a4 )) 
Gk+1 ao a, — ao ak — ao 


id est, it remains to prove that: 


1 1 1 
(1. J(u (1+ Js 
Qk4+1 ao a, — ao 
1 
“(+4 _) 
Gk+1 — 40 
1 1 1 
(1+ }Q+5(4 ) 
Qk+1 ao a1 — ao 
1 1 1 
>14 (1+ J+ rte )e 
ao a1 — ao ak41 — 40 
1 1 1 1 
ee (13 )--(1+—4_) > 
Qk+1 ak+140 a, — ag ak — ao 
1 1 1 
> (1 t ) ee (1 + ) oS 
(Qr41 a ag) a9 a1 — ao ak — ao 
1 1 1 
#12 ate (Mat) (ate) 
ak+1 — ao a1 — ao ak — ao 


But by our conditions We obtain: 


By our hypothesis 


Thus, the inequality is proven. 
5, 
Given a,b,c > 0. Prove that 


S- 3 a + be 
b2+c? ~ '(at+b+c) 
Solution : This ineq is equivalent to: 
2 
a* + be > 9 : 
*/abe(a? + be)? (b? +?) (a+b+c) 
By AM-GM ineq , We have 


a? + be 


‘[abe(a? + be)” (b? + c?) 


" a? + be 3(a? + be) 
*/(a? + be)c(a? + bc)b(b2 + Ja ~ =D) a7 


sym 
Similarly, this ineq is true if We prove that: 
3(a7 +b? +c +ab+ bet ca) . 9 
d7 ab ~ (at+b+c)* 
sym 
a? +b? +03 +3abe > S° ad 
sym 
Which is true by Schur ineq. Equality holds when a = b=c 
6, 
Let a,b,c be nonnegative real numbers such that ab + bc + ca > 0. Prove that 
1 1 1 2 


i 
T 


Pd - 
2a? + be a 2b?+ca 2c? +ab~ ab+be+ca 
The inequality is equivalent to 


yaa 
2a? + be 


~ a(b Cc) ~ be 
| De 
DL at + bc rear 2 2.(2) 


Using the Cauchy-Schwarz inequality, We have 


> 2, (1) 


or 


be (Stbe)? 
pe bc + 2a? < S> be(be + 2a2) Lite) 


Therefore, it suffices to prove that 


Since 


it is enough to check that 


which is a known result. 


Remark: 

2ca + be 2bc + ca Ac 

2a2 + bc 2b+ca~ atb+e 
%, 
Let a,b,c be non negative real numbers such that ab+ bc + ca > 0. Prove that 

1 1 1 1 12 
t > ‘ 
2a2+be 2b? +ca 2c? + ab ab+be+ca~ (at+b+c) 


Solution: 1) We can prove this inequality using the following auxiliary result 
if0 <a<min{a, b}, then 


1 1 4 
{ > ‘ 
2a2+be 2b? +ca ~ (a+b)(a+b+4+c) 


in fact, this is used to replaced for "no two of which are zero", so that the fractions 


1 1 1 1 
2a? + be’ 2b? + ca’ 2c? + ab’ ab+ be + ca 


have meanings. 


Besides, the iaker also works for it: 


1 1 1 2(ab + bc + ca) 
2a? + be 2c? + ab ~ SY) a?b? + abc(a + b+ c) 


' 2b2 + ca - 


But our Solution for both of them is expand 


Let a,b,c be non negative real numbers such that ab+ bc + ca > 0. Prove that 


1 1 a 1 ¢ 1 . 12 
2a2+ be 2b? + ca 2c? +ab- ab + be + ca (at+b+c)? 


\ 


2) Consider by AM-GM inequality, We have 
2 (a* + ab+ bd’) (a+b+c) 


= (2b + a) (2a + be) + (2a + b) (267 + ca) 


> 2\/(2a + b)(2b + a) (2a? + be) (2b? + ca). 


And by AM-GM inequality, We have 
c(2a+b)  c*#(2b+a) 
2a? + be 2b? + ca 


‘ eee 


2a? + be 


= 4c? 46 6abc Cc 
~atbte atbt+c\a+ab+b?2 
ss 2c7a + bc? + 2ab? + b?c 
2a? + be 


- S C(2a+b) | 7(2b+a) 
= 2a2+be += 2b? +. ca 
4c? 6abc c 
> ! 
> (s a (accce)) 


= 4 (a? + b? + c?) " 6abc SS Cc 
at+bt+e a+tbte a? +. ab + b? 
m 4 (a? +b? +c?) 4, Babe (a+b+c)? 
a+b+c at+tb+c \S>c(a? + ab+ b?) 
4 (a? +0? +c?) 6abc 
ab+ce ab + be + ca 


sy - 2a7b + 2ab? + 2b2c + 2bc? + 2c?a + 2ca? 
2a? + be 


a b+c) oes + 2ab? + b?c 


24+ bc 
4 (a? +0? +c?) 6abc 
> b + 
2D 7) at+b+e ab + be + ca 
— 8(@? +P +e +abt+be+ca) 25> (a?b+ab*) 
7 atb+e ab + be + ca 


1 1 
oar oie " ab+be+ca 
4(a? +0? +c? +ab+ be + ca) 
(a+b+c) (>> (a2b +4 ab?)) 


2 12 
~ (at+b+c)?" 
(a+ b)(at+c) a” + be 12(ab + be + ca) 
a >y! 2a? + be BD roar aa —  (a+b+c)? 
From 
ys + 2be s be $1 
2a? + be 2a? + be 

We get 

a? + bc z= 0 

2a? + be ~ 


Now, We will prove the stronger 


(a+ b)(a+c) 2 12(ab + be + ca) 
2a27+be ~ (a+b+c)? 


From cauchy-scharzt, We have 


(a+O\la+e):_o.. 1 3(a+ b)(b+ c)(c+a) 
es 2a2+be (a+b)(b+e)(c+a)() | (2a? + bce)(b + c) < ab(a + b) + be(b + c) + calc 


Finally, We only need to prove that 


(a+ b)(b+ c)(c +a) = A(ab + bc + ca) 
ab(a + b) + be(b+c)+ca(c+a)~ (a+b4+c)? 
(a+b+c)* _ Alab(a +b) + bce(b+c)+ca(e+a) _ 8abc 
ab + be + ca ~ (a+ b)(b+c)(c+a) - (a+ b)(b+c)(c+a) 
a? ++? 8abc 


ab + be + ca = (a+ b)(b+ c)(c+a) = 


which is old problem. Our Solution are completed equality occur if and if only 


or any cyclic permution. 


8, Let a,b,c be positive real numbers such that 16(a + 6+ c) > 7 ; 1 Prove that 
1 8 
y 3 = 9° 
ja+o+ 2a +o] 


Solution: This problem is rather easy. Using the AM-GM inequality, We have: 


a+b+/2(c+a)=a4 ay een a sq CTOs) 


So that: 


1 2 
» fa+o+ Vera] = Genera 


Thus, it’s enough to check that: 


~yexnexe <! <— 6(a4+ b)\(b+c)(c+a) >a+bte, 


which is true since 


9(a + b)(b+c)\(c+a) > 8(a+b+4+c)(ab + be + ca) 


and 


16(ab +b 2 
eka eed) >ab+be+ca => ite age Os, 


l6abc(a + b+c) > ab+be+ca=> 3 i6 


The Solution is completed. Equality holds if and only ifa=b=c= i 


9, Let x,y,z be positive real numbers such that xyz = 1. Prove that 


341 341 34] 
= ae ae > Wry + yz + 2a. 


+ 2 
(Tyre Af bete w/t ety 


Solution: Using the AM-GM inequality, We have 


2/@t + y + Day + ye + 2a) = 2a + eyely + ley tye FD) 
= 2 (a3 + y2z + yz?) (ay + 222 + ayz) 


< (a8 + y?z + yz”) + (2?y + 2?z + ryz) 


=(@+y+2)(x? +yz) = eae 


it follows that 


r+ 1 - 2x xy + yz + zx 
Jattyt2  etytez © 


Adding this and it analogous inequalities, the result follows. 


10, Let a,b,c be nonnegative real numbers satisfying a + b+ c= V5. Prove that 


(a? — b7)(b? — c*)(c? — a?) < V5 


P = (a? — b*)(b? — c*)(c? — a?) = (ce — b*)(e — a”) (b? — a?) < be? (ce? — B”). 


Also note that /5 = a+b+c>b-+csince a > 0. Now, using the AM-GM inequality We 


have 
wo. ((8-2).2) (2) 1-9 
cern { Sere < v5; 


So that We get P < \/5. And hence We are done. Equality holds if and only if (a,b,c) = 


(4 +1; v8 —1; 0) and all its cyclic permutations. 


10 


11, Let a,b,c > 0 and a+6+c=3. Prove that 


1 1 1 Ze 
3402402 340R42 °° 3404075 
Solution: We have: 
1 fy 1 fi 1 oe 
3+a27+02 340727 +c2 3+c+a2 7 5 
3 3 3 9 
<=> 


< 
scutes See Seera 5 


Using Cauchy-Schwarz’s inequality: 


(“Se “ines ) see +8) > (So Ve +BY 


3+a2+b2 


That means We have to prove 
6 
2 2, 72 
(> Va? + 2)? > 50 G+a + b?)) 
S22 +2) 425° M@+P(E+E) = ey : 


8S a? +105 ab> 54 <=> 5(a+b+c)?+35 a? > 54 


it is true with a+b+c=3. 
12, 
Given a,b,c > 0 such that ab + bec + ca = 1. Prove that 


1 1 1 


>1 
abe. ape Sead | a 2—ab+17— 
Solution: in fact, the sharper inequality holds 
1 ea 1 +3 1 > 3 
a2—be+1  4b?-ca+1 c—ab+17~ 2 


The inequality is equivalent to 


1 1 1 3 
Bo 
a(4a + 6 + c) + 4b te+a) me c(4c+a+b) ~ 2 


Using the Cauchy-Schwarz inequality, We have 


ee is) 
( ) 


Therefore, it suffices to prove that 


2 4dat+b+e POE cee scare 
3a2b2c2 — a b Cc , 
Since 
yo eteteL Sis gee 94 (atb+ )(ab + be + ca) 
= a abc 
ere 


abc 


11 


this inequality can be written as 


9a7b?c? + abc(a +b +c) < 


wl rw 


which is true because 


b+ be + ca 1 
252 2 < o — 
eer ee 3 27’ 


and pes ; 
1 
mars rne z cea) =a 


13, Given a,b,c > 0 such that ab + be + ca = 1. Prove that 


1 1 1 


t t >1 
4a? —be+2 4b2-—ca+2 4c? —ab+2 — 


Solution: Notice that the case abc = 0 is trivial so let us consider now that abc > 0. Using 
the AM-GM inequality, We have 


[c(2a + b) + b(2a + c)]? 
4bc 


4a? — be + 2(ab + bc + ca) = (2a + b)(2a+c) < 


(ab+be+ca)? 1 


it follows that 


———————. > be. 
4a? — be +2 — : 


Adding this and its analogous inequalities, We get the desired result. 


14, Given a,b,c are positive real numbers. Prove that 


fe ee a 1 i 1 i 1 > 9 
ab Ee tee TS Dee Tate: 
Solution: The original inequality is equivalent to 
abe+1 | oboe eb t 1, 1 i 1 are 
a b Cc dal. bie esa 


or 


1+a?c 1 1 1 
SS 
(>: a \(S+h+h)> 


cyc 


By Cauchy Schwarz ineq and AM-GM ineq, 


yy wae) >3VA+ag i+ H+) 


cyc cyc 


and 
1 1 1 3 


= 
atl 64+1 c+1™ ¥%A1+ajl(l+b)\14+c) 
Multiplying these two inequalities, the conclusion follows. Equality holds if and only if 


a=b=c=1. 


15. Given a,b,c are positive real numbers. Prove that: 


Ja(b+1) + Vo(e+ 1) 4+ Vela +1) < S Var io+ her) 


12 


Solution: Casel.if a+ b+c+ab+bce4+ca < 3abe+ 3 <=> 4(ab+ be+cat+atb4+e)< 
3(a + 1)(b+ 1)(c + 1) Using Cauchy-Schawrz’s inequality ,We have: 


9(a+1)(b4+ 1)(e+1) 
4 


(/a(b+ 1)+ fb(ce +1) + Jcla+1))? < 3(ab+bc+cat+a+b4+c) < 


The inequality is true. Case2. ifa+b+c+ab+bc+ca < 3abc+ 3. 


ai 9a+ NOs 1)(c+1) 


> 2(a+b+c+ab-+ be + ca) + 3abe + 3 


By AM-GWM’s inequality : 


25° Jab(b+1)(e+1) < S “lable + 1)+ (64+ 1)]) =a+b+c+ab+4 be+ca+t 3abe+3 
9 
4(a+1)(b+1)(c +1) 
=> (fa(b+ 1) + Vo(e+ 1) + Meat)? < eva (b+ 1)(e+ 1)? 


2 
=> Q.E.D 
Enquality holds when a= b=c=1. 


=> ab+be+cat+at+b+c+25 > JSablbb+I(e+l) < 


16, Given a,b,c are positive real numbers. Prove that: 


1 1 1 e 10 
a? + b? e+a* ~ (a+b4+c)? 


T b2 4 C2 T 
Solution: Assume c = min{a, b,c}. Then 

1 1 2 

atc +c — ab+e 


<> (ab—c*)(a—b)* >0 


And by Cauchy-schwarz 


1 2 
2 2 2 
oa 
((a“ + b*) + 8(ab °) (sip ea) 22 


Hence We need only to prove: 


5(at+b+c)? > 2((a27 +0") +8(ab+e)) <> 


3(a — b)? + c(10b + 10a — 11c) > 0 


Equality for a = b,c = 0 or permutations. 


17, Let a,b and c are non-negative numbers such that ab + ac+ bc £ 0. Prove that 


b(at+c)? c(a+b)? Jue pak 
b? + 3ac c? + 3ab 


a?(b +c)? 
a? + 3bc 


i 
T 


Solution: 


By Cauchy-Schwarz ineq , We have 


a2(b+c)° - a2(b+c)° So a2(b+c)° 
a2+be (a2 +bce)(b+c)  b(a? +c?) + c(a? +B?) 
Guo, b? é = BURST b Cc 
= 4 b(a2 +c?) " c(a2 +62)’ 4 a+c° a+ 


Similarly, We have 


c jaye (b+c)+b*(c+a)) 


2 
LHS < } (b+ 0)(G—s Sey? ae 


13 


abc(a + b) 


_ 42 2 2 2 2 2 ( ) 2 2 2 
—a +P4++5 eae <a P+ +5— : <@4iUt+¢ 


which is true by AM-GM ineq 


The original inequality can be written as 


(a+ b)?(a+c)? _ 8 hie 3 £58 
y a? + be Sgethrey. 


Since (a + b)(a +c) = (a? + bc) + a(b +c) We have 


(a+b)?(a+c)? _ (a? + bc)? + 2a(b + c)(a? + bc) +a7(b +c)? 


a? + be = a? + be 
a?(b+c)? 
a2 + be ’ 


=a’ + be+2a(b +c) 4 
and thus the above inequality is equivalent to 
a(b+e)? 8 2 2 
y Aecc te < glatb+e) Sia 5S ab, 


pa J 5(a? + b? +c?) +ab+ be+ca 
a*+be — 3 


or 


Since 
5(a? +b? +c?) +ab+be+ca 


3 


>7?4+04+e+abt+be+ca 


it is enough show that 


Q.E.D 


18, Given 
a, > a2>...>4n >0,0, >b2>...>b, > 0 


Find the maxmium of 


WSolution:ithout loss of generality, assume that 
ay = by 


Notice that for 
a=x>0,b,y>0 


We have 
(a—2)? + (b-y)? —-(a+b-—2)? —y’? =-2b(a—2+y) <0. 


According to this inequality, We have 
(a, — bi)” + (az — ba)? < (a1 + a2 — bi)? + 85, 


(a1 + a2 — b1)? + (a3 — bs)? < (a1 +. a2 + a3 — bi)? + b5, asset 
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Adding these inequalities, We get. 


n 


Si @=b)? <=) 4848448 


i=l 


< (1 — by)? + by (be + b3 +--+ + bn) 


i 
= (1-0)? +8)(1—b):) =1-b, <1-—. 
n 


Equality holds for example when 


a, = 1,a2 = ag Gyn = 0 
and j 
bi = be bn = — 
n 
19, Given 
a,b,c >0 
such that 
a+h+ce=1 
Prove that 


1—ab 1— be 1—ca 1 
+ > 
7-—3ac T7-—3ba T—3ch~ 3 
Solution: First, We will show that 


1 1 1 
7 — 3ab 


t Se 
7-—3be 7-—3ca7 2 
Using the Cauchy-Schwarz inequality, We have 


ih a, 1 Pe 1 4 
7—3ab 3(1—ab)+4~— 9|38(1—adb) |" 


it follows that 


1 1 1 1 
Derr ppt ah 3° 


and thus, it is enough to show that 


1 1 1 
1l—ab 1—be' l—ca 


9 
< a 
12. 


which is Vasc’s inequality. Now, We write the original inequality as 


3 — 3ab 3—3bc 3-—3ca 


t > 
7 —3ac 7~3ba | 7230 =P 
or 
7— 3ab | BONE ye BOYS 1 1 1 
7=30e F=3ba. T=3o- 7—3ab | 7—3bc 7 —3ca 
Since 


4 | re | % 1 ie 
TaBGb. T= Bho Sea 
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it is enough to show that 


7—3ab 7-—3bc T7-—3ca 
t + > 3, 
7—3ac T-—3ba T—3cbd 


which is true according to the AM-GM inequality. 


21, Let 

a,b,c >0 
such that 

a+b+c>0 

and 

b+c> 2a 
For 

z,y,z>0 
such that 

ryz=1 


Prove that the following inequality holds 


1 1 1 3 
> 
a+ x?(by + cz) + ot y(bz + cx) % a+22(br+cy) ~a+b+e 


Solution: Setting 


1 1 
u=—-,v=- 
x y 
and 
1 
w= 
Z 
and using the condition 
uvw = 1 


the inequality can be rewritten as 


2 


Y tethe = ai tentbm 2 a5 
au+cu+ bw au? + cuv +bwu~ atb+c 
Applying Cauchy, it suffices to prove 


(u+uv+w)? 3 
adlu2+(b+c)Siuv~ at+bte 


5: (b+ e~ 2a) (S@-»?) 2 0, 


which is obvious due to the condition for 


a,b,c 
22, Given 
x,y,z >0 
such that 
ryz=1 
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Prove that 
1 1 1 


+ 
(l+a2)(l+a7)  (l+y2)Qt+y") (1+22)04+27 
Solution: First We prove this ineq easy 


1 3 
> 
(+25 +2") ~ 4a tah +1) 


And this ineq became: 


1 1 1 
9 + i) + 9 2 
Te He te LP pe Se TD ge ee aT 


with 
ryz=1 
it’s an old result 
23, Let 
a,b,c 


be positive real numbers such that 
3(a? + 6? +c”) + ab + be + ca = 12 
Prove that 


a b Cc 3 
+ + es 
Jatb vVb+e Veta” V2 


Solution: Let 


A=a4+0b?4+c?,B=ab+be+ca 


2A+B=25 00? +S oab< 7 (35-0? + Sad) = 9. 


By Cauchy Schwarz inequality, We have 
a = a 
ea ae 


<Vatbte/y)——. 


By Cauchy Schwarz inequality again, We have 


‘2 bo b? 
a+b 4~“b(a+b) 
5 (a+b+0)? 
~ So b(a + b) 
_ A+2B 
~ A+B 
a b A+2B 2A+B 
= < = 
St pea A+B A+B 
hence, it suffices to prove that 
2A+B _9 
pee ene ee 
(a+b+c) reg ee 
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Consider 


(a+b+c)V2A+B 


= /(A+ 2B) (2A+ B) 


< (A+ 2B) + (24 +8) 
= 2 


= 5(A+B) 


2A+B 
= (atb+0 SS <5 2QA+B< = 


as require. 
By AM-GM ineq easy to see that 


2240 +e <4 


By Cauchy-Schwarz ineq, We have 


Vate @: 
LHS? = ec e b b a 
Ss  Terpare * (7 +0 +c +ab+betca)(S> CES CES), 


Using the familiar ineq 


9(a + b)(b+c)(c+a) > 8(a+b+4+c)(ab + be + ca) 


We have 
a 2(ab + bc + ca) 9 
» (a+bate) (atb\(b+o(c+a)~ 4(atb+o) 
And We need to prove that 
9(a2 +b? + c? + ab + be + ca) <9 a 6 — (a? +b? +c?) 
A(a+b+c) ~ 2 \/24—5(a2 +02 +c?) ~ 


 (6— (a7 +8? +¢*))? < 24—5(a? +0? +c") 
& (3- (a? +b? +¢7))(4— (a? +b? +.c7)) <0 


Which is true We are done equality holds when 


a=b=c=1 
24. 
Given 
a,b,c>0 
Prove that 
> 1 eS 8(a+b+c)? 
(a? + bc)(b+c)? — 3(a+6)?(b+c)?(c+ a)? 


Solution: in fact, the sharper and nicer inequality holds: 


a(b+c)? b(c+a)? c(a+b)? 
5 + 


b b2 + 2a ab <@+0P+2+ab+be+ ca. 
a® +r 0c ca c+a 


a(b+c)? | b(ct+a)? | A(atb)? % 
a? + be e+e 
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25. 


Given 
a,b,c >0 
such that 
ab+be+ca=1 
Prove that 
i! fi 1 1 9 
Sa + be 852 + Ca, 8c? +ab~ 4 
Assume WLOG 
a>b>c 
this ineq 
1 5 1 5 1 
8.2 8722 8 2 — 0 
pa> 66: 8. 2b? ca: - 8 ee? ab 
8— 8a? —5be | 8— 8b? — 5ca | 1— 8c? — ab Ss 
8a? + 5be 82+ 5ca 2 + Bab 
8a(b+c—a)+3be , 8b(at+c—b)+5ac , cla+b— 3c) a, 
8a? + 5bc 8b? + 5ca eer s Sab 
Notice that We only need to prove this ineq when 
a>b+ec 
by the way We need to prove that 
8b 8a 
> 
8b? + 5ca ~ 8a? + 5bc 
(a — b)(8ab — 5ac — 5bc) > 0 
Easy to see that: if 
a>b+ec 
then 
8ab = 5ab + 3ab > 5ac + 6bc > 5ac + 5ac 
So this ineq is true, We have q.d.e , equality hold when 
(a, b, c) = (1, 1, 0) 
26, Give 
a,b,c >0 
Prove that: 
a b c atb+ec | abc(a + b+) 


+ + 
be+c2? at®@+c a?#+b? ~ ab+be+ca (a2 +b? + c?)(ab+ be + ca) 


it suffices to prove that 


a+b+e 


2: 
a a 
ae Sa 
(a+b+c)? 


ee ee oe 
— S* (ab? + c?a)’ 


1 abc 


So (ab? + c2a) ~ ab+bc+ca 


(ab + be + ca) (a? + b3 + c3)’ 


19 


because 
at+b+e 1 


> (ab? +.c2a) ab+bce+ca 
3abec 
(ab + bc + ca) S> (ab? + ca?)’ 


it suffices to prove that, 


3 (a° b3 c’) > a (ab? + ca) ; 


which is true because 


2 (a? +034 c°) > ye (ab? + ca) : 


Remark: 
Os b c Ge Othe. . 3abc(a + b +c) 
B+c2' +a? ' a®+b? ~ abt+be+ca 2(a3 +63 + c3)(ab+ bc + ca)’ 
Give 
a,b,c >0 
Prove that 
1 1 1 3 81a7b?c? 


} = 
a? + be Pea” Cab abbepea Glare! 


Equality occur if and if only 


or any cyclic permution. 


it is true because 


(1) 
1 1 1 3 (a? +b? +c”) 
+ > 

az+be b+ca c+ab~ ad+ab? 4+ b8c4 bc + cba + ca? 

and 
(2) 3 (a? +07 + eo a 3 81a7b2c? 

ab + ab3 + Bce+b3 + Ga+ca® ~ ab+be+ca 2(a2 +b? 4+ c2)4 

Because 


ae 1 
>> (a8b + ab3) ab+bce+ca 
abc(a + b+) 
(ab + be + ca) (>> (a3b + ab3))’ 


it suffices to prove that, 
2(a+b+c) (a7 +07 + oo > 27abc(ab + bc + ca) (© (a°b + ab*)) ; 


which is true because 


(a) (a+b+c) (a? +0? +c’) > Yabc, 
(b) a? +8? +c? > ab+ be + ca, 
(c) 2(a? +0? + 2) > os (a°b + ab’) , 
which 
(c) 
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is equivalent to 


which is true. 


27, Let 


a,b,c 


be nonnegative numbers, no two of which are zero. Prove that 


a?(b+c) b?(c +a) c?(a + b) 2(a? + b? +c?) 
e+be+2 ° C+ceata atabt+e~ atbte — 
Solution: 
2 2(b +c) 
b? + be + ce? 


it suffices to prove 


or 


or 


= 9 4a?(b + c)(ab + be + ca) 
> (b? + be + c?) (ab + bc + ca) 


da?(b + c)(ab + be + ca 
ye ) 


+ be+c?+ab+be4 


= a?(ab + be + ca) 
=e (b+ c)(a+b+c)?’ 


a? ss (a+b+c) (a? +b? +c?) 
b+e” 2(ab + be + ca) 


s a? a (a+b+c)% 
+ a 
b+e ~ 2(ab+ be+ ca)’ 


>) 


which is true by Cauchy-Schwarz inequality 


We just want to give a litt 


ee (a+b+c)? 
rae 2 (ab + be + ca)’ 
2 
a a 
Bare: pacers 
(a+b+c) 


~ 2(ab+ be+ ca) 


le note here. Notice that 


a?(b+c) a(b+c) — a(b+c)(a? + c? + ab + be + ca) 
B+be+e2 "atbt+e (b? Sees : 
and 
2(a? + b? +c?) S a(b+c) — 2(a2+b? +c? +ab+ be+ ca) 
at+b+e atb+e at+b+e 
Therefore, the inequality can be written in the form 
a(b+c) b(c + a) c(a + b) 5 
B+beo+e | A@+cat+a? ' a+ab+R~ 
Note that 
ee a(b + c) 2 4da(b + c)(ab + be + ca) >¥ da(ab + be + ca) 
P+be+e2 ae 4(b? + be + c?)(ab+ be + ca) ~ (b+c)(a+b+c)?. 
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So that We have to prove: 
S da(ab + bc + ca) 


(b+c)(atb+c)? ~ 


cyc 
Sm (a+b+c)? 
he o 2(ab + be + ca)’ 


which is obviously true due to the Cauchy-Schwarz inequality. 


>) 


or 


This is another new Solution. First, We will prove that 


ab(a + b) + be(b +c) + ca(c + a) 
a+b 


J (a? + ac + c?)(b? + be + c?) < .(1) 


indeed, using the Cauchy-Schwarz inequality, We have 


Vac: Vbe+ Va? tac+c2-/b? +be+ 2 < (ac +a? + ac + c)(be + 8? + be + c?) 
=(a+c)(b+ 0). 


it follows that 


2ab 
V@ + act AYP + b+ 2) < abt ce? +e(a+b— Vad) cate te(a+b— -) 
a 


ab(a + b) + bc(b + c) + ca(c + a) 
a+b ; 


Now, from (1), using the AM-GM inequality, We get 


1 ! 1 . 2 
a+actc? 8 +be+c? ~ \/(a2 + ac4+ c2)(b? + be + c) ; 
2(a +b) (2) 
ab(a + b) + be(b +c) + ca(e+ a) 
From 
(2) 
We have ald ‘ 1 
+c) 
= b 
see da — wore) 
Pata b) 
> =), 
Dae bc(b + c) + ca(c + a) 
29, if 
a,b,c >0 


then the following inequality holds: 


a?(b+c) i (cta) | (a+b) 5 ja? + b3 + 3 
R+be+e' @+eata a2+abt+h2 — a+b+e 


This inequality is equivalent to 


a2(b+c)(a+b+c) 


Pa here > 2y/(a3 +b? +3) (a+b+0) 


or 


iG | eee > 2/(a2 +B +3) (at+b+o), 


b? + be + c? 
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because 


(a? +b? +c?) (a+b+c) 


Dy BO ge SBN. Gi 
2\/(a? + 3 +. c3) (a+b+c) < (a? +b? +c’) 4 ZaPae 


it suffices to prove that, 


5 a? (a3 + b? +9) (a+b+c) 
b? + be+ c? ~ (a2 + b? +c?) (ab + be + ca)’ 


by Cauchy-Schwarz inequality, We have 


se a2 . (a2 +02 +2)” 7 (a2 +02 +c)” 
b+ be+c2 ~ a2 (b2+be+c2) — 2>5a2b? + > a2be’ 


it suffices to prove that 


(a? +b? +c?) (ab + be + ca) > (a +B +c*) (at+bt+c) (257 070? +S abe). 


= A= oat, B= 5 > (a°b + ab8) 0 = Sab? D = ¥ abe, 
We have 
(a2 +02 +0)? =A+2€, 
(a? + b? +c’) (ab+ be + ca) = 2B + D, 
(a? +b? +¢°) (a+b+c)=A+2B, 
and 


2 ab + 5° abe =2C+ D. 
Therefore, it suffices to prove that 
(A+ 2C) (2B + D)>(A+2B)(2C+4+D), 


or 


2(A— D)(B-C) 20, 


which is true because 


A>D 
and 

B>C 
30, Given 

a,b,c>0 
such that 
a+b+c=1 

Prove that 


2V/a2b+ b?c+ cCatab+be+ca<1 


Rewrite the inform inequality as 


2V/a2b+ be+ cat abtbe+ca<(atb+c) 
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2\/(a2b + Be + cea) (a+b+c)<a?4+0? +c? +ab+be+ca 


Assume that b is the number betien a and c. Then, by applying the AM-GM inequality, We 


get 
2b + b2 2 
2,/(a2b + Bet @a)(atb+oa<~— — + b(a+b+c) 


it is thus sufficient to prove the stronger inequality 


a’b+b?ce+ ca 


v+h4+e+abtbe+ca> ; +b(a+b+c) 
This inequality is equivalent to 
c(a — ie —c) > 0, 


which is obviously true according to the assumption of 
b 


How to prove 
So at +25 abcd Sat +25 °a%d 
only by AM-GM Equivalent to prove 
S7 (a—b)?(a +b)? > 4(a — b)(b—c)(a—c)(atb+e) 


WLOG We can assume that 


a>b>c,a-—b=2,b-c=y 
then We need to prove that 
g*(2c+2yt+2)?+y(2c+y)? + (e@+y)?(Qe+a+y)? > cy(x + y)(8e+ 2x + y) 


by 


(x +y)* > xy(x + y)(a + 2y) 
and 
(x+y)? > 3xy(x + y) 


We have completed the Solution 


31, Let 


a,b,c 
be positive numbers such that. 
2b +42 + Ca? > 222 
Find the minimum of A 


a? b2 b2 C2 2 2 


= c3(a? + 0?) os a>(b? + c?) . b3 (c? + a?) 


No one like this problem? Setting 
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We have 


We will prove that 


73 : y fe 3 “ V3 
y? + 2? x? + 22 x? + y? — 9 

Using Cauchy-Schwarz: 

(x? + y2 + 22)? 


LHS > 
— aly? + 2?) + y(x? + 2?) + z(a? + y?) 


By AM-GM We have: 


2 2 
wy’ +2°)+y(a? +2") +2(a*+y") < 3(@? +y"+2")(@tyt2) < ga ee $y hz 


Because 
r+yt+e>1 
So = 
(a? + y? + 22)? v3 
Fq(n? + y? + 2)/er+y+e22 2 
We done! 
32. 


Let x,y,z be non negative real numbers such that 2? + y? + 2? =1 
. find the minimum and maximum of f=x+y+2-— xyz. 


Solution 1. 


First. We fix z and let m = at+y =a2+V1—- 2? — 22 =g(x)(0 < a < V1 — 2?), then We have 


"(pn SS ae 
eu) Vl-@—2 
We get 
1—22 
g(#)>0Se0<2<4/ = 
and 


eee 
J(z)<0e14/ = <a<V1-2?, 


Mmin = min{g(0), g/1 — z2)} = V1 — 2? 


so We have 


and 


2 


— 2 
rx = 9 ( *) = vnaa 


Actually, f and written as 


f=f(m)= 5m tm+ (1 2) = +z, 


easy to prove that the axis of symmetry 


m=—> 2-22 
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so f(m) is increasing in the interval of m, thus, We have 


fim) > f(V1-2)=V1-2 +2 
and 


flim) < f(/2= 22%) = = +2 4 2— 222. 


Since 
(/1—22+2z)? =1422/1-—27>1 
We get f(m) > 1 and when two of x,y,z are zero We have f = 1, soWeget fin = 1. 
Let 4 
z z 
Sn A aa Oe? 

h(z) 5 + 5 + Bes 

easy to prove that 


1 1 
h'(z) >0 #0 < z< —xandh'(z) <0@ = <2z<1 


V3 v3 
then We get 
1 8/3 
VB 9 
when © =y=z= TzWehavef = ae so We get fmax = ae 


Done. 

Solution 2. 

When two of x,y,z are zero We havef = 1, and We will prove that f > 1 then We can get 
fmin = 1. Actually, We have 


frlerctyte—-ayz>1e(etyt,) (e+y? +2) —ayz> 


(V2? + 9? +2), & ((@t+y+z) (2? +9 +27) - ayz)’ > 


(x? +y? +27)" eyez? +25> (x®y + ay? + xyz) >0, 


sym 


1 
the last inequality is obvious true, so We got f > 1; Whenz = y = z = —=We have 


V3 
8V3 
f= “ay? 
and We will prove that 
8/3 
praia 
fs 9 
then We can get 
8V3 
Fra = ays 
Actually, We have 
8V3 3 
f< SB ee bFy+z2—nyz< ewer ty tz) (a? +y? +27) —ayz< 
8/3 


2 2 2\3 1 2 
< 64 (a +y + 27) & 7S (9,2) (y—2) > 0, 


cyc 
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where 


S(x,y, 2) = 17y?(2y—x)° +172? (22-2)? +56y?(z 


is obvious positive, so the last inequality is obvious true, so We got finax = ae 
33, For positive real numbers, show that 
ak(b+c—a) B(c+a—b) C(atb—c) . abt+be+ca 
a? + be b? + ca c2 + ab 2 
ineq 
PE ee ~aX(b+e-a) 5 
a b ties 5) = S- ae = Ve ra 
24 pra 2, ab+ bet ca Sante a(S a? 
a + 5 > (a cte aaah 
be 5) 
2) 92), 8 | 
ai +b° +04 (ab + be + ca)(S~ - ae > 5 (ab + be + ca) 
DEE OME? 
a b Cc > be > 5 
ab + bc + ca a2+be~ 2 
Use two ineq 
be ab ac Aabc 
+ 1(1 
Ei Cau bea a teL OR eu (1) 


it is easy to prove. 


Do pF 42 
a’ +b*+c 8abc > 2(2) 
ab+be+ca (a+b)(b+c)(c+a) 
So easy to see that 
a+b? 4+ x be a? +b? +c? Aabc 
ab + be + ca © a2+be~ abt+be+ca (at+b)\(b+c)(e+a) | 
Qa Poe Do 
5 2 +b +¢ bps 5 
— 2(ab + bc + ca) =) 
We have done ! 
ak(bt+c—a) , B(c+ta—b) _ P(a+b—c) _ 3abc(a+b+c) 
a+be = +a ce+ab ~~ 2(ab+be+ca) 
Solution 
a? +b? 4+? ay be 3abc(a +b +0) 
ab + be + ca a?+be ' 2(ab+be+ ca)? 
And We prove that 
3abc(a + b +c) - Aabe 
2(ab+be+ca)? ~— (at+b)(b+e)(c+a) 
3(a+b+c)(a+b)(b+c)(c+a) > 8(ab+ bc 4+ ca)? 


This ineq is true because 


3(a+b+c)(a+b)(b+ce)(c+a) > ; 
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(a+b+c)?(ab+ be + ca) > 8(ab + bc + ca)? 


at)? ++5627(y—a)? +2404 +4+6y44+624+45727 (y?+27)+104y727 


So 


a? +6? 4c? Aabc Aabc 
LHS > +12>3 
~ab+bce+ca (atb)(b+c)(e+a) (at+b)(b+c)(c+a) ~ 
Let 
a,b,c >0 
Show that 
ak(bt+c—a) , B(ct+a—b) | P(atb—c) Z 9abce 
a+be = =©9hR ca Ha AW(at+b4+c) 
First, We prove this lenma: 
| a ore (at+b+c)? 
a+bce Be +ca Cc? +ab~ 2(ab+be+ ca) 
be ac ab a+? +¢ 


a+be  b?+ac c+ab  2(ab+be+ ca) ~ 
which is true from 


be | ac ab Seiat Aabc 
a2+bce Be +ac ce +ab — (a+ b)(b+ c)(c +a) 


a? +b2+¢? Aabe ] 
2(ab+be+ca) (a+b)(b4+c)(c+a) — 
equality occur if and if only 
a=b=c 
or 
a=b,c=0 
or any cyclic permution. 
Return to your inequality,We have 
a(b+c—-a) 4 5 Yabc 
— poe < + b+ ¢ 4 
> a? + be a) Sa . 2(a+b+c) 
or 5 ; 
a 9abc 
b+b ce pe ee ed 
ees c+ca) ae 88 + OT G4 b+O) 
From 
a b? Ce (a+b+c) 
az+be' B+ca' 2 +ab— 2(ab+be+ ca) 
We only need to prove that 
CES er ee nee 9abc “i 
2 2(a+b+c) 
b 
++ 4 oe > 2(ab + be + ca) 
at+b+e 


Which is schur inequality. Our Solution are completed equality occur if and if only 


or any cyclic permution. 


33, Let 
a,b,c >0 
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such that 


Then 


From the condition 


it follows that . 


a? ae be: a?(b+c) 
water a? + be +1) 


Thus it suffices to prove that. 


For 


positive reals prove that 


aa oe 2, 


<=> ai+bt+ct— be? — a? — a7? > 0 


~ablat+b) | 2(a +b) 
De c? + ab eS c? +ab =a 


and our inequality becomes 


+0) 
ps ee oe 


but 
270 4 : 2 2 2 
ewes c*(a + b) = % (ca + cb) < 
(c? + ab) A + oe +) a(b? + c?) + b(a? + c?) 
PS a2) ‘les =)i6 
34 
Let 
a,b,c >0 
such that 
a+b+c=1 
Then oa 53 ‘ ‘ 
” + OC +ca cCt+a 
6(az + Be 2) > a 
ree) az+be b? + ca 3 c2 +ab 
Solution 


2(b+c) 
6a ep et) Be 23 
(a c) Dy az+tbe — 


a?(b+c) 
a? + bc 


a(a—b)(a—c 
45° (a—b)( (a—c) pay ewes) a ) 
S>(a-db)(a-o(4— 5") 20 


a2 + be 


6(a? +b? +c?) -2(at+b+c)? >> ° (a- ) 
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Assuming WLOG 


a>b>ec 
then easy to see that, 
a 
4— 
a? + be 
and 
Cc 
4 — 
c2 + ab — 
Cc a 
(c—a)(c— b)(4 2 cap > Oand(a — b)(a — c)( He 5a) > 
We have two cases 
Case 1 
b 
b? + ac — 
then b 
b b 4 > 
ee at ane rarer 
so this ineq is true 
Case 2 A 
0 
b? +ac — 
easy to see that 
= 4 — b 
c2 +ab b? + ac 
So 4 
LHS > (c—b)?(4— ~~) + (a—b)(b 
Sete by Peay Cae OF eae c? + ab 
Q.E.D 
35. Let 


Zz, Y, z 
be real numbers satisfy: 
xy? + 2yx? +1=0 
Find the maximum and minimum values of: 


f(z,y) = zs * + u(y4 : + 2) 


Solution: Put ; 
t=-;k=y+1 
x 


, We have: 
P+h=1 
f(z,y) =P +tk 
Put 
t =cosa;k = sina 
then 


f(x,y) = cosa? + cosa sina = 


1 1 
sin 202 = 5 + Paka (2a — ") 
1 1 
max f(r, y) == + 
fey) =5 fi 
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ola 


min f(x,y) = ; 


Q.E.D 
36. 
Suppose a,b,c,d are positive integers with ab+ cd = 1. 


Then, For We = 1,2,3,4,let (x;)? + (yi)? = 1, where 2; and y; are real numbers. 
Show that 


b d 
(ayr + bya + cys + dys)” + (aaa + baz + cx2 + dri)’ < 25 oe 7 Foy 
Solition: 
Use Cauchy-Schwartz , We have 
(ay, + by2 + cyz + dys)? < 
(ayi + by2)? | (cys +dys)?, _ 
eo ean ab cd = 
(ay; + by2)* | (cys + dys)? 
ab ' cd 
Similar: 
(ax4 + ba3 + cx2 + da)? < 
(ax4 +623)? (cag + dx)? 
(ab + cd)( 7b + a ) 
2 (a4 + bx3)? | (cag + day)? 
ab cd 
But: 
(ay, + by2)? < (ay, + by2)? + (ax, — baz)? = a? + dD? + 2ab(yryo — 2122) 
Similar. 
(cxg + dx1)? < c? + d? + 2cd(ax122 — y:y2) 
, then We get: 


cd ~ 


(1) 


The same argument show that: 


(cy3 + dys)? f (ax4 + baz)? x 


cd ab ~ 
Ure eas ee 
bo a doe 


(2) 
Combining (1);(2) We get . Q.E.D 


37. 
in any convex quadrilateral with sides 


axb<c<d 
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and area F’ 
Prove that : 


Solution: 

The inequality is rewritten as: 

(-a+b+ct+d)\(a—b+c+d)(a+tb—c+d)(a+b+c—d) < 27c*. 

We substitute « = -a+b+c+d,y=a—b+c+d,z=a+b-—c+d,t=a+b4+c-d. 
Then Sty tt cand sD y222t. 

Thus We have: ryzt < o7( ee 


The left side of the inequality is maximum when z = y 


while the right side of the inequality is minimum (We have fixed x,y and t). 


t 
Then We just prove that xy7t < 27( yt 


Because ryt < x3t, We just have to prove 


ot < (“ty 


And then it follows that the above inequality is also true. 


x 
SS 
3 “ 3 - 3 a 
aft. ® 2, 
3.3 3 
hence 
a7(2t4)4 > 934 
4 
38. 
Let ABC be a triangle. Prove that: 
with , 1 1 1 1 
a bc  atb—c b+c—-a' cta—b 
Solution: 
1. 


1 1 2b 2b 2b 


= = > 
tbe | bte=a (a+b—c)(b+c—a) b-(c—a)?~ bb 


Similarly, We have 


1 1 2 

+ > 
b+e-a cta-b7e 
1 1 2 


hab Ohba e- > ae 
Add three inequalities together and divide by 2 to get the desired result. 
2: 


use Karamata for the number arrays (b+ c—a; c+a—b; a+b—c) > (a; b; ©) 


and the convex function 
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Or make the substitution « = 4 (b+c—a), y= $(ct+ta-—D), 
z= %(a+b-—c) and get 
a=y+z,b=z24+4,c=2+4+y, 


so that the inequality in question can be rewritten as 


Ae ok, salt, on let 2am ot A Hl 
ft ——+——<—+-—4 


yte z+H e+y” 2 Qy | 22 


| 


what directly follows from AM-HM: 


2 1 1 2 1 1 2 1 
< { < 
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Let a,b,c be nonnegative real numbers. Prove that 


a +b? +c? + 3abe > 


= i ’ = + ’ S : 

ytez” Q2y Ww ze+a7 2 Ww aet+y” Ww i 2y 
(a7b+ b?e+c?a)? (ab? + be? + ca)? 
ab? + bc? + ca? a’b + b?ce+ ca 


Solution: 


if a=0 or b=O0or c= 0 ,it’s true.if 


abc > 0 


Put z= $,y = 2,2 = £.We need prove 


5 oytyet en? | wty te? 


z 
zZ @ Yy 


—“ayz(at+y+z) | cy tyz+ za 


O50 i 4 Boor oe 2508 
re ees UY? + YZ + 2°" B+ yr +z 
z2 @ y  weyz(atytz) cy tyz+ zu 
PP PWM t+y +2 )etyt2) 
y ee ry + yzZ+ 2x 


3 
ai ; y Ae z > gy ty?zt+ 222 
y 


By using AM GM’ inequality, We have: 


xy yz 


—" 4 ryz> Qa7y,2"+ayz> yz 
z x 


3 
ae + ayz > 22%y, ayty?zt+ 272 > 3Bryz 
y 


We have done 
AO. 


Let x,y,z be positive real numbers. Prove that: 


Solution. 


We rewrite the inequality as 


Ele (So-3) Eee (thread 
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Putting zyz = k®, then there exist a,b,c > 0 such that 2 = §4,y = ,z = *. 


(oa a 


The inequality becomes 
a 1 a g 2 b 
= ato = oe = a 
LE+(z 2b) E+ (k z) > [ree 
2 1 
25 3 2 2 2 
f(k)=)5a +(k -2)5 “+ (qe -2) Dab + 3abc > 0 


We have that 


From now, according to the Variation Board, We can deduce our inequality to show that 
2 
f Yo ab = 
>> a?b 


(ab + b?c + c?a)? “a (ab? + bc? + ca”)? 
ab? + bc? + ca? a2b+ b2e+ Ca 


or equivalently, 


a? +b? +c? + 3abe > 


Q.E.D 


41. 
Given a,b,c > 0.Prove that: 


(a+b+c)? a? i ae 
2(ab+be+ca)~ a?+be +ca' c+ab 


Solution: 


We have 


2a? ae a?(a — b)(a—c) 
Ge aR DY eran cares Crea 
(easy to check by Vornicu Schur) it suffices to prove that 


at+b)(atc) (at+b)(b+c)(c+a) 
Assume that a+b+c=1 and put q=ab+ bc+ca,r = abc, then the inequality becomes 


(a+b+c)? 2a? 25> ab(a + 6) 
2(ab + bc + ca) = »s ( 


Be Gee 


4q7~ q-r 


q-?r 


=> 
q—3r 


> 4q 


2r 


q—3r 


S >4q-1 


By Schur’s inequality for third degree, We have r > 4 then 


2r 2r 6r 
2 
Nee Cm 
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it suffices to show that 


6r > (4q—1)(1— 4) 


But this is just Schur’s inequality for fourth degree 


Sat + abe Sa > Sabla? +b?) 
We have done. 
2: 
Suppose a+ b+ c= 3. We need to prove: 


f(r) = 4q* — 9q? + 24qr? — 54q?r — 72r? — 243r + 216gr < 0 
f'(r) = 48qr — 54q? — 144r — 243 + 2169 
f(r) = 48(q— 3) < 0,sof’(r) < f'(0) = —54q? — 144 + 2169 < 0 


So, witha < 4, f(r) < f)=@(4q—-9) < 0 
With > 2, We have: f(r) < f(s) < 0 (trues with g> 3) 
42. 


Let a,b,c be nonnegative real numbers such that a? + b? + c? = 1. Prove that 


a3 B43 
> V2 
b? — be + ce? az v2 
Solution: 
“S B+ x (a2 +b? +.c2)? 
b? — bc + 2 a2 alb? — be +c? +: a(b4+ ©)] 
1 1 ~ 
> a= S02 
9) [3-24 ] 3 42 
Pl aVeresty 
43. 


Let AABC and maz(A, B,C) < 90. Prove that : 


cosAcosB  cosBcosC cosC’cosA = J3 


sin2C sin2A sin2aB ~ 2 


Solution: 

But if A = 90° the left side does not exist. 

if max{A, B,C} < 90°. Let a? +B?-C=2z,0+c?—-WP=yand @+c?-—a? =z. 
Hence, x, y and z are positive and 


b?+c?—a? 7 a*+c?—b? 


3 cos A cos B 5 She Bac 
sin 2C s Q. 23, a+b? —? 
cyc 


7 = 9 ab(b? + c? — a?)(a? + c? — 6?) aS ry a2b2 7 
8c?,S(a? + b? — c?) = (x + y)z \) 2(a2b? + a2c? + b2c2) — a4 — b4 — ct 


cyc cyc 


_y wv _ [erawra) 
( 


oty)z\ 4(ry+arz+ yz) 


Thus, it remains to prove that, 


2, Ly TOUTE crys, 


aoty)z\ cytazt+yz 


cyc 
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which is equivalent to 


ay? / (x + z)(y +2) 
yee 


> vyz/3(ry + vz + yz). 


cyc 


By Cauchy-Schwartz We obtain: 


poe aa (y+2z) oy = 


Hence, We need to prove that 


(xy + az + yz). 


(zy + az + yz)? — ee) -cyzy/ 3(xy + vz 4+ yz). 
TE (a+ z)(y+z) 


We obtain: 


(wy taz+yz)> 5° ae -cyz/3(ay t+ cz+yz) eS 


<4 Jatayt2) 
= (fay + az+ yz) V(aty)(zt+2)(yt+2) > So ay2(u ty) V3(a + y) = 


cyc 


& (cy tazt+yz) (e+ y)(x + z)(y tz) > 3a7y a2 yi (x+y)? 


cyc 


+6a7y? 2? be: +y)(e+2)V(at+y\(at+z)e 


cyc 


& (sy taztyz(24+ y)(2t+z)\(y+z) > 8a7y?2? S "(22° + 3x?y + 327z)+ 


cyc 


+327yz Sa + y)(a@ + z)2\/22(@ + y)y?(a + 2). 


cyc 


By AM-GM 2,/22(a + y)y2(a@ + 2) < y2at y?z + 272 + 27y, 
Hence, it remains to prove that. 


& (zy tazt yz (24+ y)(x@t+z)(y+z2) > 3a7y?2? SOs + 3x?y + 327z)+ 


cyc 


+3x7yz Deyel® + He + 2z)(y?a + y?z + 22a + zy), which is equivalent to 
Sawer Fees batytz? + atytz + 2x23 y%z3) > 0, which is true by AM-GM because 


Siew + a yPz — Satyiz? + atytz + 223 y3z3) S08 


sym 


eS (a°y" a yz gtytz catty +2 xe y? 2) > So 5aty 3 2. 


sym sym 


Q.E.D 


44. 
Let a,b,c be nonnegative real numbers, no two of which are zero. Prove that 


a b e, a*b+ beta _ 5 


Rie ag "a+b ab?+be2+ca2 ~ 2 
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Solution 
1...asume p = 1 and Lemma ab? + bc? + ca? < Tr 


>> ab(a + b) 


= a b ed: 
b+cctaatb = ab? +bce? + ca? 
7 
Sue! 
roe 
We have 
a , 6 , € , Diab(a+) 5 La2gt3r , 27q— 8lr 
b+e cta atd § ab?+be+ca2-~ gq—r 4 — 27r 


We need prove that 


1—2q+4+ 3r 27q—8lr 7 
q-T 4A-—27r ~ 2 
1 = 
+r 24 27q cai eel 
q-T 4 —27r 2 


ig AE | 27q- 125 
q-T 4—2r ~ 2 


& —135r? + r(81q + 2) + (54q? + 8 — 44q) > 0 
f(r) = -135r? + r(81q + 2) + (54g? + 8 — 44q) 


f'(r) = —270r + 81q + 2 > 0 (because g > 9r) 


4q—1, 5709? — 349q +55 
= f(r) = fl )= =0 
9 9 
Qiiss side 
a b c a2b+b?e+c2a _ 5 


b+e eta a+tb 


(a — b)(b—c)(c— a) 
2(b+c) a’c + b?a + cb se 


a—b 1 1 (a — b)(b—c)(c—a) 
> 
pa 2 €= =z)? a2c + b?a 4+ c2b 


(a — b)? 2(a — b)(b—c)(c— a) 
sce 0 eee aR 2 azc+b2atc2b 


cyc 
if (a — b)(b—c)(c — a) < 0 then the inequality holds. 
Let (a — b)(b—c)(c— a) > O and Sethate’ — + Then t > 1. 
By AM-GM We obtain: 


(a=? , ,,[(@—2@— 0%(c— a)? 
E+ HOTS a/¢ FOa+ POH OP 


cyc 


Thus, it remains to prove that, 
27(a*c + b?a + c7b)? > 8(a + b)?(a + c)?(b 4 c)?(a — b)(b— c)(c— a). 
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But 
4 
(a+b)\(a+c)\(b+c) = a +a’c) + 2abe < - Be +a’c). 
id est, it remains to prove that 27t? > 8 - 48(t + 1)?(t — 1), which obvious. 
45. 


For all nonnegative real numbers a,b and c, no two of which are zero, 


1 1 if t 5 3vabe(a+ b+ o)at+b+o)* 
(a+b)? (b+c)?— (e+a)? — 4(ab + be + ca) 


Solution Replacing a,b,c by 4,+,+ respectively, We have to prove that 


a’?brc 
e a*b? 3\/3(ab + be + ca)(ab + be + ca)? 
(a+b)? — 4(a +b + c)3 
Now, using Cauchy Schwarz inequality, We have 


> — % 
a+b)? ~ (a+b)? +(b+c)?+(e+a)?  2(a? + b? + c? + ab+t be + ca) 


it suffices to prove that. 


(ab + be + ca)? = 3,/3(ab + be + ca)(ab + be + ca)? 
2(a? + 6? +c? +.ab+ bc+ca) ~ 4(at+b+c)3 


or equivalently, 


2(at+b4+c)? > 3/3(ab+t be + ca)(a? +b? +c? + ab+ be + ca), 


a a?b? (ab + be + ca)? (ab + be + ca)? 
( 


that is 


A(a+b+c)® > 27(ab + bc + ca)(a? +b? +c? +. ab + be + ca)? 
By AM-GM, We see that 


Nl ee 


27(ab + bc + ca)(a? +b? +c? +. ab+ bc + ca)? < 


(2(ab + be + ca) + (a? +0? +0? +ab4+be+ ca) t+ (24+? +c? +ab+ bet ca))° = 4(a+b+c)®. 


Therefore, our Solution is completed 


46. 
2 1 1 1 1 2 


= + 
s\qiate am | @Le = ab+be+ca a?+0?+4+c? 


Solution: 


Rewrite our inequality as: 


S tw 3(a+b+c)? 
a? + be ~ 2(a? + b? + c?)(ab + be+ ca)” 


We will consider 2 cases: Case 1. a? +b? +c? < 2(ab+bc+ca), then applying Cauchy Schwarz 


inequality, We can reduce our inequality to 


6 _ (a+b+c)? 
a2+b?+c?+ab+bce+ca~ (a? +b? + c?)(ab+be+ ca)’ 
(a? + b? + c? — ab — be — ca)(2ab + 2bc + 2ca — a? — b? — c?) > 0, which is true. 
Case 2. a? +b? +c? > 2(ab+bce+ ca), then (a+b+c)? < 2(a? +b? + c?), which yields that 


3(at+b+c)? 3 
< 
2(a? + b? + c?)(ab+bc+ ca) ~ ab+be+ca 
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and We just need to prove that 


1 1 1 3 
> ; 
a2+be b?+ca~ c?+ab~ ab+bce+ca 
which is just your very known (and nice) inequality. 
AT. 
Let a,b,c be nonnegative real numbers, no two of which are zero. Prove that 


(a) 1 1 ah 1 S. 1 . 2 
. "22+ ca 2c? +ab~ ab+tbe+ca a2 +b2?4+2 


2a? + bc 
Solution: 
1st Solution 


By Cauchy inequality, 


Si(b+ 6)2(20? + be) > —— SMe eee 


cyc cyc 


it remains to show that 


Sb + c)?(2a? + be) < 4(a? + b? + c”)\(ab + be + ca) 


cyc 


which is easy. 2nd Solution. 


ab+be+ca _ be a(b+c) 
a 2a? + be = Dirac > ants 


cyc cyc cyc 


ye i 
2a2 + be — 


cyc 


Since 


We need to show 


and 


3 a(b+c) _ 2(ab+ bc + ca) 
2a2+bce~ a?+b?+c? 


cyc 


The former is ill-known: if x,y,z > 0 such that xyz = 1, then 


1 1 1 
+ 21 
2e¢+1 y+ 1 2z4+1 
The later: by Cauchy inequality, 


a(b+c) 


> A(ab +b 7 
M4 Da? + be = AGP Rea ce) 


S- a(b + c)(2a? + bc) 


cyc 


The result then follows from the following identity 


S- a(b + c)(2a? + bc) = 2(ab + be + ca) (a? + b? +c?) 


cyc 


3rd Solution. 


LHS—RHS 2a+b+c)(a—6)?(b—c)?2(c— a)? + Babe Yoyo (a? + ab + b?)(a— b)? 
ache. (2a? + be) (2b? + ca) (2c? + ab)(ab + bc + ca) (a? + b? + c?) 
3rd Solution. 
Assume that c = min{a, b,c}, then the Cauchy Schwarz inequality yields 


1 1 4 
| > , 
2a?+bc 2b? + ca ~ 2(a? +b?) + c(a+b) 
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then We just need to prove that 


4 1 1 2 
2 : 
2(a2 +67) +c(a+b) ab+2c? ~ ab+be+ca a? +b? +c? 
or equivalently 
c(a + b — 2c) 2c(a + b — 2c) 


2 


(ab + 2c?)(ab + be + ca) ~ (a? + b? + c?)(2a? + 2b? + ac + be)’ 


that is 


(a? +b? + c”)(2a? + 2b? + ac + be) > 2(ab + 2c?) (ab + be + ca), 


which is true since a? + 6? + c? > ab+be+ca and 2a? + 2b? + ac + be > 2(ab + 2c?). Done. 
48. 


Let a,b,c be positive real number . Prove that: 


1 1 1 1 1 


t = t 
Bhs Pa Red 24 Bab) = ab+be+ca a*?+b?2+c? 


(c)  2( 


Solution: 


Replacing a, b,c by 1. i 4 respectively, We can rewrite our inequality as 


Ha +040) ( a b c )e 2abc(a + b+ c) 


8a2+bc  8b2+ca 8c? + ab a2b2 + b2c? + ca?’ 


Now, assume that c = mina, b,c, then We have the following estimations: 


a(4a+4b+c)  b(4a+ 4b +c) (a — b)?(32ab — 12ac — 12be + c?) a 


8a? + bc ~ 8b? + ca (8a? + bc)(8b? + ca) cae 


and 
2abc(a + b +c) Z 2c(a + b+ c) 


a2b? + b?c?2 + c2a2 — ~— ab+ 2c? 


With these estimations, We can reduce our inequality to 


3ac 4 3bc 4c(at+b+c) . 2c(a+b+c) 
8a2+be 8b%+ca 8c? +ab ~ ab+2c? ? 
or 
3a 2(a + b+ c)(4c? — ab) 
8a2 + be | 8b2+ca~ (ab+2c?)(ab+ 8c?) * 


According to Cauchy Schwarz inequality, We have 


3a 3b 12 
Ba? + be | BR tea ~ ay by’ 
a? + be +ca ~ 8(a+b)+c(¢+ 2) 


a 


it suffices to show that 


6 “s (a +b+c)(4c? — ab) 
8(a + b) +c(¢ ae a) — (ab + 2c?)(ab + 8c?) ° 


if 4c? < ab, then it is trivial. Otherwise, We have 


"4 
a+tb<c4 ab and pba m + ©. We need to prove 


6 (2c + %) (4c? — ab) 
(ab + 2c?) (ab + 8c?)’ 
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which is, after expanding, equivalent to 


(9ab — 4c?) (ab — c?)? 


c(ab + 8c?) (c*# + 8abc? + 9a?b?) 20, 
which is true as c = mina, b,c. 
Our Solution is completed. 
49. 
Let a,b,c > 0.Prove that: 
5 1 1 1 2 1 


)= 


5 dg he IPod We ates, eee 
Solution: 
Assume that c = min(a, b,c), then We have the following estimations: 

1 1 4 (a — b)?(32ab — 12ac — 12bc + c?) 


1 a = 0, 
4a? + be 4b?+ ca 8ab+ac+bc (4a? + bc)(4b? + ca)(8ab + ac + bc) ~ 


and 
1 1 


< : 
a2 + 6? +c? — 2ab+ 
Using these, We can reduce our inequality to 


20 ; 5 x 6 Ee 3 
8ab+actbe ab+4ce2 7 ab+tact+be 2ab+c?° 


T 
Denote «x =a+b > 2vVab then this inequality can be rewritten as 


f(a) = —29 ae: 3 
~ cr +8ab cxrtab ab+4ce2 2ab+c? — 
We have 
POE 6c 20 > 20c 20c = 140abc 


> 0. 
(cx + ab)? (cx + 8ab)? ~ (ca +ab)(cx+8ab) (ca+8ab)? (ca + ab)(cx + 8ab)? — 


This shows that f(a) is increasing, and We just need to prove that f(2Vab) > 0, which is 


equivalent to 


7c(13t? + 6tc + 8c?) (t — c)? 0 
t+ 20 (44+ 002 +2) +42) =" 


Where 
t= Vab 


This is obviously nonnegative, so our Solution is completed. 
50. 
Let a, b and c real numbers such that a+b+c+d=e= 0. Prove that: 


30(a* + b* +c* + d* +e") > 7(a7 +0? +c’)? 


Solution: 

Notice that there exitst three numbers among a,b,c,d,e havinh the same sing. Let these 
number be a,b,c, d,e .Without loss of generality,We may assume that a,b,c > O(it not,We 
can take —1,—b,—c). 

Now ,using the Cauchy-Schawrz inequality, We have: 


[(9(a*+b4+c4)+2(d4+e4))+7d4+7e*)] (84463463) > [2\/21(9(a4 + b4 + c4) + 2(d4 + e4))421d?+21e7]?. 
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And thus,it suffices to prove that: 


2,/9(a4 + b4 + c4) + 2(d4 + €4)) > V21(a? +0? +c’). 


Or 
36(a* + b* + ct) + 8(d* + e4) > 21(a? +b? +.c?)?. 
Since ; ap Z , 
deer @ +e) 5 te) _ (a+b+ce) 
= 2 a 8 8 , 


it is enough to show that 


36(a* + bt c*) + (a t+b+c+d)*> 21(e7 +67 4+) 


Which is true and it is easy to prove. 
51. 
Let a,b,c > 0.Prove that: 


a(b+e) | eta) | cla+b) — bprrlarorg es 


a? + be b? + ca c+ab~ 2 b 


Solution 


The inequality is equivalent to 


a?(b+c)? ab(b + c)(c +a) 15,1 b+e 
Deeb tL a bE s r+i(> ) 


Notice that 


then 


ab(b + c)(c +a) 
2 2s (a? + bc)(b? + ca) — 


(1) Other hand, 


~a*(b+c)? ,a*(b+c)? 1 boc 
abet 2s Aa?be aD (G+§ ) 
(2) From (1) and (2) We have done! 


Besides, by the sam ways, We have a nice Solution for an old problem: 
a(b +c) ( ) 1 
< = 
v2 <(C4 (oF 
52. 


For any positive real numbers a,b and c, 


[See + Fe + (GRE s [enor Ger Fe 
Solution: 


We have the inequality is equivalent to 


(Fe) <9 (C ys) 


co PD vay BD < (Dv) (EF) 


We can easily prove that 


ab(a + c)(b +c) 
< 
Te (+a) =° 


So, it suffices to prove that 


<> Sree (Dv) (COZ) 


To prove this ineq, We only need to prove that 


a+b  c(a+b) 
1>0 
Jab c+ab ~ 


But this is trivial, because 
a+b c(a+b) 1 c 
l= b 
vab c2 + ab cae) (= ata) 


> aval (5 aa) a 


We are done. 
53. 
Let a,b,c > 0. Prove that: 


3 2 2 2 
(a+b+c) eh + be* + ca > 10 
3abe a? + 63 +03 


Solution 
(a+ b)(b+ c)(c+a) 


abc 


Ae abet be + cat 
3abc © 84843 
Using AM-GM’s inequality ,We have: 


a+b3+c3 ab? + be? + ca? ab? + bc? + ca? 
- 22h) ee 
3abc a3 + 63 4 3 3abc 
(a+ b)(b+ c)(c+a) 
abc 


54. 
in any triangle ABC show that 


ama + bmp + eme < Vocma + Vcampy + Vabm. 


Solution: 


We have to prove the inequality 


ama + bmp + eme < Vocma + Vcampy + Vabm- 


, where Ma, Mp, M_ are the medians of a triangle ABC. 


Since eae & Vobe, oea. < ,/ca and 20 < Vab 
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by the HM-GM inequality, it will be enough to show the stronger inequality 


Giga 2 2bc ; 2ca 2ab 
mm m, Ma 7 Mb 4 m 
ama b CMe S b +¢ a ea b a+ b Cc 
since then We will have 
Ietipate e 2bc ie 2ca re 2ab 
am m cm ——_m ——m m, 
a b (opens b ee a abe b ae b c 


< Vbem, + Veam, + Vabm, 


and the initial inequality will be proven. 

So in the following, We will concentrate on proving this stronger inequality. 

Because the inequality We have to prove is symmetric, We can WLOG assume that a > b> c. 
Then, clearly, bc < ca < ab. 

On the other hand, using the formulas m2 = § (2b? + 2c? — a?) and m3 = + (2c? + 2a? — b?), 
We can get as a result of a straightforward computation. 


ma \? mp, \* _ (3ac+ 3be + a? +B? + 4c?) (a +b — c) (ba) 
Ge) eS 7 4(b+c)? (e+a)- 
Now, the fraction on the right hand side is < 0, since 3ac + 3bc + a? + b? + 4c? > 0 (this 
is trivial), 


a+b—c> 0 (in fact, a+b > c because of the triangle inequality) and b — a < 0 (since 
a > b). Hence, 


Ma \? m, \? 
ae) ee) = 
b+ec cta) — 


2 2 
what yields (#s) < (2) and thus 7 < ™+. Similarly, using b > c, We can find 


cta b+c — cta’ 
mb Me 
cta — a+b° 
Thus, We have 
Ma ™b < Me 


Since We have also bc < ca < ab, the sequences 


Ma My Me 
b+e’ cta’ a+b 


and (bc; ca; ab) are equally sorted. Thus, the Rearrangement inequality yields 


™Mb Me 


b -ab> ‘ca 4 -ab4 -b 
b+e ‘ cta oe at+b . — b+e co cta . a+b i 
and 
us - be a -cat+ ule -ab> ab ab 4 iki -be4 ue “ca 
b+e cta a+b b+e ct+a a+b 
Summing up these two inequalities, We get 
g lhe set EO cee ay. a, 
b+e c+ta a+b 


44 


> _ - (ca + ab) 4 a (ab + bc) at (bc + ca) 
This simplifies to 
2bc 2ca 2ab 
b+e PGAG ORE 
Ma Mp Me 
= -a(b | -b(c4 . b 
nae a(b+c) er (c ON as c(a +b) 
i. e. to 
2bc 2ca 2ab 
a+ Me > amg + bmp + cme 


Ma + mM, 
b+e “ cta a+b 


Thus, We have 


icine de 2 2bc 2ca i 2ab 
am mp + em Ma m m 
“ i “~b+e “ cta : a+b ° 


and the Solution is complete. Note that in each of the inequalities 


ame + bmp + CMe < Vocema + Jf/camp + Vabm. 


and 
2bc 2ca 2ab 
ame + bmp + CMe < Ma mp + Me 
b+c ct+a a+b 
equality holds only if the triangle ABC is equilateral. 
55. 


For a, b, c positive reals prove that 


(a? + 3) (6? +3) (c? +3) > (2) vate ob + be +e 


Solution: 
Divide abc for both term and take 2 = bevy = Pe a 2 and We must prove that: 
Il(zy + ay) > (#)3(a@+y + 2) Note that: 


4 4 
LHS > 3(a* +y" +2") +a°y’2? + og 2 (@tytz) +42 Aetytz) 2 (s)P(e+y+2). 
LY Zz 
56. Leta, b,c > 0 .Prove that: 
a+b | bte | cta ss 3V6 


Ve te avete | beta Vetere 
Solution 


1...Alternatively, using Chebyshev and Cauchy, 


S a+b 2(a+b+c) 9 _  6(a+b+e) 
cya OW + Rp 3 pe ae yp Var EO 


and 


Sevres Stirs So Ve epee ee I fee? te ee) 


cycl cycl 
Combining We get the desired result. 
57. 
Let a,b,c > 0 such that a? + b? +c? + abe = 4 
Prove that 


erate +a <a +0 4K 


45 


Solution: 


x YZ _ Lz = ee ee 
Let a = 24/ eryyetay > = 2y/ wagyytay and ¢ = 2y/ eaaiytay 


where x, y and z are positive numbers ( easy to check that it exists ). 


Thus, it remains to prove that 


ry Ag? yz 
GENES 24 Gee + Gta” 


cyc 


which equivalent to Sa +42? Qatyz+2r7y3—227y?27) > 0, which true by AM-GM. 
58. 
Let a,b,c > 0 such that a+ 6+ c= 1.Prove that 


b? Cc a? 3 


i 
a+b? b+ ct+a2 74 


Solution 


We have 


b2 | co : a? 7 (a? +0? +02)” 
ate ' b+e2 ° c+a2 ~ (a4 +044 cA) + (ab? + bc? + ca?) 


Hence it suffices to prove that. 


(a2 +b? + 02)” 3 
(a4 + b4 + c*) + (ab? + bc? + ca?) ~ 4 


24(Se) > 3 (Do ab?) (Sa) +30 a! 
#450 at+85 0b? > 3) at+35— (a?b? + abc” + a°c) 
& oat +55 07b? > sabe (Sa) +35 ake 


Since We always have 


3 (a%c + bat cb) (a? +074 2)? = (a4 +b4+ c) +2 (a?b? +67? + ca’) 
Therefor it suffices to prove that 


3 (ab? + Bc? + c?a”) > 3abe(a +b +c) 


which obviously true. 
59. 
Let a;b;c > 0. Prove that 


aet¢ ae pare a3 cate > 1 


Solution 


ifa>1orb>1orc>1 then the inequality is true 


if 0 < a,b,c < 1 then suppose c = mina, b,c 
+ ifa+b<1 We have b+c<1,ct+a<l 
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Apply BernoullWe ’ inequality 


(qyetey = (7p LE Byte 1 (6+¢)(1—a) Zeture’ 
a a a a 


b+c a 
Therefore a > ae 
Similar for b°+@ and c@t® deduce abt? + bate 4 cat > 1 


+ifa+b>1then a?t¢ + pate 4 cath s ght 4 pate > qath 4 path 
Apply BernoullWe ’ inequality We have : Da?*? = (1+ (a—1))*t® > 14 (a +b)(a—1) 


Similar forb¢+® whence a?t¢ + b2+¢ + c9*° > 24 (a+b)(a+b—2) =(a+b—-1)?+1>1 
60. 
Let a,b,c be the sidelengths of triangle with perimeter 2 (> a+0+c = 2). Prove that 


a? b3 feud a? p3 foul 


Solution: 


This ineq is equivalent to: 


late + c*b + b*a — atb — b° — c*a| < 3abc 
<=> |(a — b)(b—c)(c—a)(a? +b? +c? +.ab + be + ca)| < 3abe 


By RavWe Substitution , denote:a=ax+y,b=y+z2,c=z+24,sox+y+z=1, this ineq 


becomes: 


(a — y)(y — z)(2 — 2) (3(a? + y? + 27) + (ay + yz + 22)| < 8(@ + 9)(y + z)(z +2) 
Easy to see that |(2 — y)(y— z)(z—-2)| < («+ y)(yt+ z)(z4+2) 
So We need to prove (3(a? + y? + 27) + B(ay + yz + 22) <3 =3(a@+y+2) 
<=> rytyz+ 22 > 0 


which is obvious true 
Q.E.D 


61. 
Given x,y,z>0.Prove that 


wy+2z) | y(@t2) | 2(ety)? 
2e+yt+z : x+2y+z xat+y+2z 


= /(3ayz(x + y + z)) 


Solution: 


yo Ut _ eyelet y 2) = 


e785 2e+ytz 
2 
-> (es ye) +eytoe tye 8eyz(@+ytz)= 
cyc 
yp Be=9- 7-9) 2(e-y)? : 


ae 2n + y +z cue 2 (ay + 22+ y2+ /Bayzle+y +2) 
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( ' 2 22 
" 2Qea+tytz 2£+ae+z 


2 (x—-y) 


2 2 (cy taz+yzt V3ayale Fy +2)) 


2 


2 2 


< 
XR 
wa 
— 
bo 
< 
8 
XR 
wa 


z 
oie 2 (xy +aztyz4 Jf3ry2z(a + y+ 2) (ar 


Thus, it remains to prove that, 


(Qe +y+2)(Qy+e+2) >2(aytaztye+ VBayzlety +2). 
But 
(Qn+y+2)(Qy+at2) >2(ayta2+y2+ V8eyeetyt) = 


& Qn? 4 Qy? + 27 4 Bay 4+ az+ yz > 2./3ayz(2 + y4 2), 


which is true because 


ety? +22 > aytaezt+yz > V/3ayz(2+y+2). 


it seems that the following inequality is true too. 


Let x, y and z are positive numbers. Prove that: 


2 2 2 
4 
oy+2)? | wet? | ety 4 go 


Bxa+2Qy+2z Wwt+d3y+2z 2w+y+3z7 7 


62. 

Let a,b € R such that 9a? + 8ab + 7b? < 6 Prove that :7a + 5b + 12ab < 9 
Solution: 

i Fee 

By AM-GM inequality, We see that 


1 if 
Ta +5b-+120 <7 (a? +1) +5(0 42) +120 


= (9a? + 8ab + 7b”) — 2(a — b)? +3 < (9a? + 8ab + 7b?) +3<64+3=9. 


Equality holds if and only if a = 6 = 5. 
63. 


Let x, y and z are positive numbers such that «+y+2z= 1 +=+ 


Xie 


i 
y 
Prove that xyz + yz+z@+ay > 4. 

Solution: 


zyz(a+ytz) | Aryz(a +yt 2)? 


Fe+yc 
yzt+za+ ay (yz + za + xy)? 
3xryz Aryz(z+y+t+ 2)? 
= r+ytzZz 
ye+ 2a + xy (yz + za + xy)? 


_ o%(y— 22 + y(2- 2)? + 3(e- 9)? 


>0=> 
(yz + 20 + xy)? = 


1 4 
14 - i So Ge ee 
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64. 

Let a,b, c=0 satisfy a+b+c=1 

Prove that (a? + b?)(b? + c?)(c? +a7)=4 
Solution: 

let f(a, b,c) = (a? + b?)(b? + c?)(c? + a?) 

let c = maz(a, b,c); 

We have 

f(a,b,c) < f(a+,0,c)(which is equivalent ab(—4abc? + a°b + ab? — 4a?c? — 4b?c? — 2c*) < 
O(true) We will prove that f(a+ b,0,c) = f(1—c,0,c) < $ which is equivalent to 


1 

af (16c* — 32c* + 20c” — 4e—1))(—1 + 2c)? <0 
remember that 
16c — 32c3 + 20c? — 4c — 1 = 4(2c2 — 2c + 4) (22 — 2 4 i+Vv5) > 0 for every c € [0, 1] 
65. 
Let a,b,c be the sides of triangle. Prove that: 


a 5 b i Cc me 
2a—b+e 2b-—ct+a 2c—a+b7 2 


Solution: 


the inequality is equivalent to 


By Cauchy We have : 


a a 
eee Ss 
ean = a+c—b 

s CS ae 

V a 


Because a, b,c be the sides of a triangle so We have: 


So We need to prove 


a+ce—b  snA+sinC—sinB 2sin $ cos 8 
a 7 sin A = cos 4 


it’s following that 


3 late—b _ cos 4 y/sinC + cos $ sin A + cos 4 sin B 
a 


A B Cc 
cos oy cos z cos az 


A B Cc 
COS 5 COS 5 COS + 


/. 3 
= \/2 (cos B + cosC + cos A) + 6 < a 
66. 


Let a,b,c,d > 0.Prove the following inequality.When does the equality hold? 


/S + cos?¥ + cos?4) (sin C + sin A + sin B) 
< 


ee” + é + + a <4 (ees ae teers 
io Tea Tee” Tee bse ae ead a b cd 
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Solution: 


We can have 


4 16 36 64 4 2 6 8 5 
ta+tb+c4 a) > eerie = 
(Itatbte+d@lset+ atop tact ga tgtsytst2) =9 

4 16 36 64 4 1 
( + —) > 36 
25 25a 25b 25ce d l+a+b+ci+d 
ane 9 9 81 36 3 3 9 6 
14 b > ieee! 
hay N99 25a | 100b a5) = G9 5 10 5) 
so We have 

9 9 81 36 1 

( | | | )>9 

100 | 25a ' 100b | 25¢ Pee be 

and 7 7 7 
14 > 
aN ae gat an) = A 
We get 
re is oe, Tiss 7 
36 9a 4b’ 1+at+b 
and P 20 
1 ie ge eet 
tae o)2 
then 
5 620 5 
= = 


9 9a~ 1+a 
and add these inequality up We can solve the problem. 
67. 
Let a,b,c be positive real number such that 9 + 3abe = 4(ab + bc + ca) 
Prove that a+b+c>3 
Solution: 
Take a=2+4+1;b=y+1;c=2z+1,then We must prove that: 
x+yt+z>0when 5(e+y+2z)+ayt+ez4+ yz = 3xyz 


We consider three case: 
i] 
Case l:ryz >0=> aaa) + 5(a@ + y+ Zz) 


>5(at+tyt2z)+aytazt+ yz =3ryz2>05er4+y4+22>0 


Case 2: x7 > 0;y >0;z <0 
Assume that r+y+z2<05-2>y+42. 


B(a +y +z) = yz(3e — 1) — a(y + z) = —4yz + (y +z)? = (y— 2)? 20 
Case 3: « < 0;y < 0;z < 0.Observe that —x,—y,—z € [0,1] then: 


2(a+y +z)? na 


0 = 5(at+y+z)+aytyz+uz—3xyz < 5(atytz)4+2(cytuztyz) < 5(a@tyt+z)4 


3 
So We have done. 

68. 

if a,b, c,d are non-negative real numbers such that a+ b+c+d= 4, then 


a? : b? oa ; d? eg 
43° 243° 243 ' a+37 7 
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SOLUTION: 
By Cauchy-Schwarz 


a2 b2 toed d2 
b24+3 °° c2 +3 d?+3 ° a2+3 
From Cauchy We see that it is sufficient to prove that 


[a?(b? + 3) + b7(c? +3) + c7?(a@ + 3)]( \>(PF4+P +e). 


(P+P4+C4¢ PP >3(7+P +4 @7)4+0P4+ Pe +d +d a? 


which can be rewritten as 


(eb te te etre ae aS) Sr ere ted ae 
Now you must homogeneize to have HarazWe form 


a+b+c+d 
4 


(4+P4+4@)(740P 44a —3( YP) Saath tote tee 4007 


which follows from 


a+h+e4+¢d>4 
and 
(2 t+ytz+t) > 4(ry + yz + zt tx) 


with x = a? and similar. 
69. 
if a > 2, b> 2, c> 2 are reals, then prove that 


8 (a® + b) (b° +c) (CP +a) > 125 (a+b) (b+c) (c+a) 


SOLUTION: 
Lets write LHS as 


8 « (a°b?c3 + abe + a*b® + b4c3 


io) 
iN 
=) 
w 
fo) 
iN 
con 
Lo ad 
i 
=) 
ken) 
iS. 
ao 
~ 


From the Muirheads inequality We have that 


a*b? + b4e3 + c4a® > bm CP =7PC(at+b+ec) 


and 

a*c+btat+ctb> > a®bc = abc(a? + b? + c’) 
.(«x) Nowletsseethat 
a”b?c? = (ab)(bce)(ca) > (a+ b)(b + c)(c + a)Thisiseasytoprove. 
Fromthe(**)W egetthat 


LHS > 8(a°b°c3 + abe + a7b2c?(a +b +c) + abc(a? + b? + c*)) 


1 Do FO. sn 8 
= 8a7b?c? (abe 4 atbtet+ = sul TEN 
abc abc 
so We have to prove that : 
oar 1 ree a7 +b? +c? _ 125 
Qoc 7 abe ra rc abe a8 
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or 


8a7b?c? + 8 + 8abc(a + b +c) + 8(a? +b? +c”) > 125abe 


WLOG leta>b>c 
Now let abc = P We will make that following change 


a 
as 
€ 


and b + be where ¢ > 1 and ae. 


The RHS doesnt change. in the LAS the first part also doesn’t change. 


aips = ube 
€ 


equivalent to (€ — 1)(a — be) which is true. Also We get that 


a2 
a? +b? > — + be? 
€ 


So as We get the numbers closer to each other the LHS decreases while the RHS remains 


the same so it is enough to prove the inequality for the case a = b = c which is equivalent 
to: 


8a® + 8 + 24a4 + 24a? > 1250? 


Which is pretty easy. 
70, 
Let a,b,c > 0. Prove that: 


1 1 1 9 
t t ea : 
J2a2 +ab+be V2b2?+bc+ca V22+catab 2(a+b+c) 
Solution: 
We have: 
1 2at+bt+e 
Ds 2 =o 2a+b+c 2 2 
oan V 2a? + ab + be ae 5 V 2a + ab+ be 
2a+b+e 
es 2a+b+c 2 2 b b ; 
cr (SP) 4 Bat ad +e 
But 
S- 2a+bt+e 9 


= ° 
(2atbtey? +202 +ab+be 2(a+6+¢) 


cyc 


<> S°(100a° + 600a°b + 588a°¢ + 1123a*b? — 357a4c? — 1842a°b? + 
cyc 
+1090a*be — 1414a?b7c + 1330a%c7b — 1218a7b?c*) > 0, 
which is easy. 
71. Let a,b,c > 0 -Prove that : 


Oo, 10 3 Se 3(a? + b? +c?) 
a+ 2b c+2a7~ (a+b+4+c)? 


' bbe” 
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Solution: 


3(a? + b? +c?) 


a 6(ab + bc + ca) 
= Ba — 
ie a) 23 (a+b+c)? 


(a+b+4+c)? 
PN a Be oes SG 3(ab + be + ca) 
a+2b' b+2c¢' c+2a~ (a+b+c)? 


By Cauchy-Schwarz We get 


eg Ha +28) 2 (at 0+) 


it suffice to show that 


(a+b+c)* > 3(ab + be + ca)(ab + bc + ca + 2a? + 2b? + 2c?) 


Without loss of generosity,assume that ab + bc + ca = 3,then it becomes 


[(a+b+c)?-9]° >0 


which is obvious. 
72. 
Let a,b,c,d be positive real numbers. Prove that the following inequality holds 


a* + b4 b4 + c4 c+ dé dé + a4 we+P+e+ de 
(a+b)(a2+ab+b2) © (b+c)(b2+bc+c?2) | (e+ d)(2+cd+ad2) ' (d+a)(d?+da+a?)~ a+b+c+d 
Solution: 

a’ + bt S $(a? + b?)? 
(a+ b)(a2 + ab +b?) ~ (a+b)(a2 + ab + b?) 


Thus , it remains to prove that 


(a? + Br 
» Gre rab TP) = 


cyc 


2(a? +b? +c? +d?) 
a+b+c+d 


Acording to Cauchy-Shwarz inequality We have : 
4(a? + b? +¢ + d*)? 
A 


where A = 7.,.(a + 6)(a? + ab + b*) = 2(a? + BF +8 +d®) +257... ab(a + 6) 
it suffices to show that 


LHS > 


AP+P+C4+a@)(at+bt+e+d) >Aa+b>++d*) +2) abla+d) 


cyc 


= S~ (20° + 2a7b + 2a7c + 2a7d — 2a° — 2ab(a + b)) = \ 7 late = 0 
cyc cyc 


73. 


if a,b,c are nonnegative real numbers, then 


S\ ava? + 4b? + 4c? > (a+b+c)?. 


Solution. 


in the nontrivial case when two of a,b,c are nonzero, We take square both sides and write 
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the inequality as 


do a? (a? + 4b? + 4c?) + 29 aby/(a? + 4b? + 4c?) (4a? + b? + 4c?) >> (SO a)*. 


Applying the Cauchy-Schwarz inequality in combination with the trivial inequality 


2 
V (ut 40)(U + Au) > Qu + 20+ —— Wu, v > 0,u+0 > 0, 
U+tYV 


We get 


S- aby/ (a? + 4b? + 4c?)(4a2 + b2 + 4c?) > eB ab Ve + 4b?) (b? + 4a?) + 4c? 


> So ab ( 2a? + 26? + te + 4c? 

a a —— c). 
~ a? + b? 
Therefore, it suffices to prove that 


a®b? 


So at +855 a7b? +43° ab(a? +b?) + 8abe 5a +435 ae = 
> (La). 
This inequality reduces to. 
7A. 
Let a,b,c be nonnegative real numbers, no two of which are zero. Prove that 
P+ eta a+? 2a 2b 2e 


= 
a2 + bc ca eae b+e Cea ako 


Solution. 


By the Cauchy-Schwarz inequality, We have 


> = 
a? + bc ~ S>(b? +. c?)(a2 + bc) Yo ab(a? + 67) + 255 ab? 


Therefore, it suffices to prove that 


> b2 +e [i (8? + &)]? A(a2 +b? +c)? 


> ab(a? + b?) + 29 ab? ] i 
b+e 


2(a? +b? +c”)? yoyral 


Since 
S- ab(a? + b?) + a ab = 
= (b+ c)[a® + 2a7(b + c) + be(b +c) +. a(b? — be + c?)] — 4a7be, 
this inequality can be written as 
2\? a 
2 (Soa ) + 4abe 5 > ae 


> So ala’ + 20? ee tere ae 


or equivalently, 


So at +25 ¢a?b? + dade S > > abe at2S > a(bte). 


Now, by Chebyshev’s inequality, We have 


eS (a 24 6? + c*) 
2iatb+c) ’ 
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and thus, it suffices to show that 


Det eay e+ See >abcS at2S a (b+o). 


After some simple computations, We can write this inequality as 


a*(a— d)\(a—c) + (b—c)(b—a) +e (c—a)(c—b) > 0, 


which is Schur’s inequality. The Solution is completed. Equality holds if and only if a = 


b=c, ora = band c = 0, or any cyclic permutation... 


So a0? 425° ” > abe Sa 


a*b?(a + b)? 
yee aap > 2abeS © a. 


By the Cauchy-Schwarz inequality, We have 


or 


3 a?b?(a +b)? _ [ab(a +b) + be(b +c) +ca(c+a)}? 
GPE = ae ae (be ee) eee? aha?) © 
and thus, it is enough to to check that 


[ab(a + b) + bc(b +c) + ca(c +.a)]? > 4abce(a + b + c)(a? + 0? +c”). 


Without loss of generality, assume that b is betien aand c. From the AM-GM inequality, We 
have 


Aabc(a + b + c)(a? +B? +c?) < [ac(a + b+) + b(a? +B? + c?)]?. 


On the other hand, one has 


ac(a+b+c) + b(a? +b? + c?) — [ab(a + b) + be(b +c) + ca(c + a)] = 
= -b(a—b)(b—c) <0. 


Combining these two inequalities, the conclusion follows. Equality occurs if and only if 


a=b=c, or a=b=0, orb=c=0,orc=a=0. 


75. Let a,b,c be positive real number. Prove that: 


2(b+c) tet c)(c +a) 
pa) 24 + c)(ab + be + ca) 
Solution. 


By AM-GM inequality We have 


1 _ Vb+c 4 2(b+c) 
ay/2(a? + bc) 7 V2a../(ab + ac)(a? + be) ~ Va.(a+ b)(a +c) 


it suffices to show that 


2(b+c) _ 9at+b)(b+c)(e+a) 
b > 
dA 72) ~ — 2(ab + bc + ca) 
By Chebyselv inequality We have 


S-(b+0) 2049  atb+e-y tae 


Hence, it suffices to show that 


3 2(b+c) 27(a + b)(b+c)(c+a) 
4(a + b+ c)(ab + bc + ca) 


By Cauchy-Schwarz inequality, We get 


(xy? Ny a(b+c)?) > 16(a-+b +0)? 


And by AM-GM inequality, 
27(a + b)(b+c)(c +a) < 8(a+b+c)* 
Finally, We need to show that 


16(a+b+c)? _ 27.8(a+b+c)3(at b)\(b+c)(c +a) 
Ya(b+c)? ~ 16(a + 64+ c)?(ab + be + ca)? 


32(a + b+ c)?(ab + bc + ca)? > 27(a + b)(b+ c)(c +. a) ((a +b)(b + c)(c +a) + 4abc) 


or 
5a? + 32y? > 44ay 

where We setting x = (a+ b)(b+c)(c+a), y = abc and using the equality (a+ b+ c)(ab+ 

be+ca)=a+y 

The last inequality is true because it equivalent (x — 8y)(5a — 4y) > 0, obviously. 


76. 
if a,b,c are positive real numbers, then 


9 


1 
> ‘ 
d a,/2(a2 + bc) ~ 2(ab + be + ca) 


First Solution. 
By Holder’s inequality, We have 


(Saeee) EPS )ees) 


(ab + bc + ca)3 


Sa ae (rat ae) 


and hence, it suffices to prove that 


it follows that 


2(ab + be + ca)” > 81a7b?e? er ah + S- a°bc) : 


Setting « = bc, y = ca and z = ab, this inequality becomes 


AWaty+z) > 8lryz(a? + y? +27 + ay + yz4 22). 
Using the ill-known inequality 


(a+ y+ 2)(xy + yz + 22) 
9 o] 


ryZ< 
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We see that it is enough to check that 
Aaty+z)* > Way t yet 2z)(2? +y? 4.227 + ay4+ yz4+ 22), 
which is equivalent to the obvious inequality 


(g? +y? + 27 — ay — yz — zx) (Qe? + 2y* + 227 + ey + yz + 2x) > 0. 


The Solution is completed. Equality holds if and only if a=b=c. 
Second Solution. By the AM-GM inequality, We have 


1 7 vb+e 2 2(b +c) 
ay/2(a? + bc) 7 V2a,/(ab + ac)(a? + be) ~ Ja(a+b)(a+c) 


Therefore, it suffices to prove that 


/b+e¢ 1 9 
Ds 2a “ep eatee: — Gn thea: 


Without loss of generality, assume that a > b > c. Since 
(es = (i iB oe 
2a 2b 2c 


1 1 1 
< SS 
(a+b)(a+c)~ (b+c)\(b+a)~ (c+a)(e+b)’ 
by Chebyshev’s inequality, We get 


yt cera = ee atharal 


_ 2(a + ae ae 
~ 3(a+b)(b (c+a) ee 
So, it suffices to show that 


ae “ae + c)(e+ a) 
x =3 + c)(ab + be + ca)” 


_ 6/(at+b)(b+c)(c +a) 
as i 8abe 


and 


Setting 


t > 1. By the AM-GM inequality, We have 


b+ 
ss Ts 2 


Also, it is easy to verify that 


27(a+b)(b+c)(c+a) _ 276° 


8(at+b+c)(abt+be+ca) 8t&+1° 
So, it is enough to check that 


or 
8t& — 94° +1> 0. 


Since t > 1, this inequality is true and the Solution is completed. 
76. 
Give a1, @2,...,@n, > Oare numbers have sum is 1. Prove that if n > 3 so 


1 
a1a2 + a2a3 +...+ ana, < ri 
Solution: 
Let n = 2k, where k € N and ay +a3+...+ dop_1 = 2. 
Hence, 


a1a2 + agag +... + Andy < (a1 +43 +... + Gax-1) (G2 + a4 +... + da~) = 


al 
=ax(l-a2)<- 
#(—2)<5 
Let n = 2k — 1 and a, = min;{a;}. 
Hence, 
a1a2 + a2a3 +...+ ana, < 
a ayag + a2a3 +... + Ana2 < (ay + a3 Spite a2b-1) (ag + a4 +...+ a2~-2) = 
1 
=ax(l-a2)<- 
w(l-2) <5 
77. 


Let a,b,c be non-negative real numbers. Prove that 


a® + 2abc b? + 2abe c@ + 2abe 


| >1 
ae (bee)? ees)? ea be = 


Solution 


We have 


3 3 3 


a - a a _ 3a°be(b + c) 
SF rare, x oo aca) —s (a3 + b8 + c3)(a3 + (b+ c)3) 


Hence, it suffices to show that 


3 a+h+c3 > 3a?(b +c) 


aD oa? = re + 268 6 
om (a — b)(a? — 2ab ar os 2ac — 2c*) = 
a (a — b)? — (ec a oS a) — 3b7(a — b) Fj 


and 


The first inequality is equivalent to 


a? b? 
@ dia Dl Graeees, aug) 2° 


Finally, to finish the Solution, We will show that if a > b, then 


a? b? 
> 
b8 + (c+a)> ~ a +(b4+c)3 


6a? —b > (c+)? — a?(b+ 0c)? 


a? —b° > a?b?(a — b) +. c3(b? — a”) + 3c? ab(b — a) 


which is obviously true since a > b and c > 0. 


And the second inequality is equivalent to 


1 1 
dla) (ae wera) 20 


(a — b)4(3c(a + b) + 3c?) 
* wT FONG Cray 


which is obviously true. 

Equality holds for a = b= c or abc = 0 

78. 

Let a,b,c are positive real numbers, prove that 


a be ab + be + ca 
ist ecco Dae Wy se Ran a 
3( ea) 4 fap 


Solution: 


By using the ill known 


a bc 21 (a? +b? +c’) 
2 Sie ae Glee +1> 2 
boc a (a+b+c) 
Setting « = ,/ sptteres <1. it suffices to show that 
3 (10 — x?) 
Qu > 
ag a 
3 (10 — 2”) 
> Ax? 
om pI > 4x 20x + 25 
—8a* + 402° — 57x? + 202 4+ 5 
oS >0 
222 +1 
(x — 1) (—823 + 32x? — 25a — 5) 
° >0 
Qa2 +1 


which is clearly true. 


+242 (24h 4£\ /ab+be+ca 
c a Cc a >I1 
3 3 Cre Sey 


And We also note that the folloid is not true 


e+ bye ab + be + ca 
>1 
3 ete+e) = 
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79. 
Let a, b, c be the side-lengths of a triangle such that a? + 6? + c? = 3. Prove that 


be ca ab 3 
SS 
1+ a? 1l+ce7 2 


T 1 rer) T 
Solution. 


Write the inequality as 


da? + b? +c? ~ 


2 2 é 7 . . : 
this inequality is equivalent to 


ee Te etetae 


S- 2bc b?c? > 0 
4a2+b2+c?  a2b? +022 + ca?) ~ ” 


2 2 
abc 3 (2a* — bc)(b — c) +0. 
ab? + b?c? + ca? a(4a? + b? + c?) 


Without loss of generality, assume that a > b > c. Since 


Since 1 = > 


or 


(2a? — bc)(b— c)? 
a(4a? + b? + c?) 


>0 


it suffices to prove that, 
(2b? — ca)(c— a)? (2c? — ab) (a — b)? 


b(4b? + c? + a?) c(4c? + a? + 6?) 
Since a, 6, c are the side-lengths of a triangle and a > b > c, We have 


> 0. 


2b? — ca > c(b +c) —ca=c(b+c—a) > 0, 
and 


ar ae jp ao bese 


Cc Cc 


> 0. 


Therefore, 


(2b? — ca)(c — a)? Ss b(2b? — ca)(a — b)? 
b(4b? + c? +a?) ~ c?(4b2 +c? +. a?) | 


it suffices to show that 


b(2b*—ca) , c(2c? — ab) i 
4 +2+a2 § 42 +0240 ~ 


or 


b(2b? — ca) n c(ab — 2c?) 
4b? +c? +a? ~ 4c? +a? +6? 
Since ab — 2c? — (2b? — ca) = a(b +c) — 2(b? +c?) < a(b+c) — (b+)? < 0, it is enough to 
check that 


b c 
4b? + c2 + a? ~ 4c? + a? + $2’ 


which is true because 


(4c? + a? + 67) — c(4b? +c? +.a7) = (6—c)[(6—c)? + (a? — be)] > 0. 
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The Solution is completed. 
80. 
Let a,b,c,d > 0 such that a? + b? +c? + d? = 4,then 


1 1 1 1 2 
<2 
a b ec do 


Solution 


write the inequality as 


abc + bed + cda + dab < 2abcd + 2. 


Without loss of generality, assume that a >b>c>d. 


a2 + b2 
t= 
\/ 2 ) 


Let 


=>1<t< V2. Since 


1 1 lean Coe re 16 
2 t = t t t = 
( Jes b c d~ at+b+c+d 
16 


> — 
~ 4/4(a? + b? + c? + d?) 


>) 


We havec + d > 2cd. 


Therefore, 
abe + bed + cda + dab — 2abcd = ab(c + d — 2cd) + cd(a + 6) 


2 b2 
< a 7 (c+ d— 2cd) + cdv/2(a? + b?) 


= t?(c +d —2cd) + 2ted. 


it suffices to prove that, 


(c+ d—2ed) + 2tcd < 2, 


or 
2Qted(1 — t) + t?(e+ d) < 2. 


Using the AM-GM inequality, We get 


ye erat (4—2t7+4+2cd)+4 4-t?+cd 
c4 = = , 
= 4 4 2 


So, it is enough to check that 


Ated(1 — t) + #7(4— #7 + ed) < 4, 


or 


tcd(4 — 3t) < (2-#°)°. 


2 2 
Since 2— ¢? = “+ > cd, We have 


(2 — t”)? — ted(4 — 3t) > ed(2 — t”) — ted(4 — 3t) = 2cd(t — 1)? > 0. 
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The Solution is completed. 
81. 
Let a,b,c be positive real number .Prove: 


oS */(a? + ab + b?)2 < 2/3 (xe + s) 


cyc cyc 


Solution: 


3) Ve +ab+ PP < 4]3 (Xe + ms) 3) VB(a? + ab + BP < 419 (De +t)) 


cyc cyc cyc cyc 


By holder’s inequality: 


cyc cyc 


S> /3(a2 + ab + PP < at + ab +62))2 


So We must prove: 


poe +ab+b?))2 < foe + be)) 


cyc cyc 


<=> (S(a@? + ab+8?))? < 35° (2a? + be)? 


cyc cyc 


Using Cauchy-Schawrz’s inequality, 


3S (2a? + bc)? > (S > (2a? + bc)? = S“(a? + ab + 0°)? 


cyc cyc cyc 


Q.E.D 


82. 
Let a,b,c > 0.prove that: 


S- 1 S a 1 oh ab + bc + ca 
ae a? + be ~ ae a2 +2bce 2(a?b? + b?c? + ca?) 


Solution: 
1... 


Ope 8 5 
=¥ (r+ ae = 
a? + be 


cyc 


1 
272 1 p22) 2,2 
(a“b* + bc +20 (3 ate) 


cyc 


2(b2 — b 2 
<=>25>° ( et) Sab + be + ca 


cyc 


b? — bc +c? 
_ 2 aa aa 
<=>.25 a (1+ coke ) = 2 +b*+c*)+ab+bce+ca 


cyc 


a? ab + be + ca 
* a + +R +2) 
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By Cauchy-Schwarz, 


s a? = (a+b+c)? =u ab + be + ca er ab + be + ca 
tae Ge OC GF ane Deieee de te 2(a? + b? + c?) 
Q.E.D 
Qe 
Ta C6: 
1 b? + c? — be 
272 1 72,2) 2,2 = pate 
(a“b + b*e +e (Date) -E(! -C bc Arche ) 
<=> 2(a7 +b? +c’) Spo aes Zee 3 (42 +b? +c”) 
= ae a*+be ~ 2 
Hay | 


By AM-GWM’s inequality: 


2(b? +c — bc) > +c 


And We will prove: 


By Cauchy-Schwarz’s inequality: 


(3° aba? + b?)? 
= be(a? + bc) 


o> bev/b? + c2)? > o> a’ )(abe S~ a+ y. ab’) 


Using Cauchy-Schwarz, 


LHS > 


Va2+bV/a2+c2 >a? +be 
<=> abe(a® + b® + c? + 3abe — So a°b > 0) 


it is true. 
83. 


if a,b,c are positive real numbers, then 


a?(b+c) a b?(c +a) i c?(a +b) 
b? + c? ea a? + b? 


First Solution. 
We have 


> [sate -4] - ee 


7 l 1 yo ab(a +b) (a — bY? 
= So abla b) Ces sya)" Lote? 
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Thus, it follows that 
a?(b+c) 

[Sse 

a(b+c) W(c+a)  c(atbd) 


b2 + c? + c2 + a2 P a2 + b2 
which is just the desired inequality. Equality holds if and only if a=b=c. 


or 


>atbte, 


Second Solution. 


Having in view of the identity 
a*(b+c)  (b+c)(a? +b? +c?) 
BF +c? Oe pe? 


We can write the desired inequality as 


OE Ge CO) « GAKb 3(a+b+c) 


T 2 : 
e+e C+ 2407 274+04C 


Without loss of generality, assume that a > b> c. Since a? + c? > b? + c?and 


b+e at+e — (a—b)(ab+be4 c?) a 
Me gis, CEE CEES a 


by Chebyshev’s inequality, We have 


[(b? +2) + (a2 +.)] (gz “; an 5 — =) > A(b+c) + (a+o)], 


or 
bre... ae 5 2a +b + 2c) 


B+c2 | a+ ~ a2+b2 4+ 2c2" 


Therefore, it suffices to prove that 


GUE 20). a+b 3(a+b+c) 
a? +b2+2c? a2? +b? ~ a®+b? +?’ 


which is equivalent to the obvious inequality 


c(a? + b? — 2c?) (a? + b? — ac — bc) = 
(a? + b2)(a2 + b? + c?)(a? + 6? + 2c?) ~ 


Solution 3 


Note that from Cauchy-Schwartz inequality We have 


2(b+ ae +c?) 


a EP Dh oan 


cyc eye 4 


Therefore it suffices to show that 


Bs a*(b +c) 


cyc 


> (at+b+c)S a(b+0)(0? +c”) 


cyc 
After expansion and using the convention p = a+b+c;q = ab+bc+ca;r = abc this is 


equivalent to with: 


r(2p? + 9r — Tpq) > 0 
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But, since (from trivial inequality) We havep? — 3q > 0, hence it suffices to show that 
p> + 9r > 4pq, which follows from Schur’s inequality. 

Equality occurs if and only if a=b=c or when a = b;c = 0 and its cyclic permutations. 
84. 


if a,b,c are positive numbers such that a+ b+c= 3 then 


a 4: b Cc <3 
3a+b2 304+ 38c+a2—~ 4 


Solution: 


is equivalent to 


or 


By Cauchy Schwarz inequality, We have 


site (a2 +82 +c)? 
~ Sta*#+(a+b+4+c) > ab? 


it suffices to prove 
A(a? +6? +7)? > Des +35 > 0?b? +35 ° ab? +35 > a?be 
& (+P +)? - 3 e ab® + 300 a*h? — s a*bc) > 0 
By VasC’s inequality, We have 
(a? +b? +’)? = 35° ab? >0 
By Am -GM inequality, 
yer _ S> @be >0 


85. 
ifa>b>c>d>0anda+b4+c+d= 2, then 


ab(b +c) + be(c + d) + cd(d +a) +da(a+b) <1. 


Solution: 

First,let us prove a lemma: 

Lemma: 

For anya+6+c+d=2anda>b>c>d>0 


a*b + b?c+ cd + d2a > ab? + be? + cd? + da? 


Solution of lemma: 
Let 
F(a) = (b— dja? + (a? — B’)a + B?c + c'd — be? — cd” 


, 


F (a) = (b— d)(2a — b— d) > 0 <=> F(a) > F(b) = (c — d)b? + (d? — c*)b + cd(c — d) 
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F (b) = (c— d)(2b—c—d) > 0 <=> F(b) > F(c) =0 


Now, let us turn back the Solution of the problem. From lemma We have: 


a*b+b?c+c7d+d?a+ab*+be?+cd?+da?+2(abc+bed+cda+dab) > 2(ab?+be? +cd? +da? +abce+bed+cda+dab 


it follows that; 


(a+b+c+d)(a+c)(b+d) > 2(ab(b+ c) + be(c + d) + cd(d + a) + da(a + b)) 
But, by AM-GM inequality: 


(a+ c)(b +d) =(ate(b +d) < eaaaads ai 


86. 


if x,y, Z,p,q be nonnegative real numbers such that 


(p+q)(yz+ 24+ 2ry) >0 
Prove that: 


2(p + q) i 2(p + q) a 2(p + q) _ 9 
(yt+z)(pytqz) (zt+a)\(pz+qe) (a+y)(petaqy)” yztayte2e 


Solution: 


y 2(p +9) 9 > F(x, y, 2) . 
Set e\(py +42) yereatay (yt z)(2+a)(a+y)(py + 2)(pz + qe) (px + ay)(y2 + 2a + ay) 
F(a,y,2) = F(a,e+s,2+1) 
= 16x* (p* + ¢°) (s? -— st +2) 
+x° {16(p + q) (p? + @°) (s + t)(s — t)? + [(p — 2g)? (15p + 7¢) 
+5q°(p + q)s*t + [(q — 2p)?(15q + 7p) + 5p?(q + p)] st? 


pa Mem arvp toe + 5lpq(p + q)st + @2(q + 47p)t?] 
3 


2|(5p + q)(5p — 12q)? + 6q?|s* — [(77p — 145q)2(7918p + 6699q) + 3003p? + 14297 pq?]s°t 


. 75 5633859 
_34(p + gd) (p— gy st i. [(77q — 145p)?(7918q + 6699p) + 3003q? + 14297qp?]st? 
3 5633859 
_2[(5q + p)(5q — 12p)? + 6p? ]t* 
75 
Apq(p + q)s® 
4: 2p + 5q)s — (29 + 5p]? | = 
- [(2p + 5q)s — (2q + 5p)t] | (p +5q)? 
(4p* + 40p*q + 65p2q? + 113pq* + 30g*)s?t 
(2p + 5q)° 
ra (4q* + 40q3p + 65q?p? + 113qp? + 30p*)st? i Agp(q + p)t? 
(2q + 5p)§ (2q + 5p)? 


s°t? 


2p + 5q)?(2q + 5p) 


+ 5 | (2p — 3q)* (1505p® + 9948p°q + 19439p*q? 
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+16869p%q? + 6709p7q* + 852pq° + 117q° 


+4960p"q + 6800p°q? + pq? + 4p4q* + 5p3q? + 8q%p? + 4pq’ + 7q°] 
873 


| (2p + 5q)3 (2g + 5p)? 


(2g—3p)? (1505q° + 9948q°p + 19439q*p? + 16869q%p* + 6709q?p* + 852qp° + 117p°) 


+4960q"p + 6800q°p? + g?p? + 4q4p* + 5q3p? + 8p°q? + 4qp” + 7p*] 


2pq(p + q)s? 


vif [(13p + 47q)s — (13q + 47p)t]? oe 


4 49pq(p + q)st 2. 2qp(q + p)t? 
6(743p2 + 6914pq + 743q2) | (13q + 47p)? 


Siscaite q(324773p? + 3233274p2q + 836101pq2 + 419052q3)s? 
ce ea 6(13p + 47q)(743p2 + 6914pq + 743q?) 


2(p + q)(p — q)2(832132509p4 + 9284734492p2q + 9070265998p2q2 + 9284734492pq? + 832132509q*)st 
3(13p + 47q)2(13q + 47p)2(743p2 + 6914pq + 743q2) 


_p(324773q° + 3233274¢"p + 836101 qp? + 419052p")t? a 
6(13q + 47p)(743p? + 6914pq + 743q?) ar 


which is clearly true for « = min{z, y, z}. 
87. 
Let a,b,c be positive numbers such that ab + bc + ca = 3. Prove that 


1 1 1 3 
>1+ : 
a+b b+c cta 2(a+b+c) 
Solution: 
l.iLet f(ajbjc) == +p to A SES and a = min{a, b,c}. Then 


f(a,b,c) — f (a, (a+ b)(a+c)—a, (a+ b)(a+e) —a) = 


= (Verb-vere) (Canara 


1 3 


2(b +c) ( (a+ B)(a+e) —a)  Deaiyaee (2- M(a+ D(a +e) —a) : 


> (varb- vate) (x ee | aeeep) 2° 


since, \/(a+ b)(a+c) > a4+ Voc and 2-\/(at+b)(at+c)-a<atbt+c< sane) Thus, 


remain to prove that f(a,b,b) > 0, which equivalent to 


(a — b)?(2a3 + 9a7b + 12ab? + b?) > 0. 


The inequality is equivalent to: 


1 1 1 3 3 


t + 
a+b b+e cta” 4/3(ab+be+ca) 2(a+b+e) 


1 1 1 9 3 3 
cS | | 
a+b 


< 


> 
b+ce cta 2atbt+e)~ ,B(abtbe+ca) atbte 
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is, (a — b)? : 
2(a+c)(b+c)\(atb+c) 


(b—c)? 4 (c= a) > 
2(a+b)(a+c)\(at+b+c) 22(b+c)\(a+b)\(a+b+c) — 
‘i 


3l(a— 6)? + (6-0)? + (e-a)?] 
2(a+b+ct /3(ab+ be + ca))(a+ b+ c)(,/3(ab + be + ca)) 


+ (a—6)?.M + (b—c)?.N+(c—a)?.P>0 


M = (a+b)[(a+b+c) + V/3(ab + be + ca)]\/3(ab + be + ca) — 3(a + b)(b +. c)(c +4) 


N=(b+e)[(at+b+c) + V/3(ab + be + ca)|\/3(ab + be + ca) — 3(a + b)(b + c)(c +a) 
P=(c+a)[(at+b+c) + V/3(ab + bc + ca)|\V/3(ab + be + ca) — 3(a + b)(b + c)(e +a) 


Suppose that:a > b> c. 
So We have: 


M = (a+b)([(a+b+c) + V/3(ab+ be + ca)]\/3(ab + be + ca) — 3(b+.c)(c+a)) > 0 
Because (a + b + c),/3(ab + bc + ca) > 3c? 


P=(ate)([(atb+c) + V3(ab + be + ca)]\/3(ab + be + ca) — 3(a + b)(b+.c)) > 0 


Because (a + b + c)\/3(ab + be + ca) > 3b? So We must prove: 


N+P20 


it ‘s equivalent to: 


X = [(a+b+c) + V3(ab + be + ca)]\/3(ab + be + ca)(a +64 2c) — 6(a +b)(b+¢)(c+a) > 0 


Put 


e=atb+ay= V3(ab+ bc+ ca) 


X > [(atb+c) + V/3(ab+t bc + ca)]\/3(ab + bc + ca)(a +b +c) —6(a +b +c¢)(ab+ bc + ca) 


4 ay > xy? 
O@L“S>y 


(it ‘s true for all positive numbers a,b,c). 


88. 
Let. a,b, cbe positive real number . Prove that: 


1 1 1 a+tb+e 3 
+ 2 ai 
a+b b+ce c+a™ 2ab+bce+ca) a+tb+ce 
Solution: Let put p=a+b+c,q=ab+bc+ca,r = abc, This inequality is equivalent to: 


= a 

paq-—Tr” 2q p 
243 3 
pet Sa 
3p—-r 6 p 


By expanding expression We have: 


(p” + 3)6p — p?(3p — r) — 18(3p — r) > 0 
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<> 3p? +p’r — 36p+ 18r > 0 
From the ill-known inequality, the third degree Schur’s inequality states: 
p>? —4pq+9r >0 — > p?—12p+9r >0 


We have: 
<> 3p? +p’r — 36p+ 18r > 0 


<> 3(p? — 12p + 9r) + r(p? — 9) > 0 
On the other hand, We have: 


r(p?—9) >0 => (a—b)? + (b-c)? + (c—a)? >0 


89. if x,y, z are nonnegative real numbers such that «+ y+ z = 3, then 


vet yo+va tsa tte fetes /e*8) 


2 2 


Solution: The inequality’s true when x = 3,y = z = 0. if no two of x,y, z are 0, set x = a? 
etc. it becomes 


8(a +b +c) + 10V/3a? + 302 +32 <9 (v/20? + 2b? + 20? +222 + 22 + 2a?) 
pans 10 ( 3a? +302 +32 —(at+b+e )) <9 >> V2? + 20? — ( (a +b) 


cyc 


(a —b)? (a — b)? 
<> 10 
aa c+ V3a2 + 3b? + 3c? — =) Seer ewicce 


cyc cyc 
10 
— a—b)?>0 
Y( eee a+tbtet+ Se) v2 


cyc 


Now each term is nonnegative, for in fact, 


9(a + b+ 3a? + 367) > 10(a + b+ V 2a? + 267) 


because 
9V3 
93 _ 4 /2a2 + 2b? > \/2a2 +262 >a+b 
J2 
90. 
if a, b,c are nonnegative real numbers such that a+ b+ c= 3, then 
1 1 1 1 
+ + S 
4a? +b2+c¢c% 462+ c?+a2 4c? +a2+062 — 2 
Solution: 
1 1 1 1 
t t LS 
4a? +b? +2 4b? 4+? +02 4c? +a?40? ~ 2 


= S/ (a — 4a°b + 13040? — 2a*be — 6ab? — 120%? + 10a7b7c?) > 0 


sym 


= S/(a—b)?(2ct + 2(a? — dab + b?)c? + a4 — 2a%b + 4a?b? — 2ab? + b*) > 0, 
cyc 


which true because 


(a? — 4ab +57)? — 2(a* — 2a°b+ 40767 — 2ab* + 6*) = 
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= —(a — b)*(a? + 6ab + b7) < 0. 
91. 
Let a,b,c be nonnegative real numbers such thata + 6 + c = 3. Prove that 
a*b ; bc ca 
4=be Aa. ASab 


Solution. 


Since 


the inequality can be written as 


abe )~ mi a <4- S/o. 


Using the ill-known inequality a2b + b?c + c?a+ abe < 4, We get 


4—(a7b+b’c+ a) > abc, 


and hence, it suffices to prove that 


b 
abc \~ rs < abc, 


or equivalently, 


ab x be ca a4 

4—be 4-ca’ 4-ab- 

Since ‘ . 
ab+be+ca< Ioo: eo) = 3, 
We get 
ab Z ab 7 3ab 
4—be~ 4 ~ 4ab+ be + 4ca’ 

3 (ab + be + ca) — be 

Therefore, it is enough to check that 
x y z 1 


7 


f - = 
4dr +4y+z2 4y+4z+au 424+4r+y7 3 


where x = ab,y = ca and z = bc. This is a ill-known inequality. 92. 


if a, b,c are nonnegative real numbers, then 


a? + 6° +3 + 12abe < a? a2 + 24bc + b7 Vb? + 24ca + C7 c2 + 24ab 


Solution: 


(a? + 24bc) [7 (a? +B? +c?) + 8(be + ca + ab)” 


[703 + 8a?(b +c) + 7a (b? +c?) + 92abc + 48bc(b + 0)]” 
= 24bc[(b — c)? (109a* + 77ab + 77ac + 49b? + 89bc + 49c*) 
+(b + ¢— 2a)?(25be + Tab + 7ca)| > 0 => 
ye a2\/ a2 + 24be 


a?(7a3 + 8a7(b +c) + 7a(b? + c?) + 92abe + 48be(b + c)] 
aD: 
7(a? + b? + c?) + 8(bc + ca + ab) 


70 


=a? +b? +c? + 12abe. 


93. where a, b,c,d are nonnegative real numbers.Prove the inequality: 


an/ 9a? + 7b? + bv/9b2 + 7c? + cv/9e2 + 7d? + dy/9d? + 7a? > (a +b+e4d)? 


Solution: 


By CauchySchwarz, We have 


4) ~ av/9a? +762 > S~ a(9a + 70) 
it suffices to prove that, 
9(a? +b? +c? +d?) +7(a+ce)(b+d) > 4(at+b+c+d)? = 4(a+c)? +4(b+d)* +8(a+c)(b+d) 
& 9a? +0? +c? +d?) > 4(at+c)? +4(b4 d)? + (at+c)(b+d) 
which is true because 
a? +b? +¢7 +0? > (a+ce)(b+d) 
2(a? + 6? +c? + d*) = 2(a? +c?) + 2(b? +d?) > (a+)? + (b+)? 


94. Let a,b,c be positive . Prove that. 


3a? a? 
— <1 < > 
7a? + 5(b+c)? — = ys \) a2 + 2(b+¢)? 


The right hand is trivial by the Holder inequality since 


Solution: 


2 


——— [Soa (a? +20+0)")] > (Soa): 


a? +2(b+c) 


And (Da)? > [xe (@ a 2(b+0)°)| & Yab(a+) > Gabe. For the left hand by the 
Cauchy Schwarz inequality We have 


IA 


7a2 +5(b+c) (2) (x =e) 
9-¢" 


Assume a + b +c = 3, denote ab + be + ca = —,r = abc then We will prove 


a 1 
S- < 
12a? — 30a + 45 — 9 
f(r) = 48r? + (222 + 529”) r + 20g* + 75g? — 270 > 0 


We have 


oo (0, ft Go| 


27 
Therefor, if 


71 


then get r > 0 and 


f(r) > £0) =20 (4-5) (a+5) (+6) 20 


if q< 2 then get r > G+9-G-29 ana 


0 


2 
Hae (Sea e—2n) _ & (2q-3) (964° =o +2824 — 105) . 


We have done. Equality holds if an only if a = b=cora=b,c=0 or any cyclic permuta- 


tions. 


95. 


if a,b,c,d,e are positive real numbers such that a+ b+c+d+e=5, then 


ds oe vile Westley cal: GMs 20 > 9 
a bc de a@+P+2+4+de+4+e? ~ 
Solution, \) jm f(a,6) means f(a,b)+ f(a,c)+f(a,d)+fla,e)+f(b,c)+ f(b, d) +f(b,e)+ 


f(c,d) + f(c,e) + f(d,e). We will firstly rewrite the inequality as 


LP tale AD ny ol 25 es 4(a+b+ect+d+e) 


a bc de a+b+c+d+e7— 5(a? + b? +c? +d? +e?) 


Using the identities 


i ee ee ee ee = (a— 6)? 
(atbterdte) (+54 2+5+2) a= y- ab 


sym 


and 5(a? + b? +c? + d? +e?) -(a+b+c+d+e)? =).,,,,(a— 6)? We can rewrite again 


the inequality as 


sym 


1 S- (a _ b)? > 4 yn ~, b)? 


x 
a+b+ct+d+e ab 6a? +b? +c? + dd? 4 €? 


sym 


ot sym Sab(a — b)? > 0 where 


1 4 

cy a?+b?+c?+d?+e? 

for all x,y € {a,b,c,d,e}. Assume that a > b > c > d>e > 0. We will show that 
Ste + Spa > O and Say + Sac + Sad + Sae > 0. indeed, We have 


Say = 


pie come oy 8 ee 8 
be od be bd Rte +e te” be! bd P+RP+e+R 
ee 8 
Sida 4 >0 


=~ be bd 2be + 2bd ~ 


and 


ne ee 16 16 16 


SabtSactSaa Sae mam 


T T Pa 
ab ac ad ae a?+b?+c?+d?+e? ~ a(b+e+d+e) a®+4(b+e 


Hence, with notice that 
Soa 2 Sbe and Sae 2 Sad a Sac 2 Sab 
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We have Spq > 0 and Soe > 0, See + Saad > 0, Sae + Saad + Sac => 0. 
Thus, 
Spba(b _ d)? + Sbe(b — c)? oa (Spa + Sbe)(b — c)? > 0(1) 


and 


Sae(a—e)?+S2q(a—d)?+Sa¢(a—c)? +San(a—b)* > (Sae+Saa)(a—d)? +S8ac(a—e)? +545 (a—b)? 


= (Sae t Sad t Sac) (a c)? t Sav(a b)? = (Sae t ad t Sac t ab) (a b)? es 0(2) 


On the other hand, Sp. > Spa > O and Sae > See > Sea > Sra > 0(3). 


Therefore, from (1), (2) and (3) We get 0 sym Sab(a — b)? > 0. 


Equality occurs when a = b=c=d=eE or a= 2b = 2c = 2d = 2e. 
96. 


Let a,b,c be nonnegative real numbers. Prove that 


3abc 2(ab + bc + ca) 
a2b+b?c+ca7 = a2?+b2+c? 


Solution: 
We can prove it as follow: 


Rewriting the inequality as 


3abec 2(ab + be + ca) — a? —b* — 
a’b + b?c+ c?a — a? +b? +c? 
2 b2 


if 2(ab + bc + ca) 


<a c?, it is trivial. 
if 2(ab + be + ca) > a? +b? +c’, applying Schur’s inequality: 


(a+b+c)[2(ab+ be + ca) — a? — b? — c?] 


3abe > 
abc > 3 


it suffices to show that 


(a+ b+ c)[2(ab+ be + ca) — a? — b* — c?] 
3(a?b + bc 4+ ca) 
(a+b+c)(a? +b? +c?) > 3(a7b+4 b?c + ca) 
b(a — b)? + e(b—c)? + a(e— a)? > 0 


2(ab + bc + ca) — a? — b? — ec? 
a? + b2 + c?2 


(True) 
97. 
Let a,b,c be positive real numbers such that abc = 1. Prove that 


1 1 6 
bo +s4 > 

a 6b c atb+c— 
Solution: 
1... WLOG assume a > b>. 
Let i ‘| 6 

b,c) = -4 

f (a,b,c) > f(a, Vbe, Voc) 

(Vb — Vc)? 
<=> at+b+c)(a+2vVbc) — 6be) >0S 
Manat. M ) )2 
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(a+b+c)(a+2vbc) > 6be. 


As 


b 
a> = > vie 


so 
(a+b+c)(a+2Vbc) > 9be > 6be 


hence the above inequality is true. 
1 
(Lar x, x) 2 56 
x 


(ag — 1)? (Qa* + 4x? — 4a? — & +2) > 0. 


As 2x4 + 423 — 4a? —2 +2 > 0 if « > 0, so the above inequality is true. 
Therefore 


Ala, bie) Soflae/te. Woe = fg. Ve, Jbe) > 5. 


Assume that a > b,c. Write x = /a,y = 2. Then x > 1 and the inequality 


(ab+ be + ca)(at+b+c)+6> 5(a+b+c) 


becomes 


a(y ty *) —5a* + (y?+94+y°7) —5a (yt y")+a%(y+y") 20 


This can be seperated as 


and 


B(iy+y —2+ (yr ty? -2)-5a7"(yty'—-2) +a %(yty* — 2) >0 


The first one is easy. About the second one, 
Note that 2° + 273 > 2 > 27! and (y2+y~? — 2) > 3(y4 + y+ — 2) > 38a (yt + y+ - 2) 


since 


y? — 8y+4-3y'+y7% =(y-1?(y-1+y") 


Lema of Vaile Cirtoaje 


(a+b) (b+c)(c+a)+7>5(a+b+0c) 


(Can easy prove by MV) 
But 


(a+b) (b+c)(c+ta)=@b+a%c+?c+?a+ca+c7b + 2abe 


= (a7b tarc+b?ce+ batcCatcb4 3abc) abc 
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= (a+ b+ c) (be + ca+ ab) — abe = (a+ b+ c) (bc + cat ab) —1 


where We have used that abc = 1 in the last step of our calculation. Thus, We have 


((a+b+c)(be+ca+ab)—1)+7>5(a+b+c) 


; in other words, 


(a+b+c)(be+ca+ab)+6>5(a+b+4+c) 


Upon division by a + b + c, this becomes 


6 


b + ab 
(be + ca ag ara 


Finally, since abc = 1, 
We have be = 4, ca = i and ab = 4, and thus We get 


7) 


1 1 1 6 
>5 
(: b =) at+b+c~ 
98. 


Let a,b,c > 0 and with all k > —3/2 . Prove the inequality: 


a? + (k + 1)abe 
b? + kbe + c? 


>atbt+c 


Solution: 


Our inequality is equivalent to 


Oar BESO 8). bb eae ar) ele aba Sb") 


2 
b? + kbe + c? c? + kea + a? a? + kab + b? 29, 
(2-4?) a b ; a(b—c) |  bla—c) c? +ab—a? — b? 
B+kbe+e2 a®+kact+ce2)' |b? +kbe+c2 | a®@+kact+e | a%+kab+ 2 
From now, We see that 
a b _ (a—b)(a? +b? +c? + ab+ kac + kbc) 
b+kbe+c? a%+kact+e — (b? + kbc + c?)(a? + kac + c?) j 
e+ab—a?—b? — (c—a)(c— b) —a(b—c) — b(a—c) — (a— 5b)? 
a2+kab+b2 a? + kab + b? 
a(b —c) a(b—c)  _  a(a—c)(b—c)(a+c+kb) 
bP +kbe+c? a%+kab+b2 (a2 +kab+ b2)(b? + kbc 4 c?)’ 
b(a — c) bia—c) — al(a—e)(b—c)(b+c+ ka) 
a+kactc? a2?+kab+b? (a2 +kab+b?)(a2 + kac+ c?) 


Therefore, the inequality can be rewritten as 


c(a — c)(b—c) 


2] 
ancy i a? + kab + b? 29, 
where 
Aw Gt by(@ +? +c + ab + kac + kbe) c 
(a? + kac + c?)(b? + kbc + c?) a? + kab + b?’ 
and 


pa uatet kb) b(b+ c+ ka) 
~ B+kbet+e | a+kacte | 
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Now, using the symmetry, We can assume that a > b > c, then We will prove A > 0 and 
B > 0to finish our Solution. 


Solution of A > 0. We have the following estimations 


(a? +b? +c? + ab+kac + kbe) — (a* + kac + c*) = b(a +b + ke) > 0, 


a+b> 2c, 


2(a?+kab-+b*)—(b?+kbe+c*) = b(2a—c)k+2a?-+b?—c*) > 5 b(2a c)+2a?+b*?—c? = (2a—b)(a—b)+c (5 c) > ( 


From these inequalities, We can easily see that A > 0. 
Solution of B > 0. To prove this, We will consider 2 case: 


+ if b? > ac, consider the function 


FC ee alee ca b(b+ c+ ka) 
 P+kbe+  a+kact+ 2 


| 
U ) 


We have 


ab(a? — bc) ab(b? — ac) 


/ 
= os > 
Cd) (a2 +kac+c?) (0? +kbe+c?)? — Ys 


therefore f(k) is increasing and it suffices to us to show that f (—3) > 0, ie. 


2a(2a + 2c — 3b) | 2b(2b + 2c — 3a) 


t L2>0. 
2b2 — 3bc + 2c? 2a? — 3ac + 2c? 20 
We have 
2a(2a + 2c — 3b) _ (a—b)(a+b+ 3c) + 3(a—b)? +ac4 2c? _ (a—b)(a+b+ 3c) 
2b? — 3bc + 2c? a 2b? — 3bc + 2c? — 2b? — 3be + 2c? 
Similarly, 
2b(2b + 2c — 3a) is (b—a)(a+b+ 3c) 
2a? — 3ac + 2c? —~ 2a? — B8ac+ 2c? © 
it follows that 
1s Spas p35 : : +0 
= AGT ODES OPIN D2 She 22 2a? —Baet 22) — 


+ if ac > b?, then rewrite our inequality as 


a? + kac+ ¢? 
B+ kbe+ 2 
Since a > b,ac > b? and k > —3, We have a+c+kb>0 and a? +kac+c? > b? + kbe+ ce’, 
therefore 


+ b(b+c+ka) +a? +c? +kac > 0. 


LHS > a(at+c+kb)+b(b+c+ka) +a? +c? +kac = a(2b+c)k+ 2a? +? +act+be+c? > 


3 1 
2 —50(2b +c) +2a° +b? +ac+be+e? = (a b)(2a —b c)+5actc’ > 0. 


This ends our Solution. Equality holds if and only if a = b = c or a = b,c = 0 and its 
permutations. 


99. if a,b,c are nonnegative real numbers, no two of which are zero, then 


a(4b+4e—a) , b(4ce+4a—b)  cl4at+4b—c) _ 21 
Be ea a?+b? ~ 2 


Solution: 


The inequality still holds for a,b,c are real numbers, but it is just a trivial corollary of the 
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case nonnegative real numbers as 


a(4b+4c—a)  4ab+ 4ac— a? 2 Alab| + 4|ac| — a? 


b2 + ¢c2 b2 + c? b2 + ¢c2 
As 
a(b +c) ~ b(a — b) — c(e— a) 5 b a 
pa => pa 2 =a b) Rae gag 
and 
3 a? as (a? — b?)? 
be+c? 2 2 (a? + c?)(b? + c?) 


We can rewrite our inequality as 


Assume that a > b>, then it is easy to verify that 


(b— c)?(b? + c? + 8a” — 6be) > 0 


and We can reduce the inequality into 


(a —c)?(a? + c*)(a? +c? + 8b? — Gea) 4 


which is true as 


a—c>a—b>0, 


and 


(a —c)(a® +c”) > (a—b)(a? +b”) > 0 


(a — b)?(ab — c?) 


(PAP +E) 


(a? + c? + 8b? — 6ca) + (a? + b? + 8c? — Gab) = (a — 3b)? + (a — 3c)? > 0. 


This completes our Solution. 


b 


Equality holds when a 3b 
100. 


if a,b,c are nonnegative real numbers, then 


cor a 


2 


b 


a 


b2 


Cc a 


a (5) +(e) +(e) 


b-—e a—0b ab + 


Solution: 


bc 4 


3c and its cyclic permutations. 


Without loss of generality, We may assume that c is the smallest number among a,b,c. We 


will show that 


a? b? a+b+e_ a & a+b? 
= t , 
(b—c)? (a-—c)? ab+be+ca™~ 6? a? ab 
indeed, this inequality is equivalent to 
a a? b? a? + a®+0?+e 
2 ; 
(b—c)? 6 (a—c)? a7 ab ab + be + ca 
or 
ca”(2b—c) , cb*(2a—c) ts c[(a + b)(a? + b?) — abc] 
b(b—c)? § at(a—c)? ~ ab(ab + be + ca) 
Since 
2b—c 2b — 2c 2 2 2a—c 2 
2 — 2 ’ = ’ 
(b—c)? ~ (b—c)? b-c~ b (a-c)?~a 


and 
(a + b)(a? + b?) — abc 2 (a + b)(a? + b?) 
ab(ab+be+ca) ~~ a?b? 


it suffices to prove that, 


2ca? 2cb* __ c(a + b)(a? +b?) 
b3 a3 = a?b? : 


which is true because 


2a° . 26? 2a? 2b+ _ 2(a? +b)? = (a + b)(a? + 6?) 
a ab a3b? ~ a2b2(a +b) ~ a*b? 


Now, according to the above inequality, one can reduce the problem into proving that 


az?) a?# +b? 
b2 ° a2 abo? 


which is true. 
101. 
For a,b,c > 0 and —1 < k < 2, Prove: 


2 2 2 
a b c (4 — 2k) (ab + bc + ca) 
=a >k 
(52) +(3) +(5) ae a? + b? + c? 


using Cauchy Schwarz inequality as follows: 


Solution: 


Let « = a?+b?+c? and y = ab+bc+ca. Applying the Cauchy Schwarz inequality, We have 


3 a? (a+b+c)? x+2y 
( 


b—c)? ~ Si(b-e)? — (a —y)’ 


Noni also that, 
ae > 0, so from the above inequality, We get 


2—k a? (2 — k)(x + 2y) 
ae C= ee Oa @) 


On the other hand, since 


a b 
Die ea 1, 


We have 
a? a’ a b ae 
—— -2= —; +2 _—_ = >0 
ir: Got 2 en c-a ( 5) + 
1 
and since > 0, this inequality gives us that 
k+1 ar 2(k +1) (2) 
3 (b—c)? ~ ge. 


From (1) and (2), We obtain the following inequality 
a? 2—k a? k+1 a? (2—k)(a+2y)  2(k+1) 
= 2 . 

Eee 1S, ee a ae ea 


Thus, it is enough to show that 


(2—k)(a+2y) | 2(k+1) 


(4 —2k)y 
Ge—y) a : 


3 x 
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This inequality can be written as 


grtdy 1 dy 


vey 6(a@—y) 3 «& 20, 
. (2 — k)(aw — 2y)? 
2e(e—y) = 
The last one is obviously true, so our Solution is completed. 
102. 


if a,b,c are nonnegative real numbers such that a+ 6+ c = 2, then 


be ” ca fe ab Za 
atl bF4+1 0 e417 


First Solution. 
in the nontrivial case when two of a,b,c are nonzero, We claim that the following inequality 
holds 


be eZ bc(b + ¢ 
a2+1~ ab(a+b) + bc(b4+c) + ca(e+a)’ 


(b+ c¢)(a? +1) > be(b +c) + a(b? +c?) +a? (b+c). 


Since a(b? + c?) = a(b +c)? — 2abc this inequality can be written as 


(b+ c)(a? + 1) — a(b4+ c)? — a2(b4+ c) > be(b +c) — 2abc, 


or 
(b+ c)(1 — ab — ac) > bc(b+ cc — 2a). 


By the AM-GM inequality, We have 


(a+b+c)? 
4 
Thus, We can easily see that the above inequality is clearly true for b+ c¢ < 2a. 


1—ab-—ac=1-a(b+c)>1- = 0. 


Let us assume now that b+ c > 2a. in this case, using the AM-GM inequality, We have 


(b+c)(1—ab—ac)—bc(b+c—2a) > (b+c)(1—ab—ac) (b+c)? bte 


(b+c—2a) = 4(4—2a(b-+e) — (b+ 0?) 


_ bt+e a?(b +c) 
a 4 = 
This completes the Solution of the claim and by using it, We get 


be bc(b + c) _ 
aa = ae + b) + be(b + c) + ca(c + a) me 


This is what We want to prove. 


[((a+b+c)? —2a(b+4+ c) — (b+ c)?] = 


Equality holds if and only if a = b = 1 and c = 0, or any cyclic permutation. 


Second Solution. 


Since Pe = bc ae the inequality can be written as 
a b c 
are (as Ral =o) + 1—(ab+bc+ ca) > 0. 
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Notice that for any nonnegative real number z, We have 


1 2-2 #(e—-1)? , 2-2 


et+l 2 | A@+1)— 2 
Using this inequality, it suffices to prove that 


2-—a 2—b 2-—c 
, Lh. Lo. | | > 
abc (« 5 b 5 aor ) 1 — (ab + be + ca) > 0, 


or 


abc(ab + be + ca) + 1 — (ab + be + ca) > 0. 


Setting ¢q=ab+be+ca,0<q< 4. From the fourth degree Schur’s inequality 


a* + b4 +c4 4+ abc(a +b +c) > ab(a? + 6?) + bc(b? + c*) + ca(c? + a?) 


and the given hypothesis, We get 


1)(4 — 
ies ay 
3 
it follows that 
—~1)(4— 
ieee Ate ae i ae 1-—gq 
= _4)2 
_ Br-ga- 1)" 5 4 
3 2 
The Solution is completed. 
Third Solution. Write the inequality as 
ey a ae ee ae eee Se Se ee 
abc Pal a 2a >a c+ca—1. 


Since the case ab + bc + ca < 1 is trivial, let us assume that ab+ be+ ca > 1. 
Setting 


4 
q=ab+be+ealsqs a. 


From the fourth degree Schur’s inequality 


at +b4 +c! + abc(a +b +c) > ab(a? +b?) + be(b? +c?) + ca(c? +a”), 


We get 


Using this result, We see that it suffices to prove that 


a b Cai 3 
a2+1 e+17 4-q@ 


T fret T 


This inequality is equivalent to 


a ae eee es c ie ee 
az+1 2 B+1 2 Cais Bo Age 
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or 
(a +1)? (b+1)? (c+1)? 3 3(6 — q) 
a+1° b4+1 e?+1 7 4-q 
By the Cauchy-Schwarz inequality, We have 


(a+1)? (6+1)? (c+1)? _ (a 
= 
a2 +1 b?2 +1 e+1 7 a 
Therefore, it suffices to prove that 


25 3(6 — q) 
7-2qg7- 4-q’ 
which is equivalent to the obvious inequality 


(q—1)(13 — 3q) = 0. 


The Solution is completed. 
103. 
Let a > 0,b > 0,c > 0, ab+ac+ bc = 3. Prove that 


| qA 4 A 
2 36/ a _ +c («) 


As you work,put a+ b+ c= 3u;abc = 3 then 


Solution: 


a* + b4 + c4 = (9u? — 6)? — 18 + 12uv < (9u? — 6)? — 18 +12 = 81u* — 108u? + 30 
So that: 


dye a ge SWS = 108? 30 2 


< ; Ti = 36u7 110 


We need to prove that 


u®® > 27u* — 36u? + 10 
Let f(x) = 2°° — 27x4 + 36a? — 10.We will prove that f(x) > 0 for all 2 >1 


f' (x) = 362° — 10823 + 722 = 2(36x°4 — 1082? + 72) 
Apply AM-GM’s inequality We have 


36x74 + 72 > 108 “W/734:36 > 1082? 


(because x > 1) 

So that f’(x) > 0 for alla >1 

Hence f(x) > f(1) =0 for all e > 1 

Therefore the problem is proved : 

Remark: 

a) a,b,c,d > 0 satisfy ab + ac + ad + be + bd + cd = 6.Prove that: 


a+bt+etd q coe 
4 - 4 
b) a,b,c,d > 0 satisfy ab + ac + ad + bc + bd + cd = 6.Prove that: 


a+btetd. es 
4 = 4 
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104. 


Let a, b and c are nonnegative numbers such that bc + ca + ab = 3. Prove that: 


atb+e. 16/02 + 63 + 3 
3 = 3 


To prove this inequality, We may write it as 


(crete, (etre) < G25 
3 3 i 5 


This is a homogeneous ineuality of a,b,c, so We may forget the condition ab + bc + ca = 3 


Solution: 


To normalize for a+6b+c=3. Now, applying the AM-GM inequality, We have 


3 3 3 2 11 
LHS = (: _ +c ) (oe) (eee) < 


1 e+hP+c03 ab + be+ ca ab + bce+ ca ne 
D +11 (| ———_ : 
1318 3 3 3 


it is thus sufficient to prove that 


3 G3 23 
2(s ae +e ) (Cee) en (cee) < 13, 


which is equivalent to 


13(a+b+c)? S 54(a? + b? +c?) 
ab+be+ca ~ (a+b+c) 
105.Let a, b, c be positive real numbers such that ab + bc + ca + abc > 4. Prove that 


+ 33. 


1 
(a+1)?(b+c) 


1 1 3 
(b+1)?(c+a)  (c+1)2(a+b) ~ 8 

Solution. 

Letting a = tx, b = ty and c = tz, wheret > Oand a, y, z > Osuch that ry+yz+z¢+aryz = 4. 


The condition ab+ bec + ca + abc > 4,t > 1, and the inequality becomes 


1 1 1 3 
+ + Sh 
t(ta+1)*(y+2)  tty+1)?(z4+2) t(tz+1)?%(a@+y)~ 8 
We see that it suffices to prove this inequality for t = 1. 
in this case, We may write the inequality in the form 
1 1 1 3 


Goris Gnieeta Gmeer s 


Now, since x,y,z > O and zy+yz+ 22 + xyz = 4, there exist some positive real numbers 


u,v, w such that 


2u 2u 2w 


r= Y= andz ‘ 
v+w wu U+U 


The above inequality becomes 


(u+v)(utw)(v+w)? 


(2u+v+w)?iv(u+v) + w(ut w)} 


3 
<-. 
— A 
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Using the AM-GM inequality and the Cauchy-Schwarz inequality, We get 


(utv)(utw)(v+w)? (v+w)? 1 v w 
(Qu +vu+w)?[v(u tv) + w(ut+ w) See Sa (Ge =) 
Therefore, 


x (ut+v)(utw)(v+w)? <7>( Ba, )=3 
(2u+u+w)?l[o(ut+tv)+w(ut+w)] ~ 4 utu utw 4 
The Solution is completed. Equality holds if and only if a= b= c= 1. Remark. 
The Solution of this problem gives us the fourth Solution of the previous problem, 
because the condition abc > 1,ab+ be + ca+ abc > 4. 
106. 
For a,b,c > 0, such that abc = 1, prove that the following inequality holds 

at —b b+ —e¢ ca 


; Be esa r 
; phnop. © ee Te cé+2a— 


Solution: 


Note that the inequality is equivalent to 


a° a+b+c 
»S 2 
a4 + 2b2ac 3 


due to Holder inequality We have 


is at aac) (Sia' + 2Hac) Sla> (Soa : 


We have to prove that 


(Soe)’ So Pe Ba) a = a’ + 26%ac) 


which is true because 


2 
(~ Geo 2b7ac) < oS a* + 2a7b? = Ox a”) 
The Solution is completed , equality occurs when a = b=c 
107. 
Let a,b,c be positive real number. Prove that: 
1 (ab + be + ed + da + ac + bd)? 


ae Poe 
ee 3abcd 


Solution: 
Let A=b+c+d, B=bc+cd+db and C = bcd. The inequality can be written as 


(aA +B)? 1 
ARE AE SS > 5p at 
3aC be \Gitedl) AO : 


which is equivalent to 
A+B)? 
aA BY 4190 S36 4A) (E+3) 
a a 


B? A 
Ae bap se 24.190 830% 36R 4228 43 AR. 
a a 
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Dp 
(A? — 3B)a+ dae, > AB-9C. 
a 


Since A? — 3B > 0 and B? — 3AC > 0, using the AM-GM inequality, We have 


es. 
(A? —3B)a- ee > 2,/(A? — 3B)(B? — 3AC). 
a 


Therefore, it suffices to prove that 


4(A? — 3B)(B? — 3AC) > (AB—9C)’, 


4(b? +? + d? — be — cd — db) [b?? + 7d? + d?b? — bed(b + ¢+d)| > [b(c? + d’) 


[(b — c)? + (c— d)? + (d— b)?][d?(b — c)? + B?(c — d)? + c?(d — b)?] > [d(b— c)? 


which is true according to the Cauchy-Schwarz inequality. 
108: 
Let a, b, c be positive real numbers. Prove that 


Solution. 


The inequality is equivalent to 


2a7be + a2c? + b* + 2b3c — 2ab2c 
3 23 
b2(b + c)? 


cyc 


Now, from AM-GM, We have a?c? + b4 > 2ab?c. 


it’s suffice to show that 


2a7bc + 2b? c 
Peter =" 
cyc 

And it’s true since 

21. 1 Op3 2 2 1 p)2 

2a*be a + 2b") bc(a + b) aig 
b?(b + c)? b(b+c)2 — b2(b+c)? — 
cyc YC cyc 

by AM-GM. 
109. 


if a, b, c, x are positive real numbers, then 
am b® Cc a+e\* b+a\* e+b\* 
}—+—> + 
b& cc a® ~ \b+e cta at+b 
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Solution: 
First, We shall prove the following lemma. 


Lemma. if x and y are positive real numbers such that (# — y)(y — 1) > 0, then 


2 2 
ye as y? fee 
zr y 
Solution. 


After factorizing, We can write this inequality as 


(ea lene Fy) 2) 5 9. 
ry 

Now, if x > y, then from the given hypothesis, We have x > y > 1, and thus it is clear that 
(x — y)[ay(x + y) — 2] 2 0. 
if « < y, then from (a — y)(y— 1) > 0, We have x < y < 1, which gives ry(a + y) < 2 and 
so (x — y)[xy(x + y) — 2) 2 
0. 
Turning back to our problem. Squaring both sides, We can write the inequality as 


(ete) 2 [Grae ere 


This inequality follows from adding the inequality 


b22 


and its analogous inequalities. 


This inequality is true because 


E — Pa | >0 

be = (b+ c)* | | (b+ c)% 

(this is a trivial inequality). 

110. 

For a,b,c > 0, such that abc = 1, prove that the following inequality holds 


a b c 
a+b4+ct  b+ct+a* ct+at+bt~ 


Give a generalization to this inequality. 


Solution: 


By Cauchy-Schwarz ineq, We have: 


a 7 a(a? + 2) 
a+bt+ct (a+b44+ c4)(a2+1+1) 
3 
< a(a® + 2) : 

(a? + 62 + c2) 


Similarly, We get: 


a4 +b4+c4++2(at+bt+c) 


LHS < : 
(a? OF ie") 


And We need to prove that: 


(a? +b? +07)? > at+b4+c4+2(a+b+c) 
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&7yt+ee+tceat>atb+te 


which is true because: 


Ce +ee+ca* > abc(at+b+c)=at+b+e 
Equality holds when a=b=c=1 
REMARK: 
b 
—— ete a 
a+b ?+c®  b+c"+a"  c+a”+b" 
for a,b,c > 0 satisfying abc = 1 and n> 3 


2..if a1, @2,...,@y are positive real numbers satisfying a)a1...a, = 1, then 


Dae ee 
ay tak +..+ak — 
for any k > 1. 


Solution: 


let S = ar ak The inequality is equivalent. to 


According to Cauchy-Shwarz inequality 


2 
gaa (/S= af + /5— of +... + /S—ak) 
yrs ger: Ea (a, + a9... tan) +(n—1)S 


it suffices to prove that. 


2 
(V/s ak +/s ak +... +4/8 ny) > (n—1)(a1 + ag +... tan) + (n-1)?S 


but 


(ooh + (oh + + Bak) 
= S18 - ak) +) (5 - ak)(S - of) 


iA 


= (n-1)8+ > /(S—ah)(S — ak) 
tFj 
but from Cauchy Shwarz inequality 


k 
2 


((S — a8)(8 — ak) > Sak — ak + a3 a; 


= 7 (8 - af)(8 — ak) > (w- 17'S -(n- 18+ Yaa? 
Aj ae) 
Hence We need prove that 


So aza? > (n—1) Soa; 


iAj 
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or 


which is just Muirhead inequality 


The Solution is completed,equality occurs when a, = ag =... = ay, = 1. 
111. 
Let £1, 22,...,2n, be positive real numbers with sum 1. Find the integer part of: 
x x x 
E- ri 2 3 i n 


Jl-2 : J1— (#1 + 22)? : OS. IRA aaa? 
Solution: 

Because J1- (a1 +29 +-+++24;) <1 holds for every i, 

We have that F > a7, +49+-:-+ 2, = 1. 


Now take a, = 0 and a; = arccos(#1 + v2 + 3 +--+ + a4-1). 


its equivalent to cos(a;) = #1 +%2 +43 +--+ 24-1. 


Which implies x; = cos(a;41) — cos(a;) So the expression transforms in: 


p= cos(az) — cos(a1) : cos(a3) — cos(a2) eee COS(Gn+41) — COS(Gy) 
sin(a1) sin(a2) sin(Gy) 
We have: i 
(G41 TA «(Gi — Gi+1 
cos(aj41) — cos(a;) _ 2 sin(——>— )- sin(———— ) 
sin(a;) sin(a;) 
Because aj+1 < a; We have 
2sin( t+ a ec a 
2 < 2sin(—-—_**") 
sin(a;) 
Applying and adding this relation for 7 = 1,2,...n We have: 
T 
E< sin(a, a2) t sin(ag a3) fei -+sin(@n—@n41) <A, —Q_q+@2—a3+°:: Ant1 = 41-Gn41 = ry <2 


The last equality is right because sin(x) < x. 
Because 1 < EF < 2 We have [E] = 1. 
112.For a,b,c > 0, such that abc = 1, prove that the following inequalities hold 


2 b2 2 


a c 
b(a? + 2c) | c(b? + 2a) me a(c? + 2b) 21. 
Solution: 
We replace a, b,c by 
abe 
bea 


respectively yields that The inequality is equivalent to 


ee! 
ab + 2b3c — 
but due to Cauchy-Shwarz We have 


3 


Tae Neale av > (Cee 
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We have to prove that 


2 
oS a??) >3 S- atc3b = 3 S (ab)? (be) 
which is just Vasc inequality 


The Solution is completed , equality occurs when a = b=c=1 
113.let a,b,c. prove that 


a? ++? 1 (a+b)(b+oj(e+a) . 4 


ab+be+ca 8 a? + 68 + 3 — 3 
We rewrite this into 
(a+b+c)3 _ a+ )b+ eta) . 10 
(a+b+c)(ab+ bc + ca) 8(a8 +63 +c3) 7 30 


Note that We also have, from AM-GM that 


9 
(a+b+c)(ab+bce+ ca) < gla t b)(b + c)(e+ a). 
So We have to prove that 
8(a+b+c)3 (a+ b)(b+c)(c+a) _ 10 
255 
9(a + b)(b+ c)(c +a) 8(a3 +b? +c3) 7 3 


Which rewrites into 


8(a2 +b8 +c3) (at b)(b+c)\(c+a) _ 2 
ieee 
9(a+b)\(b+c)(c+a) 8(a2 +b? 4+c3) ~ 3 
Which is just a direct application of the AM-GM inequality and thus perfectly true. 
114. 


Let a,b, cbe positive real numbers satisfying 


Prove that 


fab 454 0/454 7/845 < 505 414 9/502 +14 8/588 $1. 


Solution: 


Using Holder’s inequality, We have 


a 
(3 Var +B) < Sat F*) = (aya t 52) < (a(t 1s) 


because 


115. 


Let a, b, c, d be nonnegative real numbers, no three of which are zero. Prove that 


emer d P= —_ LS) 
b+2c+d c+2d+a d+2a+b at2b+e7 
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Solution: 
1... We have, using the AM-GM inequality that 


xy -> a ae 
ee 2 oer * 2a+b+2c+d 


Now, from the Cauchy-Schwarz sa aeaity We obtain 


2a 2(a+b+ce+d)? 
Dee ae ay, 
v2 2 ter b+ dtd = 2 07 +2) sym ab 


Therefore it suffices to show that 


2at+b+ec+d) > Soa? +25° ab; 


cyc sym 


Which leads to 5>,,,,, ab > 0; which is obvious. 


sym 


Hence We are done. Equality holds iff a = b;c = d = 0 and its cyclic permutations. 0 2... 


Ss \ ee =D - Eee 


pa ,/2a er 


ee 2/2a 
x ee 


= v2 


sD au sane a+ 2 tet 
We complete the Solution 
116. 


Let x,y,z be non negative real numbers. Prove that 


(2 + y2z)\(y + zx)(z + xy) (zy2z + (w@+y+2z)*) > (e+ yy + 2)?(24+2). 


Solution: 
1..Notice that (x + yz)(y + zx) = 2(x@+ y)? + xy(1 — z)? and 


(z+ ay) [ayz + (w@tyt2)]=2(et+y+z24+ ay)? + 2y(e+y)?. 


Thus, using the Cauchy-Schwarz inequality, We get 


(x+yz)(yt+zx)(2+ay) [wyz+(a+yt+z)*"] = [2(ety)?+2y(1—z)?][2(e+y+z+ay)?+2y(a+y)"] > 


The Solution is completed. 
pee 
Notice that 


(x + yz)(y t+ za)(z + vy) = xyz(a t+ y+2—-1)? + (vy +yz+ 2a — ryz)?. 
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By Cauchy Schwarz inequality, We have 


(a + yz)(y + 22) (z + wy) (xyz + (a+ y+2z)’) 
= (xy2z(x t+y+tz2- 1)? + (xy t+ yz+ 24 - ryz)”) (xyz +(atyt+ z)?) 


> (ayz(et+yt+z—1)t (wy t yz + ze —a2yz)(e+y+2))” 


117. 
Solution: 


This inequality is equivalent to 
(So vert be) > (Dat (v2-1) Dv) 


So (a? + bc) +25 > Va? + be) (0? + ca) > (a+ b+)? 
+ (2v2 - 2) (a+b +0) (Vab+ Vbe + Vea) + (3 - 2v2) (Vab-+Vbe+ Vea) 


or 


or 


2S > \/(a? + be) (b? + ca) > (2v2 -2) > (vai + Vad") 
+ (4-2v2) }> ab + (4—2V2) )> Ver be, 


By Cauchy Schwarz inequality, We have 


a / (a? + bc) (b? + ca) 
= So V@ + be) (ca + b?) 
> ye (Vea + v5) ; 


it suffices to prove that 


25> (veut 4 vbic) > (2v2 2 2) s- (va% + Vab8) +(4 = 2v2) S- ab+(4 - 2v2) S> Varbe, 


or 


(4 = 2v3) S- (vars " Vai") > (4 2 2V2) S~ ab + (4 * 2/2) S~ V@be, 


which is true because 


S- (Vak + Vab*) > 2S ab > S| 2v abe. 
118. 
Let a,b,c > 0 such that a? + 6? + c? = 1,prove that 


1—ab 1—be 1—ca 1 
+ > 
7-—3ac T7-—3ba T—3cbhb™~ 3 


Solution. 
First, We will show that 


1 1 1 
| | < 
7 — 3ab 7—3ca~ 2 


PR Shot 
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Using the Cauchy-Schwarz inequality, We have 


6s 1 ea 1 4 
7—3ab  3(1—ab)+4~ 9|3(1—ad) | |" 
it follows that 


1 1 1 1 
< 
» Ta 3a ~ 7 Tb 
and thus, it is enough to show that 


1 = 1 we 1 ew? 
l—ab 1-—be 1-—ca7 2’ 


which is Vasc’s inequality. 
Now, We write the original inequality as 


3—3ab 3-—- 3bc SSC 
7-—3ac 7-—3ba 7-—3ch7 ” 


or 


ee CSCS iG 1 1 1 
7—-3ac | 7—3ba 7—3cb~ | 


7—3ab ° 7—3bc  7—3ca 


Since 


1 1 1 
t < 
(5 7 — 3bc —:) S23, 


it is enough to show that 


7-—3ab 7-—3be T-—3ca 
ab > 3, 
7—3ac 7-—3ba T7-—3cb 
which is true according to the AM-GM inequality. 
119. 
Let a,b,c > 0, such that a+b+c>0 and b+ c > 2a. 
For x,y,z > 0, such that xyz = 1, prove that the following inequality holds 


1 1 1 3 


+ > 
at+a*(by+cz) atyr(bze+cr) atz22%(bu+cy)~ atb+c 


Solution: 
Setting u = 1, v= : and w = + and using the condition www = 1, the inequality can be 


rewritten as 


Le eee 
autcvu+bw au2+cuv+bwu~ a+tb+ec 
Applying Cauchy, it suffices to prove 


(u+u+w)? S 3 
ayiu2+(b+c)>iu~ atbte 


1 
Sam oe (b+ c— 2a) (Y@-»)?) > 0, 
which is obvious due to the condition for a, b, c. 


120. 
Let 


a ae > ae 0.) Sh Si Sb, SO 
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i=l i=l 


Find the maxmium of 57", (a; — bi)? 
Solution: 

Without loss of generality, assume that a; > by. 
Notice that for a > x > 0, b, y > 0, We have 


(a—2)?+(b-y)? —(a+b-—2) —y’ =—-2b(a—2+y) <0. 


According to this inequality, We have 


(a1 — b1)* + (a2 — b2)? 


(a1 + a2 — bi)? + (a3 — bs)? 


a, + a2 — b1)? + b5, 


< ( 
< (a1 + a2 +43 — bi)? + 85, 
2 


(a1 + a2 ++ +++ @n—1 — 1)? + (An — bn)? S (a1 tag +++ + Gn — bi)? +85. 
Adding these inequalities, We get. 


Do lai = bi)? S (L= bi)? +5 + BB H+ OF 


i=l 


< (1 — by)? + by (bo + 3 +--+ +b,) = 


1 
(1—6))? +b:(1—b):) =1-b, <1-—<. 
nr 


Equality holds for example when a; = 1, ag = a3 = +--+: = Gn = Oand b, = be 


SIR 


121. Let a, b, c be positive real numbers such that 
ae a ee 
a+b 4+eC=-. 
3 
Prove that 


1 1 1 S 
a2—be+1 6—cat+1 § c?—ab+1-— 


3. 


Solution: 


This inequality is equivalent to 


~ a? — be >0 
a2—be+1 7 ” 


WLOG: a> b> c, We ha 


= (a — b) (ab+ 2ca + 2cb 4 ce — 3a” — 30" 3c’) 
= —(a—b) ((2a” + 2b? — ab) + (c— a)? + (ce —b)”) <0, 


similarly, We can Solution that 


(b? — ca +1) (c +a) < (c? —ab+1) (a+b) 
1 1 1 


(ate Owe) — awe eke) — Gamenase) 
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And consider 


(a? — bc) (b +c) — (0? — ca) (c +a) 

= (a — b) (ab + 2c(a+ b) +c”) > 0, 
similarly, We have 

(b? — ca) (ec +a) > (c? — ab) (a +d). 
By Chebyshev’s inequality, We have 

S- a? — be 
a? —bc+1 
a5 (a? — bc) (b+) 
. (a? — be +1) (b+ 0c) 


>3(o (a? — be) (b+0)) (x cepieca) 7 


122. 
Let a,b,c be non negative real numbers. Prove that 


V5a2 + 4bc + 5b? + dca + V5ct4ab > \/3(a2 + 0? + c2) + 2(Vab + Voc + Vea) 


Solution: 
Case: ab + bc + ca = 0 is trivial. 
Now consider for the case ab + be + ca > 0. 


5a? 


Vda? + 4bc + 2vV/be 


5a? + 4be — 2V/be = 


% 5a? _ a 
a JBF Daf Sette + 2be / oe 


2 


2 = So (V5a? + dhe — 2vb0) 


> ——————— 
a2+b2+c? 
3 
Die prercrers 
cea 


123. Let a,b,c be non negative real numbers. Prove that 


= /3(a? +b? +c?). 


Vda? + 4bc + y/5b? + 4ca + s/5c? + 4ab > V3(2 +P +2) +2(Vab + Vbe+ Vea). 


Solution: 


<=> So (V'5a? + 4be — 2V/bc) > \/3(a? + b2 + c?) 


5a? 
V5a2 + 4bc + 2Vbc 
By cauchy-scharzt,We have 


3(@2 + +) 


3 5a? 5(a? + b? +c?) 
V5a? + 4b¢+2Vbe ~~ S\(a?W/5a? + 4bc + 2vVbc) 


93 


We have,by cauchy-scharzt: 


Se a?y/5a? + 4be < \/(a? +B? + c)[5(a4 + bt + cA) + 4abe(a + b + 0)] 


and 


V3abe(V'a3 + V'03 +. V'c3) < V3abe,\/(a? +B + )(a +b +0) < Va? +b? + c2(ab + be + ca) 


Finally,We only need to prove that: 


5(a? + b? +c?) > v/15(a4 + bt + ct) + 12abc(a + b + c) + 2(ab + be + ca) 


<=> [5(a? + 6? + c?) — 2(ab + be + ca)]? > 15(a* + 64 + c*) 4+ 12abe(a + b+ c) 


<=> 10(a* + b4 + ct) +. 54(a7b? + Bc? + c?a?) — 2dabc(a +b +c) — 105° abla? + 8?) > 0 


From 


24(a7b* + b?c? + c?a”) > 24abc(a +b +c) 


Finally,We only need to prove that 


10(a* + b* + c*) + 30(a?b? + bc? + ca?) > 10S — abla? + 0?) 


<=> at +54 ++ +3(a7b? + b?c? + 2a”) > 2 Ne ab(a? + b) 
<=> (a — b)? + (b—c)? + (c— a)? > O,which is obivious true. Our Solution are com- 
pleted,equality occur if and if only a = b = c. 124. Let a,b,c be nonnegative real numbers 
satisfying a+b+c= V5. 
Prove that: 


(a? — b?)(b? — c)(c? — a?) < V5 


Solution: 
For this one, We can assume WLOG that c > 6 > a; so that We have 


P= (a? —P)(? —2)(e — a) = (Ce — BP )(e — a? )\(0? — 07) < Pe (ce? — d”). 


Also note that /5 =a+b+c>b-+csince a> 0. 
Now, using the AM-GM inequality We have 


o10-((81).o) (4a) en 
So that We get 


And hence We are done. 


Equality holds if and only if (a,b,c) = (4 +1; v5 —1; 0) and all its cyclic permuta- 


tions. 
125. 
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Let x,y,z be positive real numbers such that xyz = 1. Prove that 


eel ye +1 eel 


t > 2W/rytyzt 2a. 
Jritytz vJyttzta VSettaty 


Solution: 
Using the AM-GM inequality, We have 


QV (at + y+ 2) (ay + yz + 20) = Q/ [at + ay2(y + 2) (ey + yz + za) = QV (a3 + y2z + y2?) (ay + 222 + ayz) 
(2 +y+2z)(x3 +1) 


< (2? + y?2 + y2?) + (w*y +072 + wyz) = (e@+yt2)(2? + yz) = - ; 


it follows that 


g+1 - 2a/ry + yz + 2a 
Jattytz - atyt+z : 
Adding this and it analogous inequalities, the result follows. 
126. 
Let a, b, c be positive real numbers such that 


qt. F Ty a3 
1O(Gh OAC) et 
a b oe 
Prove that 
1 8 
ye 3 = 9° 
a+ b+ JXa+o)| 
Solution: 


Using the AM-GM inequality, We have: 


b 
atbt Veta) =atbty/ot* 4/244 > gyfer er a) 
2 


1 
. fa+d+ V2era)] < Loner oera) 


Thus, it’s enough to check that: 


So that: 


 yexnexe <! <> 6(a+db)(b+c)\(e+a) >atbte, 


which is true since 9(a + b)(b+ ¢)(c+ a) > 8(a+ b+ c)(ab+ be + ca) and: 


16(ab + be + ca)? 


3 
l6abc(a + b+ c) > ab+be+ca > >ab+be+ca — ab+be+ca> —. 


3 16 
The Solution is completed. Equality holds if and only ifa=b=c= + 
127. 
if a1, G2, ..., Gn are positive real numbers such that a, + ag +--- +a, =n, then 
Bee Sykes 5 suey 5 > nt2/n-1s 
ay a2 a, aytagt+::-+az 
Solution: 


With n = 2 We have a beautiful ineq :a, + a2 = 2 


1 1 4 
+ i 2 a4 
ay a2 aj +a5 
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eo Nd 
ep? 
a12(a1 + a2) (az + a5) 


We have 
1 1 1 ne n 
$225 = Sd > 2V/n—1(1 
a, | AQ Qn Ay FAQ b+ An att +a 
Th ok 1 n 2/n—1 n(aj + a3 +--+» +02) — (a1 +ag+-+--+4,)? 
<=> 44+ > (Mats 3 a) se > v 
a, a2 Qn a +a2+--++an n ay + ag +++ + ay 
oa (awe —a;)? pedi > (awe — a;)? ) 
= ajaj(ay +agt++:-+an 7 7 ai +a3 +--+ a2 


1 2/n—1 


<=> 
a arcs +agt++:+a,) n(ai+az+---+a? 


n 


yl(awe a;)” >0 


eae 3 1 2/n—1 awe 95)" a, 
ajay (af +az+---+az) n 7 
Q.E.D 


128. 
Let a,b,c > 0.Prove that: 


1 1 1 1 2 
a2 + 2be ab + be + ca 


T T > T 
b24+2ca oc? +.2ab~ a? +624 cP? 
Solution: 


This inequality is equivalent to 


ee ee a 
a+2be — abtbetca |” 
or 


S- (b—c)? = wee) 
a2 + 2be ~ ab+be+ca’ 
Case a = b = c is trivial. Now, Consider for the case 


(a—b)? +(b-—c)? + (c—a)? > 0. 
By Cauchy Schwarz inequality, We have 
is (a? + 2bc) (b— 0?) e oe) > (Yo zs oP) . 


And because 


» (a? + 2bc) (b — c)? = (ab + be + ca) (Le - 0)?) , 


Therefore P 
pao, (0-08)? b= o 
a? + 2bc ~ (ab+bc+ca)(So(b—c)?) ab+bce+ca 
as require 
129. 


Let a,b,c be non negative real numbers such that ab+ bc + ca > 0. Prove that 


1 1 1 ; 1 = 12 
2a? + be 22 +ab° ab+be+ca~ (a+b+c)?' 


' 262 +ca — 
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Solution: 


z (a+b)(a+e) | a” + be 12(ab + be + ca) 
a Qa2+ be Dae ~  (a+b+c)? 


2a? +2bc _ bc 
From >> Qaribe ~ 2 = databe = 1, We get 


a? + be 
—.—— —-2>0 
3 2a? + be ~ 
Now,We will prove the stronger 


(a+b)(a+c) _ 12(ab+ bc+ ca) 
2a2+be ~ (a+b+4+c)? 


From cauchy-scharzt, We have 


(a+b)(atc) _ | | 1 3(a + b)(b+ e)(c +a) 
oe Qa2+be o by(d+e)(e+a)(D (2a? + bc)(b +c) < ab(a + b) + bc(b+ c) + ca(c +a) 


Finally,We only need to prove that 


(a+ b)(b+c)(c +a) = A(ab + bc + ca) 
ab(a + b) + be(b+c¢)+ca(c+a)~ (a+b+4+c)? 
__ (a+b+c)? _ 4fab(a + b) + bc(b +) +ca(e+a) _ 8abc 
—? ab bet ea = (a+ b)(6+0)(c+a) ~*~ (a+ by(b bole +a) 
a2 +b? +c? 8abe 


= f >2 
<=? Gb be ca (a+ b)(b+c)(e+a) ~ 


which is old problem. Our,Solution are completed,equality occur if and if only a=b=c,a=b,c=0 


or any cyclic permution. 
130. 
Letx,y,z > Oand «+ y+z= 1. Prove that: 


xy? yr2? rf 27x? = ryt yeZ+ 2x 
ztay et+yz yt” 4 
Solution: 
The inequality can be written: 
2,2 2,2 2.2 
“uy YZ 2x Dae a 
(w@+z)\(y+2) (y+a)(zta)  (2t+y)(a+y) ~ 4 
Since 
xy? cyz(a+y +z) 


(@t2ayt2) 9 @+ayta’ 


the above inequality is equivalent to 


i 1 
q (ty + yz + 2a) > xy2(x ry 2) (w+ z)(y +2)’ 


or 
3(ry + yz + 22) - 8(a@+yt+2z) 


ayz(etyt+z) ~ (e+yytz(z+2)’ 


which is true because 
3(ay + yz + 22) as 9 


cyz(atyt2z) ~ aytyet+ 20’ 


and 


9 8(a@+ y+ 2) 
s 
cy +yzt+ ze ~ (a@+y)(ytz)(z+2) 
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131. Let a, b, c be positive real numbers such that a+ b+ c= 3. Prove that 


1 ee | 
(24542) > 4(a? + b? +c?) + 21. 
a b ec 


Solution: 
WLOG a<b<c 
Denote 


a+b 
Then f(a, b,c) — f(s, ab ¢) 


=12 (247 -; *) + (a + b)* — 4(a? + dB?) = 3(a (R 


By AM-GM ineq, notice that: 


So wary ~ (a+b) > 0 and 


Now We prove: 


b b 4 1 
ye ene ,c) 20612 4c? + (3—c)? +21>0 
2 3-c Cc 
36(c+1 
Pig aur ee we Oe ee 
c(3 — c) 


 12(¢+ 1) > c(3— c)(c? + 3c? — 9c + 16) 


& © — 18c3 + 43c? — 36c +12 >0 
& (c— 2)?(e—1)(c? +3c¢—3) >0 


which is true because c > 1 We complete the Solution, equality hold when (a,b,c) = 


Qigua) 
132. 
Let a,b,c, d be positive real numbers such three of them are side-lengths of a triangle. Prove 
that 
2a 2b 2c 2d 
+ <4. 
a+b b+e c+d d+a 
Solution: 


Without loss of generality, assume that d = min{a, b, c}. Using the known result 


2a 2b 2c 
<3 1 
Vaabs Vien herae 


We see that it suffices to prove that 


/ 2c / 2d 2c 
<1 Lt, 
reer a d+a~ ase rea 
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This inequality can be written as follows 


2c 2d Acd 2c 2c 
+ <14 , (3) 
c+d d+a (c+ d)(d+a) c+a c+a 
1 2d 2c 2d 2c 
2V2 + 1,(4 
ye vate (c+ d)(d+a) c+d d+a_ c+a (4) 
1 2 —d)(c—d)(a— 1 2d 
ave | d > (a (c (a c) , (5) 
a+c (c+d)(d+a) (c+ d)(d+a)(a+c) a+c (c+ d)(d+a) 
1 2d 
2V 2c > + (6 
pe A ae yer Gouee|* 
if a < c, then (6) is clearly true. Let us consider now the case a > c. Since 
2d 1 
< (7 
(c+d)(d+a) — eee 
it suffices to prove that, 
V 2c(a +c) > a—c.(8) 
From the given hypothesis, We have 2c > c+ d> a. Therefore, 
J/2c(at+c) > Valatc) >a>a-—c(9) 
The Solution is completed. 
133. 
Let a, b, c be positive real numbers. Prove that 
A+B>2C, 
where 
yee Be, iy ea b+a see _ ote | cta a+b 
bo ¢ a b cta a+b atc b+a_ c+b 
Solution: 
Let’s denote 
a bo 
t= ake = Pe i 
Then A=x+yt+z 
Ore: “O46. A edly Se, ee 
b+e b+ce' b+e Bye byy azt+1 yt 
Acting analogously, We will obtain 
=») # Yy z ; eth 1 
~ ozt1 9 ye+1° zy+1 2 * igcate Tee] 
— Le y a | | y 7 
 ge+l yet 1 zy+1 ' ¢4 yl 2+ 1 
Thus, We have to prove that for xyz = 1 
Rap poet: 1 1 1 x 4 y x. z 2x } 2y 22 
x z 
4 etl ytl zg4+17 az+1 yetl zy+1l “e4+1 ytl z+ 
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x Yy z 20d = aie 4 eT 


by+z2 
ae He eae ace zytl z+1 yt1 zt+1 
Note that Sy = aoe therefore it remains: 
cee goes ie | 2y—1+a2y | 2z—1+ yz 
z+ ytl z+1 

Now, 
_ ez 
~ e+1 


so We have: 


» 2-1-2, wy-i-aw dz—-i-y 
— g+1 yt+t1 ¢ z4l1 


or 
z-2¢+1  e-2y+1  y-2z4+1 


c+i1 y+l 


>0 
z+l1 = 


This can be rewritten as 


z+3 @4+3 yt3 
+l ytl z4+17 


From the principle of arranged sets, 


z+3  ¢+3  yt+3 _24+3  yt3  2z4+3 


etl ytl z4+17ae4+1 ysttl z4l 


IV 


So, for xyz = 1 it suffices to prove that 


1 1 1 
- S65 
g+1 y+tl z+1 


After returning back to a, b,c it turns into a ill-known inequality 


b c a 


+ + 21,5 
a+b b+c cta 


that completes the Solution . 
134. 
1)Let a,b,c be sides of triangle.Prove that: 


a b Cc at+b+e 
2a? + be : 2b2 + ca - 2c2 + ab ~ a2 +b? + c? 
Solution: 
From: 
a 1 —(a—b)(a—c) 
Qe +be atb+c (2a? + bc)(a + b+ c) 
and 


a+b+c 3 25 3(a — b)(a — c) 


a+b+ce a+tb+c (a2+b?+c?)(a+b4+c) 


We can write this inequality in the form 


with 


~ a2+b+c2 2a? + bc 
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and smilar with Y,Z. 
Bacause a,b,c be sides of triagle,We have 3a? > a? > (b—c)? 


3a? — (b—c)? 
= (a? + b? + c?)(2a? + bc ~ 
So X,Y,Z>0 
assume that a >b>c 
We have 


_ (a—6b)(2a + 2b — c) 
(2a? + be)(2b? + ac) 


X(a—b)(a—c)+Y(b—a)(b—c)+2z(c—a)(c—b) > (a—b)[X(a—c)—Y(b—c)] > X(a—b)? > 0 


xX 


>0 


Our Solution are completed,equality occur if and if only a=b=c,a=b,c=0 or any cyclic 
permution. 
2) Let a,b, c,d be real number. Prove that: 


a—b c-d_ ad+be 
t t >v3 
a+b ct+d mom 


Proof: 
a—b c-—d_ ad+be a-—b c-—d_ ad+bce\, 
iS = 
aa eau ez ey ed ee 23 
. We have 
(2+ y+ 2)? > 3layt yz 4 za 
Hence 
ee ed. BEET Bee (8s be Pat dad+be _ ad+be a—b 
a+b’ c+d' ac—bd’ ~'at+bc+d = c+dac—bd ' ac—bd a+b 
aig Oe SO ae aye (ad + bc)[(a + b)(c A Dea); 
a (a + b)(c + d)(ac — cd) 
(a — b)(c — d)(ac — bd) + 2(ad + be)(ac — bd (a + b)(c + d)(ac — bd) 
i (a + b)(e + d)(ac — ed ad rea ra =a 
ac — cd) (a + b)(c + d)(ac — cd) 
QED 
Enquality holds when 
ad = bc 
d=b 
a?c + b?d = 3ab(e+ d) = ; 
5 A a+b=c+d 
ac* + bd* = 3cd(a + b) 


135. 
Let a,b,c be real variables, such that a+ b+c = 3. Prove that the following inequality holds 
ae b? Ce 3 
b?—2b4+3 9 c—2c+3 ° a®-2a+3~ 2 


Solution: 


Using the Cauchy-Schwarz inequality, We have 
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it follows that 


which implies 


From (3), We obtain 


: 4 
b? —2b+3 ~ 2 ete pe’! ) 
and by adding this to its analogous inequalities, We get the desired result. 
136.Let a,b,c be nonnegative real numbers such that ab+ bc + ca > 0. Prove that 


1 1 1 2 
| > . 
tasks Db a 2c? +ab ~ ab+be+ca 


T 


Solution: 


The inequality is equivalent to 


ab + be + ca 
2a? + be 


~ a(b Cc) ~ bc 
a An 
De pegs eo nate) 


Using the Cauchy-Schwarz inequality, We have 


> 2, (1) 


or 


be (So be)? 
» be + 2a? < y> be(be + 2a2) ty) 


Therefore, it suffices to prove that 


yer 5 14) 
a(b +c) e a(b+c) 
2a? + bc ~ 2(a? + bc)’ 


Since 


it is enough to check that 


oe > 2, (5) 


az+be 7” 
which is a known result. 
137. 
Let a,b,c > O0.prove that: 
3/a2 + bc 


b2 +c? ~ '(at+b+c) 
Solution : 
This ineq is equivalent to: 
2 
a‘ + bc > 9 : 
*/abe(a? + be)? (b2 +?) (a+b+c) 
By AM-GM ineq , We have: 


a? + be 7 a? + be a 3(a? + bc) 
t/abe(a? + be)?(b2 + c?) */(a2 + be)c(a? + be)b(b2 + c2)a ~ Dd) ab 
sym 
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Similarly, this ineq is true if We prove that: 


3(a? +b? +c% + ab+ bet ca) . 9 
dab ~ (a+b+c)* 
sym 


6a? +b? +c? 4+ 3abe > S 5 a’b 
sym 
( which is true by Schur ineq ) 
equality holds when a = b= c. 
138. 
Let a,b,c be the positive real numbers. Prove that: 


ab? + bce? + ca? se 4. 3/(a? + ab + bc) (b? + bc + ca)(c? + ca + ab) 
(ab + be + ca)(a+b+c) ~ (a+b+c)? 


14 


Solution: 
And this is our Solution for it: 


Multiplying both sides of the above inequality with (a+6+-c)? it’s equivalent to prove that 
(a+ b+ c)(ab? + bc? + ca?) 

ab + bc + ca 

> 4.¢/(a? + ab + bc)(b? + be + ca)(c2 + ca + ab) 


(a+b+c)?+ 


We have 


(a+b + )(ab? + be? + ca?) _ \ (a? + ab +bc)(c+a)(c +b) 
ab + bce + ca - ab + be + ca 
By using AM-GM inequality We get 


(a+b+e)? + 


Ss (a? + ab + be)(c + a)(c + db) = */(a2 + ab + be) (b? + be + ca)(c? + ca + ab)[(a + b)(b 4+ c)(c + a)? 
ab+ be + ca 7 ab+be+ ca 


Since it’s suffices to show that 


V3./(a + b)(b +e)(e +a) > 2.Vab + be + ca 


which is clearly true by AM-GM inequality again. 
The Solution is completed. Equality holds for a = b = c 139. For any a, b,c > 0. Prove that: 


a bee a+b b+ce c+a b+e cta at+b 
3(-+-+--1)> + ~ + + 
boca b+e cta a+b a+b ct+a cta 


Solution: The ineq is equivalent to : 


a Cc a 
3(- + -+-)>64+2 
G+ ee 3 b+e 
But : : ; Y 2B 3 
a Cc a+o+c av + O° +¢ 
3 | >3 = 6 + 3———___ 
G ot g)2 ab + ac + be a ab + ac + be 


it’s enough to prove that : 


sea ft + 2> 24H 4 ? + abe(S~ : )) 
a =a Cc a ee 
ab +ac+be~ 32“b+e 3 “La a+b 
b b 
Pg? tht et SOG hee) 
b+e ate a+b 
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But : 


b b b 
2( sep Pec ogc ) <2 1) abtactbe<e ei Pie 


Ve apne gap 


Q.E.D 


140. Let a,b,c be positive real numbers. Prove that: 


2. 2 2 
fe ide ath 3(a? + b? + c?) 
b Cc a 


Solution: 


The sharper inequalities hold: 


ars eee CL (atbtoj(e +b? +c*), 


, 


b Cc a ab + bc + ca 
This ineq is equivalent to : 
2 
(ab + be + ca)(S> >) > (at+b+c)(a? +b? +c?) 


cyc 


3 
e&a+h+8+a?c+b4 Pat SS Sate ter+ Sab 


cyc sym 
3 b3 3h 
ee 8 4 784 Od ac? + cb? + ba? 
b Cc a 
By AM-Gm ineq, We have: 
3 3 
Beto, 
b 
b3 b 
ee hs 2b 
c 
3 3 
lee eS say 
b a 


Adding up these ineqs, We have done, equality hold when a = b = c 


140. Let a,b,c be the side-lengths of a triangle inequality. Prove that 


a ra b i c 2 a ASO) 
a+ c). 
Vat2b+2e Vb+2c+2a Vce+2a+2b7 V3 


Solution: 


Using the Cauchy-Schwarz inequality We have 


(ree) ate y ero) (Sais): 


cyc cyc 


So that it suffices to check that 


a 2 
Sie <3 
a+2b+2c7 3 


cyc 


Which, on the substitution a=ax+y;b=y+2;c=2+4+2 is equivalent to with 


3(x + y) 
SG) ee S$; 


cyc 
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Which, again equivalents 


Si 
4z+3(2+y) ~ 


cyc 


Note that We have; using the Cauchy-Schwarz inequality that 


3 4z s A(x +y +z)? 
Az + 3(a + y) ~ 4(a? + y? + 2?) + (ay + yz + 22)’ 


cyc 


So that it is enough to check that 


A(a +y+z)? > 4(2? + y? + 27) 4+ 6(ry + yz + zz); 


Which, on turn, can be rewritten into the following obvious inequality: 


(ry + yz + zx) > 0. 


Hence proved. Equality occurs if and only if = y = Oi. a = b;c = 0; and its cyclics. 


141.Let a,b,c are positive real numbers.prove that: 


/dab(a + b) + ™/4cb(b +c) + "9/4ca(c + a) < 3*8/(a + b)(b+ c)(c +a) 
Solution: 


This ineq is equivalent to : 


110 — 4ab + “| Ach i 110 4ca <3 
\ (c+ a)(c+b) (at+c)(a+b) | (b+ c)(b+a) — 


By AM-GM ineq , We have: 


2a 2b 
110 4ab < 108 + a+c 53 b+e 
(c+a)(c+b) — 110 


Similarly, addding up these ineqs, We have: LHS < 3 
Equality holds when a = b=c 


144. Let a,b,c be positive real numbers such that 3(a? + 6? + c?) + ab + be + ca = 12. 
Prove that 


a b Cc 3 
+ < : 
Jat+b vVb+e Veta” V2 


Solution: 
Let 
A=a4+0?4+c?,B=ab+be+ca 


+ 244+B=25>0? +> ab< 7 (3500? +> ab) = 9. 


By Cauchy Schwarz inequality, We have 
See 
a+b 
a 
ap ger 
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<vatbte/y) 


By Cauchy Schwarz inequality again, We have 
b2 


b 
er b(a +b) 


(a+b+c)? A+2B 


> a 
—~ S*d(a +b) A+B 
a+b a+b— A+B A+B 


hence, it suffices to prove that 


2A+B _9 
b4 : a 
een ae ee 
Consider 
(a+b4+c)V2A4+B 
= /(A+ 2B) (2A+ B)< can 2B) CATE) 
3 2A+B _3 9 
==(A+B tb+c)- < 2QA+B< = 
7 cae a an ey Ven <3 
as require 
145. 


Let. a,b,c be positive real numbers such that 3(a? + b? + c?) + ab+ be+ ca = 12. Prove that 


a b Cc 3 
t + < 3 
Vatb Vb+e Veta” V2 


Solution: 
By AM-GM ineq , easy to see that: 3< a2? +b? +¢<4 
By Cauchy-Schwarz ineq, We have: 


Vate @ 
LHS? = aus b b a 
Ss ( Tespere* (7 +0 +c +ab+betca)(S> CEENCESS, 


Using the familiar ineq : 9(a+ b)(b+ c)(c+ a) > 8(a+b+c)(ab+ be + ca), We have: 


> a _ -2(ab + be + ca) Z 9 
(at+b)\(atc) (atb)(b+c)(c+a)~ 4(a+b+c) 
And We need to prove that: 


9(a2 +b? +c? + ab + be + ca) 
4(a +b +c) 


9 6 — (a? +b? +c?) 

2 \/24—5(a2 +b? +c?) — 
 (6— (a7 +8? +c’))? < 24—5(a? +0? +c’) 

& (3-— (a? +0? +))(4- (7? +8 +07)) <0 


which is true 

We are done , equality holds when a=b=c=1 
147. 

Let a,b,c > 0 such that abc > 1. Prove that 


1 1 1 
ap | 
a+ +e Bete Atate ~ 


106 


Solution: 


1..By Cauchy Schwarz inequality, We have 


Se 1 -\- 1+b04+¢ 
at§+b+c%? 4 (at+b3 +c?) (1+b+c?) 


9 l+b+c — 34+(at+b+c)+(a? +0? +c?) 
(a2 + b? +e)? (a2 +b? +)? 
By AM-GM inequality, We have 


a+b+c> 3Vabe > 3, 
a2 +b? +2 > 3Va2b2c2 > 3. 
3+ (a+b+c)+ (a? +b? +c?) 

(a2 +02 +2) 
g(a+b+c)?+3(at+b+c)? + (a? +0? +c?) 
(a2 + 6? + c2)? 
en Eee 
— at@+h+ce — 


< 


De: 

So if abc > 1 We can let a replaced by a, which is smaller than a and the LHS will be 
bigger so We just need to prove the situation which abc = 1 

Thus according to the CS inequality 


(a4 +B +0?)(1+b+0?) > (> _ a”) 


(1+b+c?) 1 
Soa? ~ gt +b3 4+ 2 


and the other two are simillar so We have 


e+ Nat3 
Sep 


then We just need to prove 


So at +250 07b? > Sa? +a+1) 


for 
a* +1 > 2a? 


We just need to prove )> a? + 25> a7b? >a+b+c+6 then a*+1> 2a 


so what We want to show is 
y= a+2 S- ob So 


which is a straight applied of AM-GM and abc = 1 
148. 
Let a,b,c > 0 such that a+ b+c¢ =a? +b? + c?. Prove that 


at+b+e 
2 


4 
) +1> Va2b + W2e+ 2a + ab? + bc? + ca? 
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Solution: 


Using AM-Gm and CS We have: 


2 
(Va? + be + a+ v/ab? + be? + ca?) < 2(a7b+b?c+c?at+ab*+bce?+ca7) < 2(a+b+c)(ab+be+ca) 


We need to prove that: 


4 
4 (**) > 2(a +b +c)(ab + be + ca) 


Setting 
?—t 
2 


atb+cH=d?4+0?4+C =t>0Sab+be+ca= 


our inequality equivalent to: 
P>4e?—fot(t—2)?>0 


149.Let a;b;c>0.Prove that: 


(orb, (OF9, fords, ay (St 1 
Ne ee aga 


cyc cyc cyc 


Solution: 


a-y 
°E(Feb Jas) 2° 


Ae)? 
0. 
Ds AG ue 


150.For positive reals such that a?b? + b?c? + c?a? = 3, prove that 


vee (ce ja 3 
+ t < : 
2 2 2 ~ abc 


Solution: 
a eee 
a+ bc? 3 9 
oe ee 
(= ; a5 (a+ a“c) 

cyc cyc 
Let a= i b= 1 and c= 4, 
Hence 

3 pst ce ae a eee) 

a+b+c< ahi =(a+b+c)* < a7a8b8 8 So 


& (27 + y? + 27)" > 27 (ay +z + yz)427y? 2", 
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which true and 


(ab? + a%c? + b?c*)? 


3 
7 2 2 2 2 21\4 
a“c+ beat+cb< 55 8 (act beat cb) 243a8b8c8 


a2b2c?2 


& (a7 + y? +27)? > 243(a97y + y?z + z722)40?y?2?, 


which true since, 
(a? +y? +.27)° > 3(a?y + yz + 272)? 


Woes ois 
a ome 1 C ee 2 
par — SG ) 
~ ~ ~ 9,2 
Since i 
ab + be + ca < 1/3(a2b? + b2c? + c2a?) = 3, (LHS) < 5 B+ >= 
2 tp ODD ex? 3 ee 3 
2 2abe —~ 2  2abe ~ abc 
since 
3=070' +0? +a? > 3(abc) 3 
Q.E.D 
151. 


if a,b,c are nonnegative real numbers such that ab + bc + ca > 0, then 


b+e as c+a ie a+b Ss 4(a+b+c) 
be+be+c? @+eata® attabd+h? ~ a2+b?+c+ab4+be+ca’ 
Solution: 


a+b)(a+b+c ab + bc + ca 
Ot MO+0+9 3 


@tate °| a +ab+ ee 


Or it suffices to prove that 


T 


y ab + be + ca 4(ab + bc + ca) 
a2 + ab+b? — a2#+b2+c?+ab+be+ca 
or 


4(a? + b? + c?) Sy i ate be + ca 

a? +b? +c? +ab+ bc+ ca = a2 +ab +b? 
— p)2 = a 

(a — b) > ss a(a aon C) 
a2#+6?+c+ab+be+ca a2 + ab+ b2 


(a — b) a-—c c(a — c) 
> 
Serena c +ab+bc+ca Late b? + be + c? 


(a —c)? ge sy (a — c)?(b? — ac) 
a2 +b2?+c?+ab+bce+ca — (a2 + ab + b?)(b? + be + c?) 
but it follows from the inequality 


(a? + ab + b?)(b? + bc + c?) > (b? — ac)(a? +b? +c? + ab + be + ca) 


which is obviously true after expanding. 


The Solution is completed , equality occurs when a = b=c 
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152. 


Let a,b,c be positive real numbers, prove that: 


(a? + be)(b+c) , (0 +ca)(e+a) , (ce? +ab)(a+b) aheiaee Yabc 
P+be+e2 § @+eata? § ar+ab4+R2 = ve (a+b+c) 
Solution: 


Firstly, We will show that 


be(a? + bc) — ca(b? + ca) : ab(c? + ab) 


b+e cta a+b 


> 8abc.(1) 


Since 


be(a2 + bc)  be(a + b)(a +c) 
= abc, 
b+e b+e 


this inequality can be written as 


> Gabe. 


s bc(a + b)(a +c) 
b+e 
Now, using the AM-GM inequality, We get 


J EF WEF 5 5 VRE GH OF Hera) > Gabe 


Turning back to our problem. Using the AM-GM inequality, We have 


1 _ 4(ab + bc + ca) 
b2+be+c2  4(ab + be + ca)(b? + be +c?) 
4(ab + be + ca) 
> 
— [(ab + bc + ca) + (b? + be + &?)]? 
4(ab + bc + ca) 


(b+ c¢)?(a+b+c)?’ 


Thus, it suffices to prove that. 


(a? + bc)(ab + be + ca) 
4 
Ds b+e 
or 


Now, using (1), We see that it suffices to show that 
4(a? +b? + c3 + 3abc) + 12abe > (a +b +)? + Yabc, 


or 


A(a® + b® +c?) + l5abe > (a+ b+0)°, 


which is Schur’s inequality 
153. 


Let a,b, cbe positive real number. Prove that: 


(a? + bc)(b +c) 
b? + be + c? 


(b? + ca)(c + a) “ (c? + ab)(a+b) _ 4 
c2 + ca+ a? a2+ab+b? ~ 3 


(at+b+c). 


110 


Solution: 


Notice that this inequality can be written as 


1 1 1 
> 
Paice” Zita?” hae = 
7 a+b+e 


Se 
— 3 @(b+c)+b(c+a)4+ (a+b) + abc’ 


which is stronger than the known result of Vasc 


1 1 1 9 
ateLe here? ee anh: ~ (a+b+c)?’ 


because 
7T(at+b+c)? > 27[a?(b+c)+b?(c+a)+c?(a+b) + abe). 


it is true by Schur’s inequality. 
154. 
Prove that: 


if aja2...dn = land a; > 0, 
Solution: re i. 
Let a; =e’. Hence, 5> x; = 0 and We need to prove that >> f(x;) > 0, 


i=1 t=1 
where 


1 


i= 1+ (n? — 1)e* 


But 
(n? — 1)e"((n? — 1)e” — 2) 


4 (1+ (n? —1)et)*° 


2 
eae ite 


and f is a concave function on (-c0, In a]: 


f"(a) = 


Thus, f is a convex function on 


if at least two numbers from {z;} are smaller than In +, so 
. 2 2 
Ss f@)> — Sat 
1 Vt (n2 —1)e™ 7-4 


if all 


so by Jensen 


The last case: 


2 


=z—q- Lets mark him as ¢. 


Exactly one number from {x;} smaller than In 


Hence, a sum of the remain numbers equal —t. 
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Hence, by Jensen again for f on [in aT ‘ +00) enough to prove that: 


1 n—-1 
>1 
Let ef = «”—!, where 
5 ee 
O0<a4< ( — :) <1 
and 
(6) 1 i n—-1 
£ 
g /1+ gn 1 vit n2—1 
We obtain: 
, (n — 1)?(n +1)(x" — 1) ((n? — 1)3x?"-3 — g” — 3(n? — 1)a"-1 — 1) 
g(x) = 1.5 


2x? ((1 + (n? — Har1)(1 + MEY)? (am (1 SEB)! + (1+ (nr? — Lat)! 8) 


We see that g’ has only two positive roots: 1 and x1, where 0 < 21 < 1 (all this for n > 3, 
but for n = 2 the inequality is obvious). 
id est, 2max = 1, g(1) =1 and since lim g(x) = 1, 
a2—O0t 
155. 
Suppose that a,b,c be three positive real numbers such that a+ b+c=3. Prove that : 


1 1 . 1 3 
2+ a? +b? 24+c+a27— 4 


24242 ° 
Solution: 


1) Write the inequality as 
21 p2 
Syed ee 
a2?+b?+2~ 2 


S- (a+b)? > 3 
(a+b)? + ey 2 


or 


Applying the Cauchy Schwarz inequality, We have 


2 
LHS > 4(a +b +c) 7 36 


iat bj? +25, GE (a+b)? +255 Ge 


it suffices to prove that 


Si(at+o+25- ety < 24, 


12— (a+b)? = Sat b+0) So(atoy = oa b)?, 


Because 


and 


(a+b)? (a — 6)? 
25) Le 2) Des reree 
this inequality is equivalent to 
6 
2 
S“(a- 5) (= oH 1) > 0. 


Under the assumption that a > b > c, We see that this inequality is obviously true if 
a2 +b? <6. 
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Let us consider now the case a? + b? > 6, in this case We have 


1 a 

a2 +62+27 8’ 

and 
1 1 1 1 1 1 1 1 


< + < < 
eo, eee Geo P4278!) Bt2 727? 


(because 0 < b? < 6) 
Hence 


1 ToD. Le 28 

oe oe 

a2+b?4+27~ 8 8 2 4 

2)Suppose that a,b,c be three positive real numbers such that a+ b+c=3. Prove that : 


1 1 1 3 
< 
ee oe eS Dee Ee — 4 


Solution: (Messigem) 
Lemma :With x, y, z > 0,We have: 


(Jatyt Vy tet Vz2+a) > 2V/3(cy + yz + 22) +4(a@ + y +2) 
Put m= Vb +c+ Vceta—Vatbin=Vetat Vatb—-vVbt+e 


p=Vatb+vb+c—Vet+a 


then m,n, p > 0.This inequality become: 


mn +np+pm > V/3mnp(m +n +p) 


Which is obvious true. Equality holds if and only if « = y = z 
-Now,com back the problem. 


it is equivalent to: 


a + b? b? + +a? 3 
| i > 
2+ a2 +b? 2+c? +a? — 2 


24242 ° 
By Cauchy-Schwarz inequality and Lemma,We have; 


(Ja? + b2 + /b? + c? + Vc? + a?)” 
6 + 2(a? + b? + c?) 


_ 200 a? +2) VJ(a? + 8) (a? +c?) es 23> a®+2(9> a? +> ab) _3 


6 + 2(a? + b? + c?) = 6 + 2(a? + b? + c?) 2 
Then, We have Q.E.D 


LHS > 


Equality holds if and only ifa=b=c=1 


3)Let 
i i 1 
aS 
WOM) = gaa. See Sea 
2 1 
=> ,t,t) = 
f(a ) Q+a2 4 #2 2+ 2t? 
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with t = bee 
We have 


(b+)? 1 i 


f(a,t,t)—f(a, b,c) = (0? +e? 
(a,t,t)—f(a, b,c) = ( 2 (b2 +2 +.2)(24 CHV) (44 20? + 02 + 2)(4 + 20? + CHV") 


Ea 


it’s true because 2(b? + c?) > (b+)? and 


A409? eb eS be? O48? 4 
And then,We prove that 
3 
fla,tt)-< cs (a — 1)?(15a? — 78a + 111) > 0 


(which is obvious true)( Q.E.D 
) Equality holds if and only ifa=b=c=1 


156. 
Let a,b,c be positive real numbers such that a+b+c=83. 
Prove that: 

1+ 8abc > 9min(a, b,c) 
Solution: 


WLOG let a = min{a, b,c} => a < 1,b = a+p,c = a+q,where 3a+p+q = 3and a,p,q > 0, 
then 
1+ 8abc > 9min(a,b,c) — > 1+ 8a(a+ p)(a+q) > 9a 


<> 14 8a°4 8(pt qa? + 8pqa > 9a => 14 8a? + 8(3 — 3a)a” + 8pqa > 9a 


<> 0> 16a? — 24a? + (9 — 8pq)a—1 


since p,g > 0 and 


We have 


16a® — 24a? + (9 — 8pq)a — 1 < 16a? — 240? + 9a —1 = (a—1)(4a— 1)? <0 


it is ‘True. 


157.Let a, b, c be real positive numbers such that abc = 1, prove or disprove that 
b+e c+a a+b 1 1 1 


a+be B+ca’ GO+ab a 2 
Solution: 
Note that, since abc = 1, We have Wabc = 1. 
On the other hand, by the GM-HM inequality, We have 
wWabe > a 
~ 1/a+1/b+1/ce 
and thus 
er 
~ 1/a+1/b4+1/ce 
This yields 
b+e i b+e 
a? + be ~ a8 + be raaipeFIe 


Similarly, 


c+a c+a 
Pica = B a 
co TCO * teat EET fe 
and 
a+b a+b 
= 3 
3 +ab 8 + ab: parse 


Now We will show: 
Lemma 1. For any three positive numbers a, b, c, We have 


b+e fe c+a a+b 
3 3 3 
a’ + be- T/ati/b+i/e b° + ca: T/atl/b+1/e ce +ab- T/atl/b+1/e 
1 1 1 
< 7) + RB + 2 


Of course, this Lemma 1 will then yield the problem, since We will have 


b+e ae a+b 


| 
atbe | bB+ca +ab 


b+e c+ta a+b 
Ss 345 3 + b3 3 34 ab 3 
a" 1 9C* Taq ett fe + CQ: Tarifepife |= + TTF Te 
1 1 1 
< 7) + Bp + 2 


Hence, in order to solve the problem, it is enough to prove Lemma 1. 


Solution of Lemma 1 . 


Denoting 
1 1 1 
CSS = 
+Y b’ Cc 

We have 
1 1 1 
a=-,b=-,c=- 
x y z 

Thus, after some algebra, 
b+e 7 x3 (ytz)(et+tyt+z) 
a® + bc: ee ee 2x3 + (x3 + yz? + zy? + ryz) 


By the AM-GM inequality, 


a + yz? + zy? + yz > 40/23 - yz? - zy? - ayz = 40/a4y424 = Aayz 


and thus, 
b+e = x3 (ytz)(e+tyt+z) 
34 be. 3, 23 + (23 + yz? + zy? + xyz) 
2 ©* T7aFi/o+i/e y y y 
Ee ytz)@tytz) _ e+ytz x (y+z) 
= Qu? + Aryz . 2 xv? + 2yz 
Similarly, 
c+a _atytz y(z+s) 
b3 + CO TF TEFL/E 2 y? + 22a 
and 
a+b _atytez (ety) 
3 + ab: parity 2 22 + Qry 
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Now We come to another lemma: Lemma. 2. 


For any three positive reals x, y, z, the inequality 


a YS) ao OEE) - A (ety) — 2(@? + +2) 
x? + Qyz y2+2zn | 22 +4+2Qry — ctytz 


holds. 
From this lemma, We will be able to conclude 


2 (at+y) 
22 + Qry 


y (z+ 2) 
y? + 2za 


sys (i )sfavee 


2 x? + Qyz 
thus, using what We have found before, 


b+e cta a+b 


+ ! 
3 3 3 
a’ + be - TJati/b+1/e b° + ca: T/atl/b+1/e ce +ab- T/atl/b+1/e 


atytz wr(ytz) etyte yr(ztz) etytz (ety) 


< T 
~ 2 x? + Qyz 2 y? + 22a 2 22 + Qey 


-ftyts (ft) y? (z+2) een) 


2 xe+2Qyz  yX+2Qzr 22 +2Qzy 
1 1 
2 2 2 
<2 +y iz = ae ag or 
since 
1 1 
US Sy ie 

oe 


thus, Lemma. 1 will be proven. Hence, it only remains to prove Lemma 2. Solution of Lemma 


2. 
We note that 


UBS e j= (y+ z) yz 

xu? + Qyz xu? + Qyz 
Similarly, 

y? (z+2) ew) 2(z+42) 2x 

y? + Qza y? + 22x 

BASE) eed 2 NY 

2? + Qey 22 + Qay 
Hence, 


= (w + z) ty — su + ((e +a) — “ote + (+u) = “oe 


=2(te 5 as) (See eee | tnt)) 


x? + Qyz y? + 22a 22 + Qay 


Therefore, the inequality that We have to prove, 


Pyts Pete), Aety 2+" 42) 
ue+2Qyz  y2+2za z+Qey~ a+ytz 


is equivalent to 


a(w4ysz —(WtAve , Gtalex , (evay)) -2(e+¥ +2) 
T+rytzZ 
¢ x? + Qyz y? + 22a 2? + Qey ~ atytz 
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+z) yz z+2) 2x xt+y)«x xv? + y? + 2? 
Zs eS) (4 )yz , (etalee | ( Het) y 


x? + Qyz y? + 22a 2? + Qay xtytz 
Subtracting both sides from x + y+ z, We get 


Bde NON ed 
tau, Gta) tau. |) ett 
x? + Qyz y? + 22x 2? + Qay arty+z 


what simplifies to 


(ytz)yz  (eta)ee (w+y)ey . (yz + 2a + zy) 
x? + Qyz y2+2Qzn ' 22 420y — ctytz 


Now, a rather strange way to rewrite this is to make the fractions on the left hand side more 


complicated: 
((y + 2) yz)” ((z +.) za)” ((e@+y) ay)” 5 2yz + 2a + xy) 
(a? + 2yz) (yt z)yz 9 (y?+2zx)(zta)ze © (22 +2ay)(et+y)ty~ etytz 


Now, applying the Cauchy-Schwarz inequality in the Engel form , We have 


(y+2)yz) ((z+2) 22)" ((@ + y) xy)” 
(a? + 2yz)(y+z)yz 9 (y? + 22x) (z2+a)ze © (2? + 2ay) (a+ y) ay 


Ss ((yt+z)yz+(z+2) 2a 4 (e+y) zy) 
~ (a? + 2yz) (y+ 2) yz + (y? + 2zx) (2 + x) za + (2? + 2ary) (a + y) wy 


((y+z)yz+(z+2) za+(ety) ay)” 
Q(a+y +z) (y22? + 22a? + xy?) 


Now, the last important lemma in our Solution will be: 


Lemma 3. For any three positive reals x, y, z, We have 


(y+ z)y2+(z+2)2e+ (x+y) ay) >A(yzt 2x + wy) (y?2? + 272? + 27?) 


in fact, once this Lemma 3 will be shown, We will have 


((y+z)yet(z+2) 2a +(x t+y)ay)” 5 4 (yz + 2a + ay) (y?2? + 220? + ay?) 
2(a + y+ 2) (y22? + 22027 + 02y?) ~~ 2 (a t+ y4+ 2) (y22? + 220? + wy?) 


2(yz+ 24 + ry) 
Lyre 


and thus We will have 


((y +2) y2)" + (+2) ary, ((w@ + y) ay)” 
(a? + 2yz)(y+z)yz  (y? +220) (z+a)ze © (2? + 2ay) (a+ y) ay 


(yt 2) yz + +a) 2a + (a4 y) xy)” 5 2lyz + 2a + xy) 
Dety+ 2) et ear +ay) —  e+yte 
what will finish the Solution of Lemma 2. Thus, all We need is to show Lemma 3. 


First Solution of Lemma 3. We have 


(y+ z)yz+(z+2)ze+ (x+y) ay)” —4 (yz + za + ay) (y?2? + 222? + ay?) 


= y22? (y — 2)? + 2a? (2-2)? +.0?y? (@—y)? 


+2xyz (x? by + 29 4 3xyz — yz? — zy? — za” — 22" — ay? yx’) 
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what is > 0 since squares are nonnegative and since 


34. 23 + 3eye — y2? — zy? — za" — 227 — ay? — ya? > 0 


u+y 


by Schur. Hence, 


((y+z)yz+(z+2) 2¢+(a+y) ary)? >4(yz+ 204+ cy) (y?2? + 270? + 2? y?) 


and Lemma 3 is proven. 


Second Solution of Lemma 3. We have 


2 2 
(y+ 2)ye+ (242) cet (ety) ay)? = ((e- 20 ty ay tc: ys) + (ay ty yet 2-20) 
>4(u-zat+y-cytz-yz)(@-ayty-yzt+2- 22) 


(by the inequality (u + v)? > 4uv which holds for any two reals u and v). Hence, it remains 
to prove that 


(w-zat+y-cytz-yz)(u-cyt+y-ye+2- zu) > (yet 20+ cy) (y?2? + 0? +.07y’) 


Since this inequality is symmetric in its variables xz, y, z, We can WLOG assume that 
TP yz. 

Denote A= a2, B=y, C =z. Then, A> BEC. 

Also, denote X = yz, Y = za, Z = xy. Then, y < x yields yz < za, so that X < Y. 

Hence, applying Theorem 9 a) from Vornicu-Schur inequality and its variations to the three 
reals A, B, C and the three nonnegative reals X, Y, Z, 

We get 


(AY + BZ+CX)(AZ+ BX 4+CY)>(X+Y+4+2Z)(XBC+YCA+ ZAB) 
This rewrites as 
(a-zaty-aytz-yz)(e@-cyty-yezt2-2x) > (yzt+2za4+ ay) (yz-yzt+2u-2ze + xry- ry) 
Equivalently, 
(a-za+y-aytz-yz)(a@-cyty-yzt2-22)> (yz + za + xy) (y?2? + 272? + 27y’) 


and Lemma 3 is proven. 
158. 
Find the largest positive real number p such that 


a b Cc 3 
(a+O+p) * O+erp) | + Iatp) ~ 2+p)’ 
for any positive real numbers a,b,c such that abc = 1. 
Solution. 
Setting 


1 
a = t’andb = c= pe > 0, 
the inequality becomes 


eb t 1 3 


PROG) CDE Chl D0 oy 
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1 3 
Lettingt - co, Weget— > ——. ,orp < 2 
p 2(1+p) 


We will show that 2 is that largest value of p such that the desired inequality holds; that is, 
to prove that 


a b Cc 1 
(ee l(O+2) C= DCL) C= DGs2 ~ 2 


Since a,b,c > 0 and abc = 1, there exist some positive real numbers x,y,z such that 


t y 


z 
a= —,b= —andc= = 
x z 


After making this substitution, the above inequality becomes 


e y? ye 
(x + y)(2x + z) 5 (y + z)(2y + x) a (z+2)(2z4+ y) 2 2° 


By the Cauchy-Schwarz inequality, We have 


x (x+y+2z)? 
pe (a + y)(2x + z) < 


and hence, it suffices to show that 


Aaetytz)? > (e+ y)\(Qet+z)+ (yt z)Qyta2)4+ (z+2z)(2z+y), 


which is just an identity. 
159. 
ifa>b>c>0anda+b+c> 0, then 


—~ )? =< A\2 
ae) <at+bt+e bee tO” 
2(a +c) at+c 


Solution. (a) We prove that 


_.)2 
(a0) <a+tb+c—3Vabc. 
2(a +c) 


By the Cauchy-Schwarz inequality, We have 


(a-c? © _(a-0) 
2(a+c) ~ (Ja+ Ve) 


Therefore, it suffices to prove that 


5 = (Va- ve)’ =atc-2Vae. 


b+ 2/ac > 3Vabe, 


which is true according to the AM-GM inequality. Equality holds if and only if a =b=c. 
(b) We prove that 


2 = 2 
atb+c—3Vabe < zee 
a+c 


Setting a = 2°,b = y° and c = z°, this inequality becomes 


2(x3 A. pee 


3 3 3 
—3 <<  —  — 
re+y +z LYZ < PERS 


- 
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or equivalently, 


PAC na _ pe ye 


(e+y+z)[((@—y)? + y-zP + OS reser 


Since x +y+z < 2x + zand(x — y)? + (y — z)? < (a — z)? it suffices to show that 


2(x3 = x)? 


g3 + 23 


(22 + z)(2 — z)? < 


or 
(2a + z)(2* + 2°) < 2(2? + az + 27). 
By the AM-GM inequality, We have 


(2a + z)(a® + 2°)< (2x + 4z)(a? + 2xz?) = 2(a? + 2xz)(a? + 22”) < F[(x? + 2az) + (x? + 2z?)]? = 2(a? + wz + 2) 


Therefore the last inequality is true and our Solution is completed. 

Equality holds if and only ifa = b= c,ora= band c= 0. 

Another Solution for (b). in the nontrivial case ab+-bc+ca>0, by the AM-GM inequality, 
We get 


3 
Wee = (ab + be + ca) Vabe “ 3abc 


ab + be + ca ~ ab+be+ ca’ 
Therefore, it suffices to prove that 
sence 9abce < 2(a—c)? 
ab + bc + ca at+ec 
or nae r 
D) = 
Gat dled tae ee 
a+c 
Since eck . , 
2 — 2 _ 
(ab + be + ca)(a— c) =a e+ ac(a — c) > (a — 0)? 


a+c a+c 
it is enough to check that 


(a+b + )(ab + be + ca) — abe < 2b(a — c)?. 
This inequality is equivalent to 


(a + c)(a— b)(b—c) 2 0, 


which is obviously true. 
160. 


a)Let a, b,c,d be positive real numbers. Prove that 


een _ eae 
6 — 4 . 
Solution. 


Due to symmetry and homogeneity, We may assume that 


a>b>c> dandab+ac+ad+bc+bd+cd=6. 


The inequality becomes 
abc + bed + cda + dab < 4. 
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By the Cauchy-Schwarz inequality, We get 


(abe + bed + cda + dab)” < (ab + be + cd + da)(abc? + bed? + eda? + dab?) 
= (ab + be + cd + da)|ac(bc + da) + bd(ab + cd)). 


Now, since a > b > c>d, We have ac > bd and 


bc + da — (ab + cd) = —(a—c)(b— d) < 0. 


Thus, by Chebyshev’s inequality, 


1 
ac(bc + da) + bd(ab + cd) < 5 (ae + bd)(be + da + ab 4+ cd). 


Combining this with the above inequality, We get 


1 1 
(abe + bed + eda + dab)? < 5 (act bd)(ab+ be-+ed+ da)’ =F -2(ac-+bd) - (ab+be+cd+da)? 
2(ac + bd) + 2(ab + be + cd + da)]° 
3 


The Solution is completed. Equality holds if and only ifa=b=c=d. 
Q.E.D 


=A. 


1 
< 
~ 


b)Let ABC be a triangle such that: A > B > 2 > C.Prove that: 


cs 
3 


b+c-a ct+ta—b a+b-—c R- 2r 
+ t > 4/94 
a b Cc R 


Where r, R be the radius and circumradius of a triangle ABC 


Solution: 


Lemma 1. Let ABC be a triangle so that its angles satisfy a relation of type : 
A>B>60°>C 


Prove that : 
s > V3-(R+r) 


Proof. Since the angles of A ABC satisfy a relation of type 


tan4— V3 > 9 


A>B>60°>C = (¢ tan8-B > 0 = [1 (te - 2B) <0 [umd 


lf 
IA 
o 


aus <0 aS Or + 3(4R +1) —4svV3 <0 8 > V3-(R+r) 


121 


Lemma 2. 


In any triangle ABC the following inequality holds : 


(= eS > s+3r-(2— 3) 
a b c 2Rr 


Proof. Apply the Jensen’s inequality for the convex function 


f(x) = tan 7 


(0. 7) 


on the interval 


A,B,C A B C A B C 
3-tan (is 8) < tan nl +tan Z +tan ra 3-(2-V3) < tan ri +tan 7 +tan r (*) 
On the other hand, we may write : 


5A 
Sar ee 


sin oy 


<= 7a y= sta _AI+BI+Cl—s 
aT r r 


Thus, the inequality (*) is equivalent to : 
AI+ BI+CI > s4+3r-(2— V3) (**) 


Since 


AI = V2Rr- b+e-a 


a 


and so on, the inequality (**) finally becomes : 


7 ae Ye joa S s+3r-(2— 3) 
a ae é = 2Rr 


Problem.Prove that in any triangle ABC that satisfies a relation of type 
A>B>60°>C 


the following inequality holds : 


ae aa (aula 6r + /3- (R- 2r) R—-2r 
uaa 2 
a b c 2Rr R 


Proof. 
> Applylemma 1 lemma 2 


nth 3 /b+c-—a ] a — V3) 9 ore ve hy) 
V/2Rr r 


> The inequality 
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becomes : 
6r + V3: (R— 2r) > ./2r(10R — 2r) 


<> 3(R— 2r)? + 12V3-r(R—2r)+36r? > 20Rr —4r? 
<> (R—2r)- [3m + (12V3 — 26) -r] >0 


c)Let ABC is triagle,Prove that: 


Y | 


Solution: 
The Inequalities can rewrite: 


a, b, c are the side-lengths of a triangle, then 


bc?2(a+b+c) > (2b? + 2c? — a”)\(b+c—a)(c+a—b)(a+b—c). 


Setting « = b+c—a, y = c+ta—band z = a+b—c. Clearly, x, y, z > 0. The inequality becomes 


(2 + y)?(a+2z)2(a@+y4+z) > 4[4a(2 + yt 2) + (y— 2) |ayz, 


which is equivalent to 


(x + yt 2z)[(x + y)?(a + z)? — 16x7yz] > 4aryz(y — z)*. 
Since 
(a +y)?(a + z)* — 16a°yz = (a — y)?(a + 2)? + 4ry(a — 2)? 
> 4r2z(x — y)? + 4ay(a — 2)”, 


it suffices to prove that, 


(a t+y+2z)[2(@ — y)? + y(« — z)*] 2 yay - 2)’. 


Now, we see that x+y+z2> y+. So, it is enough to check the following inequality 


(y + z)[2(@ — y)? + y(a — z)"] > yey — 2)’, 


which is true according to the Cauchy-Schwarz Inequality 


(y + 2)[z(@ — y)? + y(a — 2)?] > [ Yov2(@ — y) + VeVulz — 2)]? = y2(y - 2)? 


The proof is completed. 161. 
Given an integer n > 2, find the maximal constant A(n) having the following property: 
if a sequence of real numbers do, d@1,...,@,satisfies0 = ag < ay <--- < Gy and 2a; => 


aj-1 + aj4i1 fort = 1,2,...,n—1, then 


Solution. 


We choose (ao, @1,@2,.--,@n) = (0,1,...,1). 
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This sequence satisfies the given hypothesis and after substituting into the desired inequality, 
We get 
n(n + 1)? 

i : 


1 2 
We will show that the maximal aos 


A(n) < 


; that is, to show that the following 
inequality holds 


(ies) 2 aay no 


We will prove this inequality by induction on n. For n = ‘ We have 


9 1 
(a1 + 2a2)? — (aj +43) = 5 (a2 — a1)(7a, — a2) 2 0, 


2 
because 2a, > ap + ag = ag. So, the inequality is true for n = 2. 


Now, assume that it holds for n > 2, We will show that it also holds for n + 1 
Since 0 < ap < ay < +--+ < anand 2a; > aj;_-1 +a;4) for all i = 1,2,...,n—1, by the inductive 


hypothesis, We have 


Yes ney? (Sa) 


Therefore, it suffices to prove ne 


2. 2 
(n+ 1)(n +2)? 4 =v 2 
> : 
ae 4 n(n + 1)? Sv ia; + Gn41 


i=1 


n 


Se ta; + (n4+ Langa 


i=l 


1 
mney, A < Gn41, the above inequality becomes 


Setting So ia; = 
i=1 
(n+ 2) 


(nt1)(ZAtann) > Fi 


(nA? as eeee 


or 


7 (ant — A)[(3n + 4)A — nan41] > 0. 
From this, We see that the inequality for n + 1 holds if We have 


Si 
—~ 3n+ ra 
or 
a aa n?(n+1) 
ia; > ——n11. 
0" * 2(38n +4)" 
Since 
2a; > aj—-1 + Gi41 


for all i = 1,2,...,n, We can easily deduce that a;_ S Si for all i = 2,3,...,n4+1, 
and hence We get 
ae Am ae at. ) % Sed n a-—1 
a; 7 : Guat . a — * 
ss ig ee ace Set Vee eggs eee ee cpa ee 


it follows that 


n(n—1)_ n?(n+1) 
3. 2@n44) 


Since for n > 2, We obtain 


n 


3 2 S n?(n +r 1) 
tay sD Ea n4+15 
a~ 2(3n + 4) 


and the Solution is completed. 
162. 


Let a,b, c,d be nonnegative real numbers. Prove that 


Sa + 8abcd > S- abe(a +b+c). 


Solution. 
Without loss of generality, We may assume that d = min{a, b,c, d} 
Write the inequality as 


Sat —abe SY" a+ d* + 8abed — d S> ab(a+b) — a N° ab > 0. 


a,b,c a,b,c a,b,c a,b,c 


By the fourth degree Schur’s inequality, We have 


S- a‘ —abe S~ a> S- a(b+c)(b—c)? > dS~ a(b—c)’, 
a,b,c 


a,b,c a,b,c a,b,c 


and hence, it suffices to show that 


S/ a(b—c)? +d? + 8abe— S~ ab(at+b)-—d 5° ab> 0, 


a,b,c a,b,c a,b,c 
or 
a(2be — bd — cd) + d® — bed > 0. 
Since 
2bc — bd — cd > 0 
and 
a> d, 
We get 


a(2be — bd — cd) + d? — bed > d(2be — bd — cd) + d® — bed = d(b — d)(c — d) > 0. 


The Solution is completed. On the assumption d = min{a,b,c,d} , equality holds for 
a=b=c=d,and again fora = b = candd = 0. 
163. 


Let a,b,c be nonnegative real numbers, not all are zero. Prove that 


Vabc(ab + be + ca) 


First Solution. By the AM-GM inequality and the Cauchy-Schwarz inequality, We have 


V3V abc(ab + be + ca) a 3V3abe — _ Babey/3(a? + b? +c?) = 3abc(a + b+ c) 
V@tP+O ~VetPte  @t+Pt 2 ~ a+Pee ” 
Therefore, it suffices to prove that 


7t+ht+et+V3- 


> 2(ab + be + ca). 


av+et+e+ 


3abc(a + b +c) 
sane > 2(ab+ bc + ca). 
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Using some simple computations, We can write this inequality as 


Svat +abeS oa > Sabla? +67), 


which is true because it is the fourth degree Schur’s inequality. 

Equality holds if and only if a = b=c, or a= b and c = 0, or any cyclic permutation. 
Second Solution. 

We consider two cases. 


The first case is when 
J3. Vabc(ab + be + ca) s 9abe 


Ver+P+e2 ~atbte 


in this case, We can see immediately that the inequality can be deduced from the third 


degree Schur’s inequality 


9ab 
Cae eS > 2(ab+ be + ca). 
a+b+c 


in the second case 


9abe =~ wWabc(ab + bc + ca) 
——_ >v3- 
a+b+c Va? +b? 4c? 
We have 


sx. 4/(at+b+c)2(ab+be+ca)? _ 4/(ab+bc+ca)3 
s : 
v3Vabe > i 3(a? + b? + c?) 7 a? + 6? + ce? 


Therefore, it suffices to prove that 


2,32, 2, ab+bet+ca 4/(ab+be+ ca)? 
ONO ares | epee ec 


which is equivalent to 


a? +b? +c? ab + be + ca a 
ab + bc + ca az +624? 


But this is clearly true because 


a2 +b? +c? (oe: at+b?+c? ab+be+ ca. 


2. 
ab + be + ca a2+b?+c) ~ abtbe+ca a?+b? +c? — 
The Solution is completed. 
164. 
if 
a>b>c>0 
and 
a+b+c>0, 
then | . ‘ 2 
a-—c a+b+c 3 4(a—c 
Vabe < ——__—_.. 
4(a+b+c) — 3 em = Bla tb +0) 
Solution. (a) We prove that 
a+b+c Yabo > (a —c)? 
3 = Tatb+e) 
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There are two cases to consider. 
Case 1. 2b > a+c. By the AM-GM inequality, We have 


Vabe < peey Ea vn 3 = 
Therefore, it suffices to prove that 


at+c—2VJac . (a—c)? 
3 — A(a+b+e)’ 


or 
A(a+b+c) >3(Vat ve)’. 
We have 
displaystyle4(a + b +c) > 6(a+c) >3(/at vo) : 


so this inequality is true. 


Case 2. 
at+c> 2b. 
Setting 
a b Cc 
= y= 2S andt = xz 
a+c a+c a+c 
We have 
+ d: as Pitot ee 
— =an -. 
i me ee 
The inequality can be written as 
1l+y , 1— 4t 
ee Sage = 
3 Wut 2 Tay ie 
fe t 1+ 1 
Yy 
yt + > 
l+y wut 3 A(y +1) ~ 


t yi+y) PLAY) a 
+ +4) > Vyt. 


Thus, it suffices to show that 


lt+y 1 y(1+y) 
3. A(y+)) 27 


V3(4y? + 8y +1) > 8(y +1)./y(1 +). 


This inequality is true because 


3(4y? + 8y + 1)? — 64y(1 + y)? = (1 — 2y)3(3 + 2y) > 0. 


The Solution is completed. Equality holds if and only if 


a=b=c 


(b) We prove that 


a+b+c 3 A(a—c)? 
Sa ibe 
3 GN 3 (abe) 
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By the AM-GM inequality, We have 


_ Wa2bc? 3V a2b2c2 
Vabe = > : 
i Vabe  atbt+c 


Therefore, it suffices to prove that 


(a+b+c)? —9Va2b2c? < 4(a—c)?. 


Since 


We have 
A(a — c)? > 2(a — b)? + 2(b— c)? + 2(c — a)?, 


and thus, We see that the above inequality is true if 
(a+b+c)? —9Va2b2c? < 2(a — b)? + 2(b— c)? + 2(c — a)’, 


or equivalently, 
a? +04 4+3Va2b2c2 > 2(ab+ be + ca), 


which is true according to the third degree Schur’s inequality and the AM-GM inequality 


Soa? + 30077 > S> V0P (Ve? + VIR) > 2 ad. 


Equality holds if and only if a = b =c,ora = b and c= 0. 165. 
Let a,b,c be positive real numbers. Prove that. 


b+e a+b)(b+c)(c+ a) — 8abc 
oy ee Peace a ee 


45° af (a+ b)(a+c) 


Solution 
. By the Cauchy-Schwarz inequality and the AM-GM inequality, We have 


(= =e) =o tf ay eee 
Sy tee pe 
= eran Ser ake? Serene) Sern 


(= st) <( Yo) (Sa) tle 


Therefore, it suffices to prove that 


and 


b+ 
s- +49) +62 


_ (a+b)(b+c)(c +a) — 8abe a 
elie S- ala + b)(a +0) (8+Dag) 
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which is in succession equivalent to 
ye gs OPO Olea) s a (3 eS ee sas) 
a S/ ala + b)(a +e) b+e 
(a + b)(b + c)(c +a) — Babe - (a+ b)(b+c)(c + a) — 8abec (3. ye . 
abc = S> a(atb)(ate) b+e 


di alat sate) rm 
abe Sor Lipae 


The last inequality is true because 


S/ a(a+b)(a+ ¢) SS [a*(b +c) + abc] Mee 
abc s abc os Cpoes 


a a E334 eat 


The Solution is completed. Equality holds if . only ifa=b=c. 166. 


Let ABC be a given triangle. Prove that for any positive real numbers x,y,z, the inequality 


holds 
AG 7sinAs ie Jemia : 
(x+y)(y t+ z)(z+2) 

Solution. 

Setting 

x y Zz 
= v= ,w= : 
YZ Z+2 u+y 

Since 


sinC = sin(A + B) = sin Acos B + sin Bcos A, 


the inequality can be written as 


(c+y+z)3 
(et+y(ytz)(z+2) 


(u+weceos B)sinA+wsinBcosA+vsinB < i 
By the Cauchy-Schwarz inequality, We have 


(u+weceos B)sinA+wsinBcosA+vsinB< 


< (w+ weos BY? + w? sin? B+ vsin B 


< va + v?)[(u + wcos B)? + w? sin? B + sin? B). 


Therefore, it suffices to prove that 


3 
(1+0)[(u-+ wos B)? +w? sin? B+ sin? B] < —@ tv te _ 
(c+y)(y+z)(z2+2) 
Since 
(gg? a ee 
— £42 
and 


(u + wcos B)? + w? sin? B + sin? B = u? + w? + 2uwcos B + sin” B, 
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this inequality is equivalent to 


(c+y+2) 


uw? + w? + 2uw cos B + sin? B< <2. 
(c+ y)(y + 2) 


By the AM-GM inequality, We have 


2uw cos B < u?w? + cos? B = u?w? + 1 — sin? B, 


and thus, We obtain 


uw +w?+2uwcosB+sin? B<u?t+w?+u2w?+1= 


The Solution is completed. 


Remark. 


From the Solution above, We can see that the following more general statement holds: 


if x,y,z are real numbers and A,B,C are three angles of a triangle, then 


rsinA+ysinB+zsinC < /(1+22)(14+ y?)(1 +4 22). 


167. 
Let a,b,c be positive real numbers. Prove that 


t } <1. 
4a? + 5be 4b? + 5ca 4c? + 5ab — 


Solution. 


For the sake of contradiction, assume that there exist positive real numbers 


a, b,c 


it 
deeaae \ Wie ee. eee eee 


such that 


Setting 


a b2 C2 
ee teh tape amage A Ap nab 


ws 1 
it is easy to see that x,y,z < — and 


a? 5a2 7b by? 7 ee? 522 
Therefore, 
1 — 4x7) (1 — 4y?)(1 — 42?) = 53x? y?2?. 
( y y 
Since 
2 1 
By tee 
ZY; 9 
and 
e+yt+z>1, 
We have 


[[G-42) < ][[(e+y+2)?-427] = [[@+2-2)-[[@ety+2) < [w+ 
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(ety +z)? 


27 


3 Biot aD get 9 3 
< I]t: ee ety ale oe ak es) = [2(a2y?-+y222-+2202)—(a4+yt-+24))(e2+y2-+22). 


it follows that 


[2(ay? | yr2 2°47) (a4 y* 24) (a? + y? + 2?) > 9x7 y? 27, 


or 


Qa? y222 
2(a2y? + yz? + 2747) — (at +y44+ 24) > pa 
But it is clear from the third degree Schur’s inequality that 
Qa2y22? 
229 2,2 2.9 4 4, 4 


So, what We have assumed is false. Or in the other words, for any positive real numbers 


t { <1. 
4a? + 5be 4b? + 5ca 4c? + 5ab — 


The Solution is completed. Equality holds if and only if 


a,b,c, We must have 


a=b=c. 


168. 


a, b, Cc, xz, Y, z 
are positive real numbers such that 
2 2 
y~ < zxandz* < xy, 
then 


a b c 3 
ax + by + cz cx+aytbz 7 2tytz 


' ba +ey+az 


Solution. Write the inequality as 


x ax+bytez) ~ x axr+yt2’ 


by + cz ‘s 3(y + z) 
ax+by+cz~ x©+ytz 


or 


By the Cauchy-Schwarz inequality, We have 


2 
5 by + cz 2 [Srey + c2)] 
ax + by + cz ~ So (by + cz)(ax + by + cz) 
2 
(y +2)? (Soa) 
(y? + 27) ye + (xy + ©z + 2yz) So ab 
Therefore, it suffices to prove that 

(ytz)(a+tytz) O3ia +2) ab) > 
> 3(y? + 27) S- a? + 3(zy + ez + 2yz) ¥ ab, 
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which is equivalent to 


(xy + oz + 2yz — 2y? — 22”) oe - > a) > 0. 


Since 
S- a > a ab, 


it suffices to show that 


xy + xz + Qyz— 2y* — 22? > 0. 


Without loss of generality, assume that 


Y22% 
From 
LZ > y’, 
We have 
y? 
x = ~~) 
z 
and hence 


3 
ny +z + 2yz— 2y? 22? > 2 4 y? 4 dy2 — Dy? — 22? 
z 


_ Y= 2)(y? +227) 


> 0. 
z 
The Solution is completed. Equality holds if and only if 
G=y=z 
or 
a=b=c 
169. 
Let a,b,c be positive real numbers. Prove that. 
ab? bc? ca? a+bt+e 
a2 4+2b2+4+c2 © 422 +402 9 c2+4+2a2+82 — 4 , 


Solution. By the Cauchy-Schwarz inequality, We have 
9 Ee 1 2 16 
a2+b2+c% 0? ~ a2 +262 4+ c?° 
According to this inequality, We get 


ab? E: 1 i 9ab? 
a2 +2b2+c?2 ~ 16 . a2 +b? +2) ° 


Therefore, 


ab? a+b+c  9(ab? + bc? + ca”) 
SS < ! 
a? + 2b? + c? 16 16(a? + 6? + c?) 
From this, We see that the desired inequality is true if 


3(ab? + be? + ca”) < (at+b+c)(a? +b? +c’). 
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But this inequality is true, since it is equivalent to the obvious one 


The Solution is completed. Equality holds if and only if 
a=b=c. 


Remark. in the same manner, one can also prove that 


ab? bc? ca? a+bt+e 
STI +O | BpIetae | Sete 40° 
170. 
Let a,b,c be nonnegative real numbers such that a+b+c= 3. Prove that 
a*b is bc Ca ZH 
4=be 2eta" ASak 


Solution. 


Since 


the inequality can be written as 


abe) > Z 2 <4- S/ ab. 


Using the ill-known inequality a2b + b?c + c?a + abe < 4, We get 


4— (a7b+ b’c+ ca) > abe, 


and hence, it suffices to prove that 


or equivalently, 


ab = be ca 24 
tee Lat AS 
Since . P 
ab+be+ea< @TO*9) =3, 
We get 
ab & ab _ 3ab 
—be 4 7 ; 
4 — bc 5 (ab pbedea) = he dab + bc + 4ca 
Therefore, it is enough to check that 
x y z 1 


| 
q ? 


+ 
4dr +4y+z 4Ay+4z+au 424+4r+y7 3 


where x = ab,y = ca and z = bc. This is a ill-known inequality. 
171. 


if a,b,c are positive real numbers such that a+ b+ c= 1, then 


(a + b)?(1 + 2c)(2a + 3c)(2b + 3c) > 54abe. 
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Solution. 


Write the inequality as 


(a + b)?(1 + 2c) (2+ *) (2 - z) > 5de. 


By the Cauchy-Schwarz inequality and the AM-GM inequality, We have 


(24%) (04%) > (246) = (2+) - 


Therefore, it suffices to prove that 


2 
(1 + 2c)? > ne 


which is true according to the AM-GM inequality 
1 . 11 27 
(+20) = (5 +5 +20) cL a aaa 


Equality holds if and only if 


1 
and c= -. 172. 


fa, b,c are positive real numbers such that ab + bc + ca = 3, then 
(ete (eters (oats 3 
+ >. 
ab + 2c? +3 be + 2a? + 3 ca+ 2b? +3 ~ /2 


After using the AM-GM inequality, We see that it suffices to prove that the stronger in- 


Solution. 


equality holds 
8] [@ + ab +b?) > [[(@ + 2c? +3). 
This is equivalent to 
][le? +0? + (a+ 0)7] = [lab + 7? + (a+ e)(b+ 0). 
By the Cauchy-Schwarz inequality, We have 
[a? +b? + (a +b)" ][a? +c? + (a +c)?| > [a? + be + (a+ b)(a+c)]’. 


Multiplying this and its analogous inequalities, We get the desired inequality. Equality holds 
if and only ifa=b=c. 
173. 


Let a,b,c be positive real numbers. Prove that. 


a + 2b2 b? + 2c? c? + 2a? 
5 b/s +\/5 > 3. 
a? + ab + bc b? + be + ca c2+ca+ab 


After using the AM-GM inequality, We see that it suffices to prove that the stronger in- 


Solution. 
equality holds 
Il@ + 267) > [I@ + ab-+ be). 
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By the Cauchy-Schwarz inequality, We have 
(? +6? +a7)\(b +c? +c?) > (b? +be+ ca)’. 


Multiplying this and the two analogous inequalities, We get the desired result. Equality 
holds if and only if a= b=c. 174. 
if a,b,c are positive real numbers such that a? + b? + c? + abe = 12then 


19(a? + b? + c?) + 6(ab + be + ca) 


> 36. 
at+b+e 


Solution. 
By the AM-GM inequality, We have 


19a? +6 ab=8 a? +80? +3(Soa) 
> 124/3 (Sow) (Soe). 


it follows that 


19(a? + b? + c?) + 6(ab + be + ca) eae 3(a2 + b? + c?)? 
at+b+ec = at+tb+ec — 


Therefore, it is enough to prove that 
(a? +b? +c”)? > 9a+b+c). 


After homogenizing, this inequality becomes 


A(a? +6? +2)? > 3(a+b4+e)(a? +8 +c + abc), 
which is equivalent to the obvious inequality 
So —c)?(b+c— 3a)? > 0. 


Equality holds if and only if a = 2b = 2c, or any cyclic permutation. 
175. 


if a,b,c are positive real numbers, then 


\fat Vb+ We> Wabce. 
Solution. 


SettingA = \/a+ ¥/b+4+ Wc,then it is clear that 


A? > a, A® > bandA**4 > «. 
Multiplying these inequalities, We get 
A® > abe, 


from which the conclusion follows. 
176. 


Let a,b,c,d be nonnegative real numbers, no three of which are zero. Prove that 


reer aresy 
e+et+d ~atb+c+d 
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Solution. By the AM-GM inequality, We have 

(7? +b+4+2 4d?) > 407(b? +c +4’). 
it follows that 

a(a? +b? +c? + d?)? > 403(b? +c? + d?), 
and hence 


a a 4a 
b2 + c2 + d? = (a2 + b? + c2 + d?)?" 


it suffices to prove that. 


a ee 
(a2? +6? +c? +d?)? ~at+b4+ct+d’ 
or equivalently, 
(P@+h+E4+P)(atbt+et+d>(?+P?+e2+d’), 


which is obviously true according to the Cauchy-Schwarz inequality. Equality holds if and 
only ifa = b and c=d=0, or any cyclic permutation. 

177. 

if a,b,c are positive real numbers, then 


a? b? Cc 3 


= ; 
b(a2? +ab+b?)  c(b?+bc+c?) a(ce?+cat+a?) ~ a+bt+e 


Solution. 
1)By the Cauchy-Schwarz inequality and the AM-GM inequality, We have 


Sere OS ere eS 
| ( ) 


Therefore, it suffices to prove that 


(Ho) (VPevee* 


or equivalently, 
be ca ab 


Se ae ee 
a b Cc 

This is obviously true according to the AM-GM inequality, so our Solution is completed. 

Equality holds if and only if a=b=c. 

2) 

The inequality is equivalent with: 


a? a?(a+c) 
>3 
ner eR 2 e+ ab +B 


cyc 
ll split the inequality into 2 parts. First We show that: 


poe 
a2 + ab+ b? — 


cyc 


Denote 
A=a@+ab4+0?,B=0b?+bce+ CandC = + ca+a?. 
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We want to prove that: 


a wb 1 1 1 
=> ab ak 1 Se 20 


which is obvious. 
We are left to show that: 


(a+c) 
>2 
eo =; 


From Cauchy-Schwartz inequality We get that: 


a*(at+c)? 
oe y b(a + c)(a? + ab + Bb?) 
2 
(x: a+ S- «) 
- cyc eye 
7 S- ab(a” + ab +b?) + 2abeS > a+ S- a®b 
eye cyc eye 


So it’s enough to prove that: 


a* + b* +4 +.0767 + b7e? + ea? > 2(a°b +b? + ca) 
<=> a*(a—b)? +B?(b—c)? +c*(c—a)? > 0. 


The Solution is complete. 
178. 


Let a,b,c be nonnegative real numbers. Prove that 


a) > Va? +ab+ 0? > V/4(a2 + b? + c2) + 5(ab + be + ca); 


b) So Va? +ab +b? < 2Va? +82 +2 + Vab + be + ca. 


Solution. 


(a) Without of generality, We may assume that b is betien a and c. Now, with notice that 


‘i 2 2 2 
Jerrart = (e+2) Mele a?+ac+c = (a+ 5) et, 


2 4 


and 
2 2 
Vb? + be+ ce = (0+ =) a 


We may apply Minkowski’s inequality to get 


b > 
Svar yf (x 5 c) + F(b + 2e)?. 
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it suffices to prove that, 
3b, \* 38 er re ee 
Zat+ > te + 7 (6 + 2c) > 4(a> + b° + c°) + 5(ab + be + ca). 


This reduces to (a — b)(b— c) > 0, which is obviously true. 
The Solution is completed. 
Equality if and only ifa = b=c, orb =c=0,orc=a=0, ora =b =O. (b) in the 


nontrivial case when two of a,b,c are nonzero, We assume that a = max{a, b,c}. Setting 
A=V2a2+0+2+ab+ac,B= V0? +be+e, 
C=Vat+b?+c,D=Vabt+be+ca. 


By the Cauchy-Schwarz inequality, We have 


Vaz +ab+h2+ Vat tact < V2A. 
Therefore, it suffices to prove that 
V2A+B<2C+D, 


or equivalently, 
/2(A? — 20?) 2 D? — B? 
A+V2C ~ D+B° 
Since A? — 2C? = D? — B? = ab+ac— b? — c* > 0, the last inequality is equivalent to 


J/2 1 
< | 
A+V2C7~ D+B 


or A 
DB 2 ee. 


V2 


This is true because 
A? — 2B? = (2a? — b? — c”) + (ab + ac — 2be) > 0 


and 
C2 — D? =a? +0242 —ab—be—ca> 0. 


The Solution is completed. Equality holds if and only if a = b = c, or b = c = 0, or 


c=a=0,ora=b=0. 


Another Solution of (a). After squaring, the inequality can be written as 


S> V(@? + ab + b?)(a? + ac +c?) > (at+b+c)’. 


Since ‘ 
b b2 2 2 
@+ad+0= (043) + anda? +ac+¢ = (a+ $) = 


by the Cauchy-Schwarz inequality, We get 
b c 3bc 
2 + ab +b) (a? +a0c+ 7) > ( ) : 
J (a? + ab )(a? +.ac4+ c?) > (« 5) Gis A 


Adding this and its analogous inequalities, We get the desired result. 
179. 
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Let a,b,c be positive real numbers such that a? + b? + c? = 1. Prove that 


a b Cc 3 


| + <u. 
Vl+be Vit+ca V1l+ab™ 2 


Solution. 


By the Cauchy-Schwarz inequality, We have 


(Se) <(O9) (Lrhe)- 


Therefore, it suffices to prove that 


(Se) (> tn) = 7 


Now, by using the ill-known inequality 


Cpeiar ete S(a EDEL A, 


We get 
a+ 0+ o)(e+a) 
8(ab + bc + ca) 


From this, We see that the above inequality is true if We have 


a+b+c< 


a 2(ab + bc + ca) 
pape 
1+bc ~ (a+ b)(b+c)(c+a) 
or equivalently, 
a a 
< ; 
ye 1+ be = 5 (a+ b)(a+c) 
Since 
a a a(b? + c? — ab — ac) ca(c — a) — ab(a — b) 


(a+ b)(at+c) Itc (a+ b)(a+c)(1+bce) (a+b)(a+c)(1+bc)’ 


this inequality can be written as follows 


ca(c — a) ab(a — b) 
Ds (a+b)(a+c)(1 + be) Ss (a+ 6)(a+c)(1 +4 be) ay 


ab(a — b) ab(a — b) 
DOLD ee GaGa 


a ab(a — b)?(1 — c?) Sa 
(a+ b)(b+c)(c+a)(1+bc)(1+ ca) ~ 
Since 1 — c? = a? +b? > 0, the last inequality is obviously true, and the Solution is 


completed. 
1 


aa 


Equality holds if and only if a@=b=c= 
180. 

if a,b,c,x,y,z are nonnegative real numbers such that 
a+b+e=a+y+2z=1, then 


ax + by + cz + 16abe < 1. 


Solution. 


Without loss of generality, We may assume that a = max{a, b,c}. Then, We have 


ax + by +cz <a(at+yt+z) =a=1-b-—c<1-2Vvbe. 
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it suffices to prove that, 


Voc > 8abe, 


or 


8av be <1 
This is true, since by the AM-GM inequality, We have 
Sav be < 4a(b+c) < [a+ (b4+0c)]? =1. 


The Solution is completed. On the assumption a = max{a,b,c}, equality holds fora = 


1 1 
~,b=c=-,x =1 and y= z=0, and again fora=x2=1andb=c=y=2z=0. 181. 


Let x,y,z be real numbers such that 0 < « < y< z< land 32+ 2y+z < 4. Find the 


maximum value of the expression 
S = 3a? + 2y? + 2”. 


Solution. 


10 1 
We will show that S < — with equality if x = 3 and y = z = 1. Let us consider two cases 


1 
Case 1.0<a2< gbincel <y<z<1, We have 


1\? 10 
S<3-(= 212 eqs? = ==. 
< (5) 42-124 : 


Case 2. x > 3 Since 0 < a<y< _z, We have 4 > 3x+ 2y+ z > 62, and hence 
1 ar 
~<2 
3= 

According to this result, We have 

(3a — 1)(3a — 2) <0, 


or 9 
3a? < 38a — =. 
ao < 3a 3 


Combining this with the obvious inequalities y? < y, z? < z, We get 


2 2 
3a? + Qy? +2? < 39+ 2y+z 3 54 a 


The Solution is completed. 
183. 
Let a,b,c be positive real numbers such that a+ b+ c= 3. Prove that 


1 1 1 
>1. 
2ab?+1 2be? +1 2ca? +17 
First Solution. 
By the Cauchy-Schwarz inequailty, We have 
S- 1 (at+b+c)? == (a+b+c)? 
2ab> +1 ~ Se c? (2ab? + 1) Se a? + 2abe S > ab 


Then, it suffices to prove that 


(atb+c)? >a? +b? +c? + 2abc(ab + be + ca), 
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or 
2(ab + be + ca)(1 — abc) > 0. 


This is true because by the AM-GM inequality, . Equality holds if and only ifa =b=c=1. 
Second Solution. 
Since 


1 _ 2ab? 
2ab?+1 ~~ 2ab? +1’ 
the inequality can be written as 
ab? bc? ca? 


<2. 
2ab2+1 be? +1 = 2ca?+1 7 
Now, by the AM-GM inequality, We have 


ab? a ab? 2 Vab? . a+2b 
2ab2?+1- 37%q2h4 3 — 9 - 


Adding this and its analogous inequalities, We get the desired result. 

Remark. 

Actually, the more general statement holds: Let a,b,c be nonnegative real numbers such that 
a+b+c=3.if0<k <8, then 


1 ae n he) 28 
abezt+k | b?2 +k ca®t+k7~ 1+k’ 


185. 
Let a,b,c be the side-lengths of a triangle. Prove that 


[[@+¢-@ [[2e - @- 67] 
< 
8a2b2c2 ~ (b+ c)?(e+ a)2(a+ 6)? 


Solution. 
Let a=yt+z,b=z+aandc=2+y, where x,y,z are positive real numbers. The inequality 
becomes 


(y? + 6yz + 27)(z? + Ger + x)(x? + Bry + y”) ‘ 
(Qe+y+ 2)? (Qy+2+2)?(22+0+y)? 
x 8n2y22? 
~ (e+y)?(y+2)%(z +2)?’ 


or equivalently, 


(y? + Gyz + 27)(z? + Ger + x)(x? + Bry + y”) . 
5 822 $y +2 Qyt et o)Qz+0+y) 
= (c+ y)*(y + 2)?2(2 +2)? , 
Let. 
aU? pba? o_@n-¥ 
yz ZO ry 
= (y- 2)? (z-a)? (c-y)? 
7 y—z = zZ-2 = £r-y 
~~ (a+y)(a+z)’ - (yt+z)(2+2)’ e (zt+a)(z+y) 


The last inequality can be written as 


(8+ A)(8+ B)(8+C) > 844+ X)(44+Y)(44+ Z), 
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or 


64 (304-250) +8(S(AB-45> xy) + (ABC — 8XYZ) > 0. 


Since 4x?yz < (a + y)(a + z)(y +z)”, We have BC > 4Y Zand hence 


AB+ BC+CA-—A4AXY —4YZ—-—4ZX > 0. 
Also, since (x + y)?(y + z)?(z+ 2)? > 8x7y?z?, We have ABC — 8XYZ > 0. 


Now, from these two inequalities, We see that the above inequality is true if We have 


A+B4+C>2X+42Y +22. 


This inequality is equivalent to 
na eyo ee? 
yw z) Oy (y— 2) 
(x + y)(x + 2) 


yYtzZz x 
Des ee 


or 


which is true because 


x 1 1 yt2 
4 < =-4i)= aa hy 
Ves he(E+2)-E4 
The Solution is completed. 
186. 
if a,b,c are positive real numbers such that a+ 6+ c= abc, then 
a? b? Ce V3 


| = +b+c). 
JVaz+1 Vb?4+1 Jeni = 2 @ c) 


Solution. 


By Holder’s inequality, We have 


(=e) (= “=*) > (atb+c)’. 


Therefore, it suffices to prove that 


2 

1 

4(at+b+e)>35 =e . 
a 


This inequality is equivalent to 
1 1 1 
a+b+ce>3(—-+-4+-], 
a b oe 
or 


abc(a + b+ c) > 3(ab+ bc 4+ ca). 


By using the given hypothesis, this inequality can be written as 
(a+b+c)? > 3(ab+ be + ca), 


which is obviously true. Equaity holds if and only if a = b =c= V3. 
187. 


Let a,b,c be nonnegative real numbers, no two of which are zero. Prove that 


b+e eta | atb 


T T > 
Vaetbe Vb? 4+ca Ve+ab— 
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Solution. 


By Holder’s inequality, We have 


(> naan =) [doe +c)(a? + be)| > 8(a+b+c)’. 
Therefore, it suffices to prove that 
(a+b+c)® >2S (b+c)(a? + be). 
This inequality is equivalent to 
[3 a® + Gabe > S- ab(a + b), 


which is true according to Schur’s inequality. 

Equality holds if and only if a = b and c = 0, or any cyclic permutation. 
188. 

Let a,b,c € E i}. Prove that: 


9Vabe > (a+b+ ce)". 


First Solution. 


The inequality written: 


1 
(a+b+c)?-= <9 
abc 
Using AM-GM’s inequality We have: 
(a+b+c) ee Olina 2) 48 
a eC )irs a c S| & 
Vabe~ 81 Vv abe 
and 5 i 
<2 +>+-.(2) 


Yabo a bc 
From (1) and (2) We will prove that: 


<=> D (20+ 2-3) <0, 


a 


0,06 1, 


so the inequality is true. 
Equality holds when a=b=c=1. 
Second Solution2. 
WLOG 
a>b>c.=>2b>a>bve>a>c. 


We will prove that: 


<=> (a— b)(4ab+ 6 — a”) > 0, 


it is true by 2b > a. We have: 


And 1>a>0, We have 


Vabe > aWVabe = */(a2b)(a2c) > a 


We must prove: 
9(atb)(atc) >4(at+b4+c)?. 


<=> 5a? + ab+ac+ be — 4b? — 4c? > 0. 
Because a > b > c,We have: 
5a” + ab+ ac + be — 4b? — 4c? > 5b? + b? + be + be — 4b? — Ac? 
= 2(b—c)(b+ 2c) > 0. 
Q.E.D 


189. 


if a,b,c are nonnegative real numbers, then 


abe +1 _ (abe — 1)? 
(a+1)(6+1)(c+1) ~ (ab+a4t1)\(be+b4+1)\(ca+e4+1) 


Solution. Let us consider two cases: 


The first case is when abc < 3. in this case, We have 


(ab +a+t1)(be+b4+1)(ca+c4+1) > (a+1)(64+1)(e+1) 


and 


abe + 1 — (abe — 1)” = abe(3 — abc) > 0, 


so the inequality holds. 
For the second case, We have abc > 3. Then, by using the estimation 


(ab+a+1)(bc+b+1)(ca+e+1) > (ab+a)(be + b)(ca +c) 


= abc(a+1)(b+ 1)(c+ 1), 


it suffices to prove that, 
abc(abe + 1) > (abe — 1)?, 


which is true because 
abc(abe + 1) — (abe — 1)? = 3abe—1 > 0. 


The Solution is completed. Equality holds if and only ifa=b=c=0. 
190. 
Let a,b,c be positive real numbers. Prove that. 


be ca ab 1/bec ca ab 
atbt+e< + + — 4 


~b+e cta atb 2 
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Solution. 
Setting a = yz,b = zx and c= xy, where x,y,z are some positive real numbers. The inequal- 


ity becomes 


1 1 1 
5 (a Ly? +27) 4 oye ( Pt ea 


) Say tye ee. 
ytz2 %2+2 & 


y 
By the Cauchy-Schwarz inequality, We have 


1 dee sa. fe 9 


yt2 ztn at+y Artyt+z)’ 


and hence, it suffices to prove that 


9x yz 

Da ere ae 

a 4 + 2° 4 > Axcy+yz+ 22), 

y eet (zy +y ) 

which is Schur’s inequality, and the Solution is completed. Equality holds if and only if 
a=b=c. 

191. 


if a,b,c are nonnegative real numbers such that ab + be + ca > 0 and a? + b? +c? = 3, then 


b+e cta a+b 
t > 3. 
a? + be on” &sab 


Solution. 


By the Cauchy-Schwarz inequality, We have 


a6 S "(b+ 0)(a? + bc) Yo abla tb) 


it suffices to prove that 


9 b+e A(at+b+c)? — %4at+b+c)? 


2(a + b +.c)?4/3(a2 + b2 + c?) > 950 ab(a + b), 
or equivalently, 


2(a+b+c)?\/3(a? + b2 + c?2) + 27abc > 9(a +b + c)(ab + bc + ca). 


By Schur’s inequality, We see that 


27abe > 3(a +b + .c)[2(ab + be + ca) — (a? +b? +c7)], 


and thus, it is enough to check the following inequality 


2(Sra) (30a +3(2 2 ab- Soa?) 29S as, 
or 
2(a+b+c)V/3(a? + b2 +c?) > 3(a? +0? +c? +. ab + bc + ca). 
This is true, because 
A(a+b+c)?(a? +b? + c*) — 3(a2 +b? +c? +.ab4 be + ca)? = 
= (a? +b? +c —ab— be —ca)(a? +b? +c? + 3ab + 3be + 3ca) > 0. 


The Solution is completed. Equality holds if and only if a=b=c=1. 192. 
if a,b,c are positive real numbers, then 
Ge. a Obs rf ct abc(a +b +c) 
l+a2b 14+Be' 14a — abc +1 
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Solution. By the Cauchy-Schwarz inequality, We have 


/ Oe) __ eve 


Tea 7 Sone) (a+b+c)(abe+1) 


Therefore, it is enough to prove that 


(oe ave). > abc(a + b+ c)’. 


This is equivalent to 


Ss) @ Ve > Vabe(a +b +0), 


a3 b 3 
>atbt+e. 
b c a 


By the AM-GM inequality, We have 


a3 a3 
4/— +4/ — +6 > 8a. 
5 a > 3a 


Adding this and its analogous inequalities, the conclusion follows. 


or 


Equality holds if and only if a=b=c. 
193. 
Let a,b,c be positive ral number such that abc=1. Prove that" 


b+et+6  ct+a+6  atbt+6y 


- , 8(a+b+c). 


Solution: 
Notice that 


>: =6) 0 ab=S > clat+b) +45 ab 
8) a=25) (a+b) +4 oa. 


Hence the inequality written : 


yy eS 1a ws 
AN a-45) ab=45 a-4) abt Afabe— 1) 


= 4(a — 1)(b-1)(e— 1), 


and 


Because 


The inequality become: 


b)(e— 1)? 
Soe Ke Y" > A(a—1)(6— 1(e— 0). 
it is true with (a — 1)(b— 1)(c—1) <0. 

Case (a — 1)(b—1)(c— 1) > 0, Using AM-GM’s inequality, We will prove the inequality: 
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4 
Do _ < 3 Hence We will prove: 


(a +)(b + e)(c +a) > 3(a— 1)(b-1)(e- 1). 
Notice: , 
(a+b)(b+e)(e+a) =F +) 0-42, 


b 
<=> OF +o +3 +223 a 
yo 2 +3 ab > av3 o> adr 6 


it is treu because: 


Q.E.D 
. The enquality holds when a = b=c=1. 194. 


Let a,b,c be nonnegative real numbers satisfying a + b +c = 3. Prove that 


ab Cle Cc (a+ b)(b+ c)(c +a) 
vote Vera Vath V2~ 2V2 


Solution. 


Let « = ab+bce+ca and y = abc. By Holder’s inequality, We have 


( aL Is ab(b +0)| > (ab + be + ca)? = 2. 


Also, 
Si ab(b + c) = (ab? + bc? + ca” + abc) + 2abe < 4+ 2abe = 4 + 2y. 


From these two inequalities, We deduce that 


y ab = x Z x? = Qx? 
Vb+e” V2y¥t4 V2,/aly4+2)~ V2(at+y42) 


Thus, it is sufficient to show that 


Ae oleae eae aa 
Se a C)LC Qa). 
xr+y+2 a 


Since (a+ b)(b+c)(c+ a) = 3a — y, this is equivalent to 


Aa? 
——_ + 2>32%-, 
cty+2 ~ a 
or : 
Ax 
(ge fy 2) > Ae, 
r+y+2 ( y i 


which is obviously true according to the AM-GM inequality. 
Equality holds if and only if a = 6 =c= 1, ora = 1,b = 2 and c = 0, or any cyclic 


permutation thereof 


196 
Let a,b,c be positive real numbers such that abc = 1. Prove that 


| } < 


1 1 1 3 
at(b+c) be(c+a) 2 
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Solution. Without loss of generality, assume that c = min{a, b,c}. From abc = 1, We get 


c <1. Thus, by Bernoulli’s inequality, We have 


1 1 7 iL 
eee eee 
Co Cc Cc 


On the other hand, it is known that «*” > x for any positive real number x. According these 
two inequalities, We see that it suffices to show that 


1 1 26 8 
< 


a(b+c) | Can ae eae 2s 


Since 
1 nm 1 bc a ac 5 2 1 a 1 
= =2c—c 
a(b+c) b(at+c) b+e ate ate b+e 
and , 
1 1 2 (va- vb) (vab—c) 
= 0) 
ate b+e Vab+c (a +0)(b +0) (Vab +c) 
We get 
1 1 2c 
< 2c ‘ 
a(b+c)  b(a+c) Vab+ce 
Besides, it is clear from the AM-GM inequality that 
2-c _2-¢ 
x . 
at+b~ 2y/ab 


Therefore, it suffices to prove that 


2c? 2-c .3 


2c S35: 
Vab+ec 2Vab~ 2 
Setting t = Vab, We get 
1 
c= p 
and the inequality becom 
2 1 
Be ee. Sage p28 
Se 
? i ot. 2D 


tts 


which is equivalent to the obvious inequality 


(3t* 


4t? + t? + 2t+1)(t — 1)? 


> 0. 
23(t3 +1) 20 


The Solution is completed. Equality holds if and only ifa=b=c=1. 
197. 
Let a, b, c be positive real numbers such that abc = 1. Prove that 


1 1 
GEitGso. Gfltera. j~rltary 


3 
<x. 
F085 


First Solution. 
Setting a = 27,b = y?andc = z*, where x,y,z are positive real numbers. The inequality 


becomes 


1 1 1 


3 
TPT) Wripe@re®) * ripe ty 8 
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By the Cauchy-Schwarz inequality, We have 


1 24] 
JV@+ y+) > aytzs +2554, 
z z 
and Z 
1 1 
VOT PVP HA) > yer yt =U 


Multiplying these two inequalities, We get 


it follows that 


1 YZ 
LU wringiaey § L wane +e ry 


Therefore, it suffices to prove that 


8 
(x? + 1)(y* + 1)(z? +1) > 3 (ty + yz + zx). 
Using again the Cauchy-Schwarz inequality, We have 


(@+ii+y)zaty, Vwr+)0+2*)2ytz, 


(22+ 1)(l+27) > 242. 


Multiplying these three inequalities and then using the known inequality 


(c+ yy + 2)(z+2) 2 gery + 2)(cy + yz + 22), 
We get 
(@? +1) y? +1)? +1) > (@t+y)yt2)e+2) 
8 
2 gle ty + z)(ay + yz + 22). 
Therefore, it suffices to show that 
gety+2z>3, 


which is true according to the AM-GM inequality. Equality holds if and only ifa = b=c=1. 


Second Solution. Setting a = x°,b = y? and c = 23, We have 
1 yz ry23 


(a+1P2(b+e) (e+ ayzP2(y +23) (e+ yzP7(y + 2)’ 


By the AM-GM inequality, We get. 


(x? + yz)(y + 2) = y(a? + 27) + 2(2? +. y*) > 2v/yo2(a? + y?)(2? + 2”). 


This yields 
Ayz(a? + y*) (x? + z”) 


2 2 
UL + YZ +z)> 
( yz) (y )= ytzZ 


Using this in combination with the obvious inequality 2(y? — yz + 27) > y? + 27, We get 


Hi ry2z2(y + 2) 
(a+ 16+) ~ Ae? + ya? +7) — yz +2) 
ry?z?(y + 2) 
2a? + ya? + AVY? +) 


IA 
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Therefore, it suffices to prove that 


4S ay22(y tz) <3? +y)Qy? + P)(2 +2”). 


Dividing each side of this inequality by x?y?z?, it becomes 


(pes) tp) (55): 


Now, using the trivial inequality 
(2+ u)(2+v)\(2+w) >8+4(u+vt+w) Vu,v,w > 0, 


We get 


sf. [2+ a 2 ! — > 244 py ew 


VAS bs 
eau)? 
S41 
>24+45 are 


which completes the Solution. Third Solution. 
Since a, b, c>0 and abc=1, there exist some positive real numbers x, y, z such that 


SU pet 
av z 


a andc = 2 
y 


After making this substitution, the inequality becomes 


xyz y? zx 


es zay 
(x+y)(xyt+27) (y+ z)?(yz+ 2x?) 


(z+ x)2(za + y?) 


3 
<-. 
~— 8 
By the AM-GM inequality, We have 

ty +27 > 224/LY, 


and 
(x + y)* > 2/2ay(2? + y?). 


Therefore, 
xyz x 


G+ yay+?) 4 /eraye 


it suffices to show that 
x y Zz 


+ S< ¢ ; 
fx? + y? Vyt+2 V2? +2? J2 


which is just a known result. 


fourd Solution: 
Casel. if ab+ bc +ca>a+b+c 
Using AM-GM’s inequality, We have: 


(1+.a)(b+c) >2Va2Vbe=4 


(1+ 6) (c+a)>4;(14+c)(a+6)>4. 
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Hence We must prove: 
1 1 1 3 
2 


+ + <=Sab+be+ca>a+b+c 
l+a 1+b I+e 


it is true. 
Case2. if ab + be+ca<a+6+c Using Am-GM’s niequality: 
4 1 Cc 
nn < .Tngt—_,—_~ 
be" tay (b+e) 4+)" 4b) (+a) 


(1+a)?>4a= 


ca il ab 
. 4(c+a)’ (1+c)? (a+b) = 4(a+b) 


So We must prove : 


& (ab + be + ca)? +abc(at+b+c) < 


ab be ca 3 
2 


t t < 
a+b b+e ct+ta7 


3 3 3 3 
5 (a+b+c) (ab + bc + ca) zabe = 5 (a+b+c) (ab+bc+ ca) > (ab + be + ca) ta-+b+e+5 


Becauseab + be + ca <a+b+cSo 
(a+b+c) (ab + be + ca) > (ab + be + ca)’; (1) 


1 
g (at b+e)(ab+ be + ca 2 (a+b+c).Varbc? =a+b+c;(2) 


at 1 
6 (a+b+c) (ab+bc+ca) > goabe = 5 (3) 


From (1) ,92) and (3) We have Q.E.D 


Remark. 

The Solutions of this problem gives us various Solutions of the previous problem, because 
We have 4x7 > (x + 1)? for any x > 0. 198. 

Let a,b,c be positive real numbers. Prove that. 


Put 1D 
4(a* +b ce Bs: a+ 2b 13. 


see AL Seis 
ab + be + ca Vaz + 2b? — 
Solution. Denote 
a+ 2b b+ 2c c+2a 
P= | . 
Vaz +262 Vb? +2c2? Vc? + 2a? 


By the AM-GM inequality and the Cauchy-Schwarz inequality, We have 


_ (a + 2b)? (a + 2b)? 
peavey (a+ 2b)/3(a? +257) ~ are (a + 2b)? + 3(a? + 267) 


, Ler] va(La) 
© l(a + 20)? + 3(a? + 26%)] 77a? +20 ab 


Therefore, it suffices to prove that 


A(a? + b? + c?) 
ab+ bc+ ca 


27(a+b+c) Suis 
7(a? + b? + c?) + 2(ab + be + ca) ~ 


which is equivalent to the obvious inequality 


28(a? + b? + c? — ab — bc — ca)? 
>0 
(ab + be + ca) [7(a? + b? + c?) + 2(ab + be + ca)| ~ 
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Equality holds if and only if a=b=c. 
199. 


if a,b,c are positive real numbers, then 


Solution. 


By applying the known inequality 


27 
(e+y+zy> Fi (e’yty’zt2’n+anyz) Va, y, z>0 
a 
forz = put -andz = —, We get 


Genes ees Gs got ge cy _ 27 ca ical ae 
bc. a) — 4\be' ca abd’ ~ 4 abe : 


Therefore, it suffices to prove that 


a+e+e | iss 108(a? + b? + c?)3 
abc “= (a+b+o6 


9 


or 
(a+b+c)(a? +b? +c? — ab—be- ca) 
abc 


108(a? + b? + c*)3 
(a+b+c)® 
Using now the obvious inequality 3abc(a + b +c) < (ab + be + ca)”, We have 


+4 > 


3(at+b+c)? 
(ab + be + ca)?’ 


atb+e  3(a+b+c)? 
abc 3abc(a + b +c) 


2 
and hence, it is enough to check that 


3(a+b+c)?(a? + b? +c? — ab— be — ca) y 108(a? + b? + c?)3 
(ab + be + ca)? ~  (a+b+c)6 


3(a? + b? + c?) 


Setting t = “(nner 1<t< 3. The above inequality is equivalent to 
54(t — 1) 3 
———~ + 4> 4t”, 
(3 — t)? 7 

or 


(t — 1)(9 — 6¢ — 84? + 10¢° — 2¢*) > 0. 


But this is true because 


9 — 6 — 8é? + 10¢9 — 2¢* = 2(3 + 3¢ — #7) (t— 1)? +3 > 0. 


The Solution is completed. Equality holds if and only if a = b = c. 200. 
Let a,b,c be non-negative real numbers, prove that: 


(a+b)*(b+c)'(c+a)? > (a? +b? +c? + ab + be + ca) (ab+ be + ca)” + 10a?b?c? 


Solution Setting 3 ab(a+ 6) =S, abc =T, so S > 6T and: 


(a+b+c)(ab+be+ca) =S+3T 
(a+b) (b+c)(c+a) = $+ 2T 
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The inequality is equilvalent to: 
(S +37)? — (9+ 2T)? +10T? < 
< (a+b+c)*(ab+ be + ca)” — (a? +b? +c? +ab + be + ca) (ab + be + ca)? 


& T (25 +5T) + 10T? < (ab+ be + ca)* 


From a ill-known inequality 


(ab + bc + ca)” > 3abe(a +b +c) 
,We have: 


(ab + be + ca)? > 3T (a+b+ 0c) (ab+bc+ ca) = 3T (S +37) 


Therefore, it suffices to prove that: 


T (25 +5T) + 10T? < 38T (S$ +3T) Ss 6T <8 


which is true. 


The Solution is completed. Equlity holds for a = b=c, ora=b=0,c>0 
201. 
Let a,b,c be non-negative real numbers, prove that: 


(a+b)*(b+c)"(c+a)* >4 (a? + be) (b? + ca) (c? + ac) + 32070? c? 


Solution: 
Without loss of generality, We may assume that a is betien b and c, or(a — c)(a — b) < 0. 
From AM-GM inequality, We have 


(b+c)’(a+b)*(c +a)? = (b4 c)? (a? + be + ab 4 ac)” > 4(b +c)” (a? + bc) a(b+c) 


Therefore, it suffices to prove that: 


a(b+c)° (a? + bc) > (a? + be) (b? + ca) (c? + ac) + 8a7b?c? 
Which is equilvalent to: 
(a? + bc) [a(b +c)? - (0? + ca) (c? + ac)| > 8a7b?¢? 


< (a? + be) [Babe (b + c) — bc? — a*be] > 8a7b?c? 
< (a? + be) (b— a) (a—c) +2 (a? + bc) a(b +c) > 8a7be 


We have, from AM-GM inequality and the assumption: 


(a? + bc) (b— a) (a —c) > 02 (a? + be) a(b +c) > 8V.a?bc.a.V be = 8abe 


The Solution is completed. Equality holds for a= b= c, or c=0,a=b. 
202. 
Let a,b,c be positive real number such that 


153 


. Prove that: 


1 1 1 


| 


T 


(a+b+ Jato) (b+e+ Jabra) 7 (c+a+ er) 7 


Solution: 
Using AM-GM’s inequality 


ave ates chal 
a+b+ +4/ 3.4/ 


=> 


ci ey ~ 27(a ers 


1 4(a+b+c) 
(a+b+ /Maro) _ = Fact bb 4c(eha) 


and 


and We have 


(a+b)(b+c)(c+a) > (a + b+ c)(ab + be + ca) 


so 
1 1 


< 
= abeaee) 6(ab + be + ca) 


using that inequality easy: (ab + be + ca)? > 3abc(a + b + c),We have 


140k. b 
16(a+b+c)>-+-=4 see ze! 
a c ab+bc+ca 


3 
= b+b > 
>ab+ CS aa 


1 8 
< 


> Cabs era) 


Enquality hold a=b=c=1/4 
203. 


Let a,b,c be positive real number . prove that: 


reer ee > +7 2c 5 (a+b+e) 
b'c a~Vb+tec' Veta a+b” a+0?2+c? 


We will prove that: 


Solution: 


a bee 2a 2b 2c 
+-+-> + + 
b coa b+e cta a+b 


Using Cauchy-Schwarz’s inequality 


2 
2a 2a 2a 
< — 
( =) cato+o (De) ieee! 


So We will prove 


ab c\? 2a 2b 2c 
f — + = + 6 
bo coa b+e ct+ta a+b 
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Using inequalities 


ab b? ae 
be | a he a 
a b Cc 3 
| + > 
b+e ct+ta at+b~ 2 
1 1 4 
aR OE 
a b~ a+b 
ee 
c a ob 


Hence We have 


4a 2a 2b 2c 


> | 
= b+e ~b+e cta at+b 


/ 2a / 2b i 2c (a+b+c) 
t t = 
b+e c+ta a+b” a2@+b?+c? 


By Am-GM’s inequality 


2a _ 2a = 4a 
b+e VaV/b+e 2at+b+e 


S / 2a Ss 4a £ 4b ; 4c 
b+e \Qatb+e' 2+e+a W%t+ate 


and by Cauchy-Schwarz’s inequality: 


So 


a? +07 +c? > abt+bet+ca 


We have 
ei a =e a? Ss (a+b+c)? & (a+b+c)? 
2Za+b+e 2a ++ab+ac ~ 2(a?+6?+c?+ab+ be+ca) ~ 4(a? + b? +c?) 
So 
Vic > ri 5 (at+b+0)? 
b+ce Veta’ Vatb~ a@+bh?+e 
Q.ED 
Enquality holds a=b=c 
204. 


if a,b,c are angles of an acute triangle, prove that 
ar aehec@ < (a? 4 b2 orm 


Solution: 
The function f(z) = Inz is strictly concave, so from the general iighted Jensen inequality 
with iights the 


a,b,c We have that 


a+b+c a+b+c 


blna+clnb+alne 1 (ee) : blna+clnbd+alne 
nh >) 
c T 
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a 
ln | ———_ 


) . But, the last relation can be rewritten as : 
T 


1 
— -In(a?b°c*) < In 


T Tv Tv 


(oa 


x b+b 
) , thatis ln (a°b°c*) v <iIn (eee) P 


Removing the logarithm We get 
Wi 2 ab + be + ca 


(a°b°c*) < => r"a°b’c* < (ab-+ be +:ca)" < (a? +0? +07)", Q.E.D. 


TT 


205. 
if it holds that 


(sin z + cosx)* < 8(sin” x + cos” 2), 


then find the value of: 


(n + k)max- 


1st Solution: 


From the Poir-Mean inequality We have that 


x44 an Cay 2 D) - 
,/ sin” x + cos z., fsinte tcose net costa > 2. v2 . 
2 2 2 
So, multiplying by 
5) n 
8W ehavethat8 (sin" x + cos” x) > 16- (4) : 


Taking now in hand the left hand side, We know that 


_\k 
sing + cosx < V2 => (sinz + cosz)* < (v2) : 


So, We know that 


Doing the manipulations on both sides We get that 


n+k <8, hence(n+ k) max = 8,Q.E.D. 
2nd Solution (An idea by Vo Quoc Ba Can): 


The inequality is symmetric on sin x, cos xz. So, We only need to find the maximum of those 
two constants for the values of which sinxz = cos z,that is 


T 
r=. 
4 

So, plugging on the above inequality the value 
T 
L=— 
4 


We get the desired maximum result, Q.E.D 
. 206. 
if x,y, z > 0 prove that 


Jer+aytyt+ VpPtyzt Pt V2 4 20422 > 3 /aytyzt ze. 
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Solution: 


From the ill-known lemma 
4(a? + ab + 6?) > 3(a + b)?Wededucethat : 2\/a? + ab + b? > V3(a +b). 


Doing that cyclic for x,y, z and adding up the 3 relations We get that 


28° Jar? +ayty? > v3.25 c= So Ve? + ay ty? > VBS oo. 


cyc cyc cyc 


So, it is enough to prove that v35 v> 3/ryt+ yet ze. 


cyc 
Squaring both sides We come to the conclusion 


(x=) 23D 


cyc cyc 


Q.E.D 
. 207. 
Leta, b,c be positive real numbers such that a+ b+ c= 3. Prove that 


(2a+b+c)? (a+ 2b+0)? 64 (a+ b+ 2c)? ae 
2a? + (b+)? 7 2b? + (c+ a)? 2c? + (a+b)? ~~ 


Solution: 


From the hypothesis, the inequality is of the form 


(a+ 3)? (b+ 3)? (c+ 3)? 
: ; : <8. 
Ie Gaae w+ B—-o2 32+3-c2 =° 


if We expand the nominators and the denominators, then We get that 


a? +6a+9 b?+6b4+9 c+6c+9 
b- Cc: ta: <8. 
3c? — 6c +9 


3a2—6a+9 ' 3b? -6b4+9 
Now let us use once again the Cauchy-Reverse technique. 


a*+6a+9 1 307+18¢+27 1 (3a?-6a+9)+ (240418) 


3a2-—6a+9 3 3a2—6a4+9 3 3a? — 6a 4+ 9 


Thus, We have 
1 ca 24a + 18 
3 3a2 —6a+9/)° 


3a? — 6a+9=3(a—-1)? +6>6— 


Moreover, 
1 1 


<a. 
3a? —6a+9~ 6 
1 24a + 18 1 24a + 18 
2a <=-(1+ —— }. 
eee) 
Multiplying by 


1 24a + 18 1 24a + 18 1 8a+6 
Beane De | We OT) ee af = ee 
sia eae (+o) < 3 ( 6 ) (G+ 6 ) 


So, 


Now, if We sum up the 3 inequalities it remains to prove that 


i epee GN neat lead x 
bis < yb: (5 G =p ers Lar yo<s, 


cyc cyc cyc cyc 
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which reduces to the obvious inequality 


So ab <3, 
cyc 

Q.E.D 

208. 


if a,b,c are positive real numbers such that abc = 1, then prove that 


cVa3 + 63 ave +3 | ove? +a! 3 
a2 + b2 b2 + c2 c+ a? = J/2 


Solution: 


From the Cauchy-Schwarz inequality We deduce that 


(a? + b°)(a +) > (a? + 0°) 
Removing the square We get that 
Vai +b3-Va+b > (a? + b*).Letusnowdividebya? + b?. 


Then We have 


Va? + b = 1 
a2+b2 ~ Ja+tb 
Moreover, multiply by c. i, thus, acquire 
cV.a? + 8 eee 
a+b ~ J/atb 
So,We have proved that 
ceVas +3 | av +c3 | b/c + a3 yy b i i@ 
a + b? e+e © eta? ~ Vath Veta Vbte 


We will now apply Holder’s inequality, that is 


ee eee ee ee = 3 2. (a+b+e)* 
(+ Ea =) [c(a+ b) + b(c +a) + a(b+c)] > (at+b+4+c) ,or (LHS) > Sab bet oa)" 


Rewrite the sum 
(a+b+c)%as(at+b+c)?:(a+b+c). 
Then We get that: 


(at+tb+c)®? — (a+b+c)?-(a+b+c) ss 3(ab+ be+ca)(at+b+e)  3(a+b+e) 
2(ab+be+ca) 2(ab + bc + ca) — 2(ab + be + ca) 7 2 


And finally, from the AM-GM inequality We have 


3(a+b+c) a 3-3Vabe 9 
2 <= 


So, We have proved that 


(LHS) > ee Fee 
2 V2 
cVe+h aVe+c3 b/3 + a x 3 
a? + b? Pe § @+a =~ V2’ 
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Q.E.D 


209. 
if a,b,c are positive real numbers satisfying the equality abc = 1, then prove that 


a: 3 
+ + > ‘ 
Vvb+c Veta vVa+b v2 


Solution: 
Without loss of generality, assume that a > b> c. 


Since 
1 1 1 


and > > : 
Vb+e Veta” Vat+b 
using Chebyshev’s inequality We get: 


2 2 2 
as >b3 > c3 


2 2 2 
as b3 cs 1 2 2 2 1 1 1 
+ > (a3 + 63 +c) : | : 
Vb+c Veta vVat+b 3 Vb+e Veta vVatb 
Moreover, From the AM-GM inequality We have that 


ae ee ae 1 1 1 a3 +b3 +c3 
(a3 +08 +8) -( } + )e ; 
3 Vote Veta Vatb &/(at+ b)(b+c)(c+a) 


Therefore, it suffices to prove that 


2 

2 (a3 Gheae 3) > 9V/(atD(b+0(c+a). 
Setta=2*,b=y7',c=2°. 

The above inequality can be written now as 


2(a? +y? +27)? > OY (a8 + y®)(y3 + 23) (23 + £8), or2(a? +y? +27)? > 94/ayz(2? + y®)(y> + 28) (23 + 29). 


From the AM-GM inequality once again, We acquire that 


(ae t Pe + Be +e < TU 
And thus, it is enough to check that 
2a? +y? +27)? > 38 [aly? + 2°) +y(2? +a°) + 2(2* +y°)], 

which is equivalent to the obvious inequality 

(2? —ayty)(e—y)? + (y? — yz +2°*)(y— 2)? + (2 — 2 +27)(2-2)? 20, 
Q.E.D 
210. 
Let a,b,c be positive real numbers. Prove that 


8abe x 2(ab + bc + ca) 
(a+ b)(b+c)(eta)7~ a+2?4+¢ 


Solution (An idea by Silouanos Brazitikos): 


From the above inequality is it enough to show that 


8abc 2(ab+be+ca)—a? +6? 4+? 
> ; 
(a+b)(b+c)(c+a) — a? +b? + 
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But from Schur’s inequality We know that 


Pape ci 9abe 
a+b+c 
From Cauchy-Schwarz inequality We know that 


2(ab+bc+ca)—a Soitisenoughtocheckthat8(a?+b? +c?) (at+b+c) > 9(a+b)(b+c)(c+a). 


3(a? +6? +07) > (at+b+c)’. 


Therefore We only need to prove that 


3 
*) > (at+b)(b+c)(c +a), 


which is obviously true from AM-GM inequality, 
Q.E.D 


211. 


if x; for i = 1, 2,...,n are positive real numbers then prove that: 


32 [54/3 -3 (=) 
= 2 


Solution(An idea by Vo Quoc Ba Can): 
We only need to prove that 


5 
5Va8 — 3% (=) <2 
for all a > 0. So, using the AM-GM inequality We have that 
atata+14+1>5Va3. 
ai (= + *) ? Sot 
5 2 
Therefore it suffices to prove that 5Vae-2< 3a, which is obviously true from the AM-GM 


inequality, 
Q.E.D 


it follows that 


212: 
Let a,b,c be positive real numbers such that a? + 6? + c? + d? = 1. 
Prove that 

(1 —a)(1 — b)(1 — c)(1 — d) > abcd 


1st Solution: 
We divide the inequality with a, b,c, d. 
Then We get that 


Let 
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We need to prove that xyzw > 1. But from the hypothesis We get that 


From Jensen’s inequality We get that 


1 1 1 
l= : 
ea Sag) ba 


cyc 


After some calculations, We get the desired result, that is zyzw > 1. 2nd Solution: 
From AM-GM inequality We get that 


4+ d? > ed => 1- a? — b* > 2cd. 


And hence 


2(1 —a)(1—b) —2ed > 2(1 —a) — 6) — 1+ 07 +0? =(1-—a-—8)? 50 


Similarly We can prove that (1 — c)(1 — d) > ab. 
So We prooved that (1 — a)(1 — b) > cd. 
Similarly We can prove that 
(1 —c)(1 —d) > ab. 


Multiplying these inequalities the desired inequality follows, 
Q.E.D 


213. 
Let a,b,c be non-negative numbers, no two of them are zero. Prove that 
ar b? c 
+ + 2 
a2+ab+b? b+bc+c c+cat+a? 


2 


1st Solution: 


Let 
A=@4+ab4+0,BH=U4+be+2,C=2+ca+a’. 
We have 
1 | 1 1 ax C ; a 5 +¢ 1 
A B C A B C¢C oe A? a BC martes 
1 b oye 
gare! za 


from which the desired inequality follows. 
Equality occurs if and only if a = b =c. 2nd Solution: 
Divide each fraction with a?,b?,c? respectively. Then We get that 


Sa 


ae 1+ 84+ (8) 


Let us denote 
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Then the inequality transforms to 


Lap 
e+aet+l~ 
cyc 
Let us now use the transformation 
wv vw WU 


ax 


woe ae ae 
which makes the inequality to 


4 


u 
>1 
De ut + v2w2 + u20w — 


cyc 
From Cauchy’s inequality now, We get that 


ut (= cyc w) j 


> 
» ut + vw? + wow ~ Deye(ut + u?v?) + wow oye U 


cyc 


So, We only need to prove that 


2 
ae) 
Sls ut > ww U, 
wae + uy?) + uvw es u a d 


cyc cyc 


which is obviously true. Equality holds only for a = b =c¢, 
Q.E.D 


214. 


if a,b,c are non-negative numbers, prove that 


3(a? — a+ 1)(0? —b4+1)(2 —e+1) > 1+ abe+a7b*c?. 


Solution: 
From the identity 


2(a? —a+1)(0? —b+1) = 14+ 07d? + (a— 5)? + (1—a)?(1 — 5)? 


follows the inequality 2(a? — a+ 1)(b? —b+1) >1+a70?. 
Thus, We only need to prove that 


3(1 + a7b?)(c? —e+1) > 2(1 + abe + 0767 ce") 
which is equivalent to the quadratic in c equation 
(3 + a7b*)c? — (3 + 2ab + 3a7b?)c + 1+ 3a7b? > 0, 
which is true since the discriminant D is equal to 
D = —3(1 — ab)* < 0. 


Equality occurs for a= b=c=1, 
Q.E.D 
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215. Prove that for any real numbers ay, ag, ...,@n, the following inequality holds: 


n 2 nm ij 
a; < —— 4;a,;. 
(E*) sea 


ij=l 
Solution: 
Observe that 
n ij = ai a 
S- rT ai ag = 10; ja; f t'td “dt. 
ee he Tip h ij=l 0 


But 

n oe 

Sian, 
¥ . Uz 

eg es 


can be considered as a constant. So, 


n 1 1 n 
3 ia ja; | ta = f S > iiay - jaz - t-149-1 | at. 
ij=l 0 0 \Gaj=l 


Notice now that 
1 1fn 2 
i; Sapa a= / (Soin) dt. 
0 \ija1 o \s 


So, the inequality reduces to 


1 n 2 n 2 
i (sin) dt > («) ; 
0 \i=1 i=1 


Now, using Cauchy-Schwartz inequality for integrals, We get that 
1 n 2 1 n 2 
| Sota | de> i Saw | ae). 
0 \i=1 0 \G=1 


But, We must now observe that 


which comes to the conclusion, 
Q.E.D 


216. 
Let x,y, z,t be positive real number such that maa(x,y,z,t) < minV5min(za, y, z,t). Prove 
that: 


ys ig YE st 5227 —t? zt 
5a? —y? By? — 2? + 5t?-—22 ~ 


Solution: 
From maz(a, y,z,t) < minV/5min(a, y, z,t) We have 5x? —y?, 5y? —2?, 522-27, 5t? a? > 0. 
Setting 


We have abcd=1. 


The inequality can rewrite: 


We have: 


Os 1 Bak (a — 1)?(a? +3a+1) 
5a2-—1~ a+a2+a+1 ~ ~ (5a2—1)(a3 +a2+a+4+1) 


We will prove that: 


1 1 1 1 
@+aite) | A+h0+8 'G+o00+e)*’ Ataat+e =! 


Without loss of generality assume that a >b>c>d. 
Then from Chebyshev’s inequality We have that 


1 


| ) + 


1 1 eae 1 1 1 1 
! > ! ! ! 
(+a\l+a2)’ +48 ceaaes 2a(e i+b =) (2 Tae 


217. 
Positive real numbers a, b, 21, £9, ...,£n, Satisfy the condition 7; + 2%2+...+%, =1. 


Prove that 


pe zs x 1 


| i es 7 
aly +b, — n(a +b) 


av, +brq artg+ barg a 


Solution: 


From Holder’s inequality We have that: 


3 
n 43 n n 
i=l i=l 


i=1 
So, it remains to prove 


= x? 1 1 


> é 
i aay + brig, ~ n> iL ari + bai41 ~ n(atb) 


But 2 
a ax; + baj4, =atd, 
i=l 

Q.E.D 

218. 


if a1, a2, a3 are the positive real roots of the equation 42? — kx? + mx — 9 = 0 prove that 


k = 4 3 S- (a, V/a2 + 43) + 3[ [a + ag). 


eye cyc 
Solution: 
Let us divide both sides by 4 and then cube them. 
We acquire 
R\3 
(3) ze y a1 Va + a3 + gil + az). 
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1+c? 


: 


But from Viete’s relations We have that 


7 =a, +a2+ d =- 
=a a a3aNaA,aga3 = —. 
1 2 3 1%2%3 


So our inequality transforms into 
(a; + ag +.a3)° > S- a1, Va + a3 + 3] [la + a2), 
cyc cyc 


or 


eae +3] I (a + a2) > So ava + a3 +3] (a + az). 


cyc cyc cyc cyc 


So, it suffices to prove that 


Soa? > So ava2 + az. 


cyc cyc 


But the last inequality holds because 


a + a3 + a > a1a2(a1 + az) + a3 > 2y/arazay z az (ay + az) = 3a3V a1 + ag. 


Adding up the 3 cyclic relations We come to the desired inequality, 
Q.E.D 


219. 
if a,b,c are non-negative numbers prove that 


(a? + ab + b*)(b? + be + c?)(c? + ca +a”) > (ab+ be + ca)?. 


Solution: 

Lemma: 4(a? + ab + 6”) > 3(a +b). 

Back to the inequality now, multiply both sides by 64. 
Then We have that 4° Il@ +ab+ b*) > 42 (ab + be + ca)?. 


cyc 
But from the lemma We reduce the current inequality to 


27 | [(a + b)? > 64(ab + be + ca). 


cyc 


it also holds 
(at+b+c)? > 3(ab+be+ ca). 


Multiplying the last inequality with 
64 
3 (ab +be+ ca)? 


We get that 
64 


ab + bc + ca)?(a +b +c)? > 64(ab + be + ca)?. 


So, it suffices to prove that 


64 
27] [(a +b)? > 3 @ + b+ .c)?(ab+ be + ca)? 


cyc 
or 
displaystyle9(a + 6)(b+ c)(c+a) > 8(a+b+c)(ab+ bc+ ca), 
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which reduces to the obvious inequality 
a(b—c)* + b(c — a)? + c(a — 6)? > 0. 


Equality occurs for (a,b,c) = (1,1,1) and also for (a, b,c) = (1,0,0) or any cyclic permuta- 
tion, 


Q.E.D 


220. 
Let x,y,z be non-negative numbers. if O<r< V2,prove that 


Jat tyt + zt trary? + y22? + 2202 > (L4r)/Ja3y + y3zt 232. 


Solution: 
if We square both sides We get. 


cyc cyc cyc cyc cyc cyc cyc 


Now from Cauchy-Schwartz inequality We know that 


2r 3 x Dy x2y2 > 2r S- xy. 
cyc cyc cyc 
So, it suffices to prove that 


yee +7730 2? >(1 +77) S$" ay. 


cyc cyc cyc 


For r = 0 the inequality is true. 


So, We only need to prove it for 0 <r < V2. Rewrite the inequality in the form 


Srat- Saby> (se dv) | 


cyc cyc cyc cyc 


We know that S- go » xy > 0 so, it is enough to prove it for r = V2. 
cyc cyc 


For r = V2 We have that 


Srat—Sraky>2 (S-#v) : 


cyc cyc cyc cyc 


which reduces to 
(= “| >3 > xy, 
cyc cyc 
which is a ill known inequality of Vasile Cirtoaje. 
if a,b,c are real numbers prove that (a? + b? + c?)? > 3(a°b + b’c + ca). 
Solution of it. 
We are going to use the following ill-known inequality: (2 + y+ z)? > 3(ay + yz4 22). 


So, if We transform the z, y, z to 


a? + bc — ab, b? + ca — be, c? + ab — ca 
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respectively We have that 


(a? +07 + 2)? > 3S 0@ + be — ab)(b* + ca — be) = 3° a*b = 3(a°b + b°c + ca), 


eye cyc 
Q.E.D 
221. 
Let a,b,c be positive real numbers such that ab + bc + ca = 3. Prove that 
1 , 1 1 3 
(a+ kb)? © (b+ kc)? © (c+ka)3 ~ (k+1)3’ 


where & is a non-negative real number. 
Solution: 


From Holder’s inequality We get that 


1 
ps (a + kb)3 


ps a(b + ke) 


or F 
1 (a3 +b24 ch) 

> ; 

2 (a+ kb)? ~ (k + 1)3(ab + be + ca) 


cyc 


So, it suffices to prove that 


4 
(a3 4/62 +c) 3 
= 
(k + 1)3(ab + be + ca)3 ~ (k +153 


But the last relation is equivalent to 


4 
(x) > 81 = 9/3(ab + be + ca)?/?. 


cyc 


Let us denote by 
x,y; zthea®/*, 3/4, 3/4 


respectively. Then 
ab = (xy)*/8, be = (yz)*/3, ca = (zx)*/°. 


So, our inequality takes the form 


(et+ty+z)*> 9V3 So (ay)*?. 


cyc 


This inequality is homogeneous so, We consider the sumz + y + z equal to 3. 


Doing some manipulations in left and right hand side We only need to prove that S" (cy) 


cyc 


3. 
Now from the AM-GM inequality We have that 


Siew (ay < Day = ay. 


cyc cyc cyc 


The last one is equal to 


yoy = ; >> ay — ayz. 


cyc cyc 
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After that, We only need to prove 


3 
5 ity — Bye SB AY ey ay < 27 4 Says = (=>) + 9xryz, 


cyc cyc  cyc cyc 


which is Schur’s 3rd degree inequality, 
Q.E.D 


222. 
Let x,y,z be non-negative real numbers. Prove that 


1 1 1 9 


| 


@tu? Wtee | @+aP~ Kaytyet ee) 


1st Solution: 
The inequality is homogeneous, so, if We normalize it We get that ry + yz+ 24 = 1. 


Doing some manipulation in the left hand side We acquire: 


4S "(a+y)*(e+2z)? > Oaety(yt2z(z+2) > 45° (2? +1)? >9(a@+y+2—ayz)’. 


cyc cyc 


Let us denote by sthex + y+ z. 
Then We have that: 


AN (a? +1)? > 9(e@+y+z2-ayz) =4) 014+ 8) > 27? 4125 Watyt2—sy2). 


cyc cyc cyc 
But s=x%+y+ 2, so: 
* y x? = 3*-2 
cyc 


Dae = s* — 4s? +24 Aryzs. 


cyc 


Thus the previous inequality can be rewritten as 
A(s* — 2s? +14 4ryzs) > 9(s — xyz)’. 
Now, from Schur’s inequality We know that 


ye +ayz oa > So xy(a? + y’) = 6ryzs > (4—s”)(s? — 1). 


cyc cyc cyc 


So, We come to the conclusion: 


A(s*—2s?+1+4ayzs)—9(s—axyz)? = (s?—4)(4s*—-1)+34ry2—927y? 2? > (s*—4)(48?—-1)+332yz > (s?—4)(4s?—1)+- 


2nd Solution: 
Doing all the manipulations in the left and in the right hand side We only need to prove that 


AS o wy t >) atyz +350 w?y?2? 35 a8y8 -— 250 a8y?z— Sooty? > 0. 


sym sym sym sym sym sym 


But the last one holds because it is equivalent to: 


3 ry — ye “v) + (= ry — os “?) + 2eyz \ > x(a — y)(a—z) > 0, 


sym sym sym sym cyc 
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whose 2 first terms hold from Muirhead’s inequality and the last one from Schur’s inequality. 
3nd Solution: 
Leta=a2+y,b=yt+2,c=2+a4. Then the inequality takes the following form: 

1 


1 1 
2 2 2 | | | | 
( a“ — b*° —c* + 2ab + 2bc 4 2ca) (= + ae 5) > 9. 


Doing the manipulations in the left hand side We get that 


2a 2b az b?—-Qab 
4 | > 0. 


Thus We obtain that 


Cc 
cyc 
From here We obtain that , ( 
2 
~(ans) (b—c)? >0 


Let us denote by S, the 


and the 5», S, similarly. 
Without loss of generality assume that a > b> c. 
From here We have that 
Sa 2 0Sa = Sp > Se. 


Fro the end of our Solution We only need to show that 
7.5, + 7S, > 0, 
which reduces to 
+03 > abe => b+c>a, 

Q.E.D 
223. 
Let x,y,z be positive real numbers such that xyz = 8. Prove that 

2 2 2 


x n y a z ee 
VSP Mts KF ther) s 


Solution: 
From the AM-GM ineuqality We know that 
1 1 2 2 


a > 7 
Vei+1 S(@t+ij(a2-2+1)~ (@+1)+(@?-2+1) 27+2 


Doing that cyclic over the 3 fractions We get that 


ioe aS ee 
me say ye +1) (a? +2)(y? +2) 
So, it suffices to prove that 
Ax? 4 
2 9 
(a? + 2)(y? +2) ~ 3 
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or 


35° a?(2? +2) > [](@? +2). 


cyc cyc 
After expanding, the inequality is equivalent to 


2S 0a? +S ay? > 72. 


cyc cyc 


But the last relation holds due to the AM-GM inequality and from the hypothesis, 


since 
S- 2? y? > 3784 = 482)" 2? > 68? = 24. 


cyc cyc 
Adding up these 2 relations We get the desired result, 
Q.E.D 


224. 
For all non-negative real numbers a, b,c with sum 2, prove that 
(a? +ab+0°?)(b? +be+)(e +ca+a’) <3. 


Solution: 


Assume without loss of generality that a > b > c. Moreover, denote by t, u the 


a+ba-—b 
De 2D" 


Then We get that a=t+u,b=t—u. 
From the hypothesis We deduce also that t < 1. 


Let us now transform the 3 factors of the inequality in terms of t, u. Thus We have that: 


at+abt+h=(t+u)?+(t+ul(t—u)t (¢-u)? =3? +? 


and 


(b? + be + c?)(c? + ca +a”) = (? +te+c?)? — u?(2te— c? — u? + 20”). 


Define by f (a,b,c) the Left Hand Side of the inequality, that is 


f (a,b,c) = (a? + ab +07) (b? + be +. c?)(c? +. ca +7). 


We will now prove that f(t,t,c) — f(a,0,c) > 0. 
Denote the Left Hand Side by X. We must prove that X > 0. 
We know that 


X =u? (5t* +48 e— 62 — 2te? — ct = ut — w(t — c)*). 


We claim that the second factor of Xis greater than zero. 


indeed, this is true as since t = max {c, u} We get that: 


2 >t+co=— > 4 > (t+cPt>c 


Multiplying these 2 inequalities We have that 4t°c > c?(t +c)? or 


4Be> Pe + 2t? +4. 
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Adding up the 5t*c” We get that 


Ac + 5t2c? > 6t7c? + 2t? +¢ 
Thus We have prove that 
5t* + 4t?e — 


6t?c? — te? — c* > 5t* — 5t?c? = 5e?(t — (t+. 0) 
But from the last inequality We deduce that 


5t?(t — c)(t +c) > S(t — ot? > 2(t—c)4 > w(t —c)? +.u* 
due to the maximized value of t 
This completes the first. scale of the Solution 


Now We only need to prove that if 2t + c= 2 then 


3t7(t? + te + 7) <8 
which is obviously true since it is of the form (1 — t)(3¢? 


—3t+1) > 0, Q.E.D 
225. 


Let AABC be a acute triangle, prove that 


cosA.cosB  cosB.cosC cosC.cosA _ V3 
sin2C sin2A sin2B ~ 2 

Solution: 

The inequality can be written in the algebraic form 

if a, b, c are positive real numbers, then 

Jala + b)(a +c) : /b(b + c)(b + a) : Jc(e+a)(c+b) Su/aGa bee. 
b+e ct+a a+b 
Using the known inequality 


(a +y+z)? > 3(xy + yz + 22) 
We see that it suffices to prove that 


(a+ b)/ab(a + c)(b+ c) 


>atbte. 
(a+c)(b+c) . 


Using the Cauchy-Schwarz inequality along with the AM-GM inequality, We get 


(a + b)\/ab(a + c)(b +c) > (a+b) (ad + cvab) = ab(a +b) + ceVab(a + b) 
> ab(a + b) + 2abe. 
it follows that 
> (a + b)/ab(a +e) 


(b+ c) ab(a + b + 2c) 
(a+c)(b+c) DP Seeres )(b +c) 


Ga Oe 


Let a,b,c be positive real numbers 


. Prove that: 
Vb+e | Veta ; Wert SY 54(a+b+c) 
a b c VV ( 


ab + bc + ca)(a? + b? + c?) 
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Solution: 


Vatb, Vate , Vb+e Ces 54(a +b+c)? 
cc b oa (ab + ac + bc) (a? + b? + c?) 


From Chebyshev (WLOG 0 <a<b<c) 


Yard 4% VOSRO\ oli Ne 3 
vee glee ew eae ie +5+ (Vatb+ Yare+ +e) 
c b a 27\a b Cc 


From Poir Mean 


3 
(Ya+b+ Va+e+ Wc) > 27*/(a + b)(at+c)(b+c) 


From AM-GM 


So 


3 3 3 3 3 
(es VEE ee) - 27 #/(a+ b)\(a+c)(b+c) 


c b a abc 


So We just need to prove 


2abc(a + b +c)? 


V(at b)(a+c)(b +e) a (ab + ac + bc) (a2 + B2 +c) 


From GMHM 

3 3(a+ b)(a+c)(b4+c) 

\ b b+c)> cand 

ues Nae ve elt eee ee (a+b+e)? +ab+ac + be 
Expanding 


2abc(a +b +c)* _ 2abc(a +b + 0)? 
(ab+ac+bc)(a2+P+2)° a@+P?4e 


3(a + b)(a+c)(b+c) = 


227. 
Let a,b,c > 0. Prove that following inequality holds 
a+b b+c c+a 2(ab+be+ca) _ 13 


< 
a+b+2c b+c+2a chap 3+ +e) 6 


Solution: 
Let a? + b? +c? =t(ab+ac+ be). Hence,t > 1 and 


‘ a+b  2lab + be + ¢a) 13 
a+b+2c 3(a2+b?+c?) ~ 6 


cyc 


2(ab+b 2 2 
ed (1 a+b )eg4 (a Eee) c > 24 
cyc 


IA 
t 


= a+b+2c} ~ 6  3(a2+b? +c?) a+b+ 2c 3t 
But 
S- 2c =~ 2c? > 2(a+b+c)? _ t+2 
Sa bee: 4 ac + be + 2c? ~ S3(2a2 4+ 2ab) tt +1" 


172 


id est, it remains to prove that 


£49 5 (t-1)(¢ +4) 
ze <=> 
f+1- 6" 3 (+ 11st = 


which is true for t > 1. 
228. 
Let a,b,c be three positive numbers. Prove that : 


(Cy ( 


Qin gd. 72 
ana ee, al ae 8(a* + b* + c*) 


4 
Cc a —~ ab+bc+ca = 


Solution: 


Write the inequality as 


65 260 - oe a b ¢ 8(a? + b? +c?) 
t t + 2 > +4 
(G+5 a 3) (G+2+5)> ab + be + ca 


Applying inequality 
ag? + y? + 2% 4 Qeyz4+1 > (ary + yz4+ zz) 


for 


We get 


oe ae eet 
b2 ce? gg? = a : 


Therefore, it suffices to prove that 


ab boc ca A(a? + b? + c?) 
2 
(¢+2) € *) G 2) ~ ab+be+ca : 


which is equivalent to 


b b A(a2 + b2 2 
S +o 42) + (+542) 4 (S45 42) 5 Cited aaa Be 
boa c Ob a ec ab + be + ca 
or 


(a+b)? | (b+0)? a (c+a)? n 4(a+b+c)? 
ab be cas ab + be +: ca’ 


which is true according to the Cauchy-Schwarz inequality 


(a+ 6)? [So(a + 6)]? A(a+b+c)? 
2 ab = Yo ab ab +be+ ca’ 


229. 
Let a,b,c be positive real number . Prove that: 


> bc ., (5R—-2r)(4R+r)? 
b+e-a 4s(2R —r) 
Solution: 
We have : 

ab+be+ca=4Rr+r? 


(5R—2r)(4R+r)° — 5R—2r (4Rr +r?) 


4s(2R —r) 2R—r Asr? 
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— SR- 2r (ab + bc + ca)? 
~ @-r &a+b—c)\(b+c—a)(e+a—b) 


R (ab + be + ca)? 


= (2 
( WOR <7) Saad re= ae haa D 
And R ‘ 
R = cosAt cosB + cosC Lapp 7— = 
= 2abc a 2abc 
6B +B +84 b6abe— Yo ab ~ PF +848 
sym 
The ineq will be true if We prove that : 
be 2abe (ab + be + ca)? 
Ds an Tapa) 
b+c-a a®§ +063 + 3’ 8(a+b—c)(b+c—a)(c+a-—b) 
2abc 9 
= 8S — be(a +b—c)(a+c—b) <(24 ob pe k + bc + ca) 


2ab 
& 8abc(a+b+c)+16 S- Pe — 8° be(b? + c*) <4abc(a+b+c)+2 Si b°c*4 ea an 3 (ab + be + ca)? 


(ab + be + ca)? 
a +8403 
y (a + b)*(a — b)” +2 (a — b)?e(a +b) 
2(a? + 63 + c3) 
2 2 abc(a + b)(a +b + 2c) 
#5 > (a-b) (sa +e al + 4c) 
We put the inequality into the form of SOS technique: 


= 8\° be(b — c)? + oD a?(b —c)” > 2abe((a +b +c) 


<= 8S — be(b— 0)” + Sa? (b—c)? > abe( ) 


Se = 8ab C2 abc(a+b)(a+b+2c) 


Sy = 8ac +B? abe(a-te)(a-te-+2b) 


Sa = Bbc + a2 — selbte)(b+or2a) 


WROG a>b>c>0 
Easy to see that : Sp, 5.,5, + Sq > 0, and We have Q.E.D 


230. Let a,b,c > 0 


prove that : 
2 
cle 3/ 6 mie s 3[3(ab + be + ca) 
eye” eka” | 2 


by Cauchy-Schwarz We get 


Solution: 


a (doa)? 
ab+e™ Yars/P+e 


applying iighted Jensen for f(a) = ~/x We have: 


Soa? §/b? | Eas dab? +.) ae 
\ a cea | 3 
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hence it’s enough to prove that 


iy: a)? = 34/2 ab)? (>) a ag ye ac) 


or equivalently 


a? 3 ab)?2(> a2b? ace 
EZ Kap asi] Z HC Pht + Fae) 


using )\ a? > So ac 
and 


We need to prove inequality: 


which is true by Am-Gm. 
231. 
Let a,b,c be positive integer such that abc = 1, prove that : 
1 9 


= 
Ds J (a? + ab + 6?)(b? + be +c?) ~ (a+b+c)(ab+ be + ca) 


Solution: 


From Am-Gm inequality We have 


LHS =S~ Vb? + be + cf 
7 Va? + ab + b?(b? + bc + Cc?) 


1 
> 3% 
> le + ab + b?)(b? + be + c?)(c? + ca + a?) 


and Thus it suffices to show that 


(a+ b+¢)(ab+ be + ca) > 34/[] (a? + ab + 2) 


and We have 


(a+b+c)(ab+bc+ca) = So (a? c+b?ctabe) > 34/T[(a2c + abc + b?c) = 34/T[(@ + ab + 6?) 


The Solution is completed equality holds if and only if a=b=c 
232. 
Give a,b,c>0 prove that: 


ab, be sf b si te 
c(eta) a(atb) | b(b+c)~atb' b+e' cta 


Solution: This ineq is equivalent to 


Yad wane > S-a(et+a)(c+b) 
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S ‘> a*b?(b? + ba + be + ac) > [y a*be(c? + ca + cb + ab) 


& (a7b4+b7c4+c2a*)+(ab+be+ca) (a7b? +07? +c7a7) > abc(abt+be+ca)(at+b+c)+abc(ac?+cb? +ba?) 


By AM-GM ineq, We have : 
ab? +b? +a? > abc(atb+c) > (abt+be+ca) (ab? +b?c? +c7a”)abce(ab+be+ca)(at+b+c) 


24 b2 A b2 A 2 4 2 74 24 
a2b4 + bet + cat = * ; ae ae ~— pee — > abc(ac? + cb” + ba?) 


Adding up these ineqs , We have LHS > RHS ang We are done. equality holds when 
a= b=c. 

233. 

Prove that for a, b,c positive reals 


av a2 + 2be + by/b2 + 2ac + cc? + 2ba > V3(ab + be + ca). 


Solution: 
1) 
Using Holder’s inequality, We have 


(Soave? + 2c)’ >» os} > (Xa)’. 


Thus, it suffices to prove that 


a b c (a+b+c)3 
a2 +2be | b? +2ca | c2 + 2ab — 3(ab+ be + ca)’ 


Using now the known inequalities 


a b Cc at+b+ce 
a2 + 2be c2+2ab— ab+be+ca’ 


© b2 + 2ca | 
We see that it is enough to check that 


at+b+c 2 (a+b+c)3 
ab+bce+ca~ 3(ab+bc+ ca)’ 


which is equivalent to the obvious inequality 


3(ab + be + ca) < (a +b+c)’. 


2) 
<=> (ava? + 2be + by/b? + 2ac + ec? + 2ba)? — 3(ab + be + ca)? > 0 
=> oe a? (a? + 2bc) +2 S- aby/(a? + 2bc)(b? + 2ac) — 3(ab + bc + ca)? > 0 
eye cyc 
Note 


S¢ a? (a? + 2bc) + 2S ~ aby/(a? + 2be)(b? + 2ac) > S~ a?(a? + 2c) + 25° adlab + 2cvab) 


cyc cyc cyc cyc 
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We need only prove 


S (a? (a? + 2be) + 2S ~ ab(ab + 2cVab) — 3(ab + be + ca)? > O.ee-eeee (x) 


cyc cyc 


substitution a = x7,b = y?,c = 27,(x,y, z > 0) 


(x) a®— Arty? 2? +y8—Ayt 22a? +28 —A24y2a? —ytart 4 dy3e322—yte4 4 dy3 23a? 244 +423 23y? > 0 


1 
= SL + x?y + Qzay + ay? + y?)(23 + wy — Qzryt cy’? + y°)(a —y)? >0 
cyc 
assume © > y > Zz 
let 


Sy = (22 + 22a + Qeay + 222 + 27)(29 + 222 — Qzry + 272+ 2°) 


easy prove that 


Sy = (2 + 274 + Qzay +072 4+ 2°)(23 + 222 — Qzay+a?z+2°) >0 


Sy + Se = (22 + 22a + Qzay + 272 + x?) (23 + 22a — Qzay + 272 + 2°) 


+(y? + y2z + Qzxy + yz? + 23) (y? + y*z — Qzry + yz? + 2°) > 0 
S, = (a? +27y + Qzry + cy? + y3) (2? + ay — Qzry+ cy? +y°) >0 


Q.E.D 


234. Let a,b,c be positive real number such that a+b+c=1 prove: 


2: 48 2 
So Sag? ee) 
b c a 
Solution: 
48 2 
Fae eat aa? hepatic) 
b c a 
2 32 2 
gas (Es ee = ig hin) alate ae) 
b Cc a 
3 3 3 2 2 2 
eae ee Pa Ae a ae) 
b c a b c a 
3 3 3 2 2 2 
CSE ee EO OU Sas as 8) 
b c a b c a 
3 b3 3 2 b2 2b 
(es gue apes re \(ab+be+ca+be+ca+ab) > (a2 +b%7 +c? +ac+ba+ ac)? 
b c OG b 6 a 


a? Be? a’c ba c?b _ (a2 +0? +c? +ac+ bat ac)? 
b co b c a 2(ab + be + ca) 


a? +b? +c? +.ac + bat ac > 2,/(a? + b? + c2)(ac + ba + ac) 
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by AM-GM 
= (+0? +c? +ac+ba+ ac)? > 4(a? +b? + c”)(ac + ba + ac) 


(a? + 6? +c* +ac+ ba + ac)? 


SSB l pipe ge 
2(ab + be + ca) ee 


Then We are done. 


234. 
Prove that 


yw — sin Asin B > 


NO! Cw 


with ABC is a triangle. 


Solutuon: We can rewrite this into (using the Sine rule) : 
3R < 5° V4R? — ab; 
cyc 
Which is equivalent to with 


s- (VR Sah R) > 0; 


cyc 


3R? — ab 
“ye e+ V4R? — ab 
The famous inequality 9R? > a? + b? + c? gives us 3(3R? — ab) > c? — ab and its similar 
inequalities, so that We have to show that 


Ce ab 


——— 
ye R+V4R? — ab — ye R+V4R? — ab 
Note that the sequences {a,b,c} and fa a ae ae a tea} are similarly 


sorted, 


so that from the Rearrangement inequality We have 


a2 b2 
Sa? 2 REVEL | /4R2 — ab + airs 
2ab 
2 aS The — ab’ 


cyc 


And hence We are done. 

235. 

Suppose A C {(a1,d@2,..-,@n) | a; € R,i = 1,2...,n}. For any a = (a1, a2,...,a,) € A and 
B = (bi, bo,...,0n) € A, We define 


y(a, B) = (\a1 re bi |, |ag y on bol, a: ay lan a bn |); 
D(A) = {y(a, 8) | a, B € A. 
Show that |D(A)| > |A| 


Solution: induct on n. For the base case n = 1 let the elements of A be 2, 22,--+ , 2,4) and, 


without loss of generality, 21 < z2 < 23 < +++ < Za). 
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Thus, for all 1 < j < |A|, (2we-— 21) is an element of D(A). Since zwe — 21 > 0 and 2, 4 z; 
when i 4 j, D(A) has at least |A| elements 

. Now suppose the inequality is true when A consists of at n — 1-tuples and We will prove 
the inequality if A consists of n-tuples. 

Let A consist of the elements ewe = {@;,1, @;,2,4:,3,°°* ,@in} for alll <i<a=|Al. 
Consider the n—1-tuples ef = {aj,2, 4i,3,@i,4,°+* , in} for alll <7 < a,and let fy, fo, fs,--- , fi 
be the set of distinct elements e’, 

ordered such that if n; is the number of e/ so that e, = f; for each 1 < 7 < t, then 
ny <ng<ng <-+++ < mM. Set Aj, 

for all 1 < j <t, to be the set of e; so that e, = f;. By definition, ar nj =a. 

Define the function f(fi, fj) = {|@u,2 — @v,2|, |@u,3 — @v,3|,°°° 5 |@uyn — Gon|} if ef, = fi and 
e, = f- 


Correspond these sets to vertices of a graph; let vertex uv; correspond to the set A; in our 


graph. 

Now define the following process. Start at vz, draw an edge to itself, and record the n — 1- 
tuple f(ft, fz) = {0,0,0,--- ,O}. Then, draw an edge betien v,; and v%_1 

and record the difference f(f:_1, f;). Now, if f( ft, fr-2) has not yet been recorded, draw an 
edge betien v, and v—2 and record f(f:, fr_-2)- 

Otherwise, do nothing and proceed. if f(fi_1, f;-2) has not been recorded, draw an edge 
betien vz_-1 and v;—2 and record f(f1-1, fr_2)- 

Otherwise, do nothing and proceed. Do the same for the pairs (v;, v¢-3), (Vs-1, Ve-3), and 
(Uz-2, Ve-3) in that order. Keep doing this for t— 4,t —5,--- , 1. 

Say that once We have determined whether to draw an edge betien v;_; and v;, We have 
"completed the ith set." 


By Lemma 1 below, there are at least ae 


| differences betien elements of A; and Ay 
(upon taking differences betien the first element of A, and the first of A,) 

. Moreover, by the base case of the original problem, there are at least n; differences betien 
elements of A;. Let n(A,,A,) be the number of distinct n-tuples in the set of f(s, t) 

, where s ranges over all elements of A, and t ranges over all elements of Ay. Summing this 


over all sets (7, y) so that vz and v, are connected gives that 


ID(AI> So n(4i,Aj)tu> S- jet) 


v4,vj; connected v4,0j connected 


because differences betien A; and A; will form a "new difference" in the last n — 1 elements 
of the n-tuple if v; and v; are connected. By the inductive hypothesis, after completing the 


jth set, there are at least 7 edges for all 1 <j < n. Hence (by induction, for instance), 


t 
nwetn;—1 nwe+tnj_1i—-1 
yy [pwetnt) 5 yo [ewer met) sa, 


vi,0; connected 1=2 


which is greater than or equal to )>/_, nwe = a =|A| by Lemma 2 below. Hence, |D(A)| > 
|A, as desired. 

Lemma 1: Given two sets of reals X = {21,22,73,--- ,v,} and Y = {y1, y2,y3,--- , yr}, the 
set containing the distinct values of |ewe — y,;|, where 7 ranges from 1 to k inclusive and 7 


kota) elements. 


ranges from 1 to / inclusive, contains at least | 
Solution: it suffices to show that there are at most k +1 — 1 elements in the set consisting 


of distinct values of rwe — y; 
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. Proceed by induction on k +1 to prove this. if k +] = 2, this is clear. Suppose it is true for 
all k,l so that k+17<r—1, and We will show that it holds for k,l so that k+1l=r. 
Assume that 71 < a < a3 < +++ <a, and y < yo < y3 < ++: < y. if min{k, 1} = 1, suppose 
k = 1, so the elements (ywe — £1), for all 1 < i < 1 are pairwise distinct and lie in our set 
of differences, thereby yielding / differences, as claimed. 

Now, suppose min{k,/} > 1. if X’ = X — a,x, then there are at least k + 1] — 2 distinct 
values among differences betien elements of X’ and Y due to the inductive hypothesis. Now, 
Lk—-Y1 > Le — yy > Cwe—y; for all 1 <i < k and 1 <j <1, where equality only occurs 
when We =k and 7 = 1. Thus, x, — yi is a new difference, so our set has at least k+1—1 
elements, as claimed. 


Lemma 2:Given integers t > 2 and 1 <n, <no<ng<--- <n, 


t t 
[twtr as Sn 
i=l 


1=2 


Solution: Proceed by induction on t. Consider the base case, when t = 2. if n, = ng, then 


| = Nn, so 
-—1 


as claimed. if ny > no, then 


rng = Ny + N2 


nytng—-1 nmytny+1-1 
2 ee 2 


The base case is thus proven. Now suppose that result holds for t = r —1, and We shall 
prove the result for t = r. if n,_; = n,, then 


r r-1 
nwetn;_1—1 _ nwe+tn_1—1 Np—1 + Np 
ear eg re (cer 
4=2 4=2 
r-1 r 
> So nwe + nr =e 
i=l t=1 


ifn, > N,—1, then 


Tr r-1 
> nwetn-1—1 3 nwetnj1—1 Np-y +N, — 1 
2 Oh . i=2 2 ea 7 2 


i=2 i= 


ae nwetni_1—1 Np tNrp1+t1—1 u 
> yD ; 4 5 +n, > » nwe 
by the inductive hypothesis. Hence, the lemma is proven. 

236. 

Let a,b,c be positive reals such that abc = 1. Show that 


1 1 1 1 


es 
a®(b+ 2c)? b?(e+ 2a)? CP? (a + 2b)? ~ 3 


Solution: Set 


1 1 1 
a=-,b=-,c=- 
x y Zz 
then: x,y,z >0,xyz=1 
1 1 1 1 
a®(b+2c)? ' b®(e+2a)2 ° c5(a + 2b)? 


By AG-GM: 


“>> = See 
a Sp x = 
(2y+z)? ~ 9 m — 3 
equat We if only ifa=b=c=1 
237. 
Let a,b,c>0 such that a+ b+ c= 1.Prove that 
b? ie oad a? 2 3 

a+b? b+ce ° c+a2—4 

Solution: We have 
b? (oa az (a? +07 + ce)? 


| > 
a + b? b+ e+ tat ~ (th +A) + (ab + be + ca) 
Hence it suffices to prove that. 


(a? + b? + c?)? 
(at + b4 + ct) + (ab? + be? + ca?) 


<= 4(S°a?)? > 3(S- ab?)(S >a) +350 a4 
S 4S "at +850 a?b? > 2dr +35 (2b + abc? + a*c) 
& ya + 5 ab? > Babe()~ a*) + 3 ac 


Since We always have 


3 
> 
— 4 


3(ac + Bat+c?) < (a? +040?) = (at+b44+c*) +2 (070? + b?c? + c7a?) 
Therefor it suffices to prove that 
3 (ab? + b?c? +. c?a”) > 3abe(a +b +c) 


which obviously true. 
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Let a, b ,c be positive real numbers. Prove that 


a®b bec Ca 


<i. 
at + a2b2 + b4 Mapeta’ @1cata or 


Solution: setting 


a b Cc 
1S (at SS Se SS 
pew ee a 
We get 
1 7 1 ; 1 25 
a,b, R  ytig dt 2tiss 
Now We have 
1 Te ss 1 
xv T 
gc ge x3 
1 1 1 
i gerne See ee 
yp ye y? 


ees ae 
a zZ 2 z3 


so the left-hand side of our equation is loir or equal to 


the last sum is loir or equal to 1 if 
493z3y3 — 3 — 3 — 73 —1 
>1 
(20? +1) ge +1) (2274-1) 


this is true since —44+ 23 + y?+23+1>0o0r ces ee > 1 and this is AM-GM, note that 
xyz = 1 holds. 

239. 

Let x,y,z > 0 satisfying xy + yz + za + xyz = 4. Prove the following inequality: 


(ee? | je : (2 Be 
3 3 307 
Solution(Le Viet Thai) 


Setting r+2=a,y+2=b),2+2=c 


The condition is equilvalent to: 


(a — 2) (b— 2) + (b— 2) (e— 2) + (c— 2) (a— 2) + (a — 2) (b— 2) (c—2) =4 


© abe = ab+ be + ca 


Tin Sl «i 
@-+-4-=1 
a b e¢ 


From Holder’s inequality, We get the desired result: 


a pepe 


(Va+vb+ ve) (Va+vb+ ve) (G+5+2) 33° 


=> Jat Vb4+ Ve > 3V3 239 


Leta, b,c > Oprove: 
vit 48a ae 48b fit 48c > 15 
b+e cta a+b 


Solution: 

1.Let 

1+ ae = (1+42)?,1+ a = (1+ 4y)?, 14+ a = (1+ 42), 
where 


x,y and z are non-negative numbers. 


Then 
a oe? +a 
b+e. 6 
b — dyrty c _ 222 +2 
atc 6 ’atb 6 
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Since, 


2abec ab 
aCe Cee Cae 


cyc 


the following equality holds: 


2(2a° 2y? 227 2a 2y? 
(2a* + @)(2y* + y)(2z sa es So w+ a)(2y°+¥) 5 
216 es 36 
Beptajo? 
= 108 = S- (seu + + 6a7y + Gaz + Qa? yz + 129? y? + 4a2y?2 + “= ) : 
cyc 
Remain to prove that «+ y+ z > 3. 
Let «+y+z < 3 for some non-negative x, y and z such that 
1+ #2 = (14 42)?, 14+ 382 = (1+ 4y)? and 1+ S$ = (14 42). 
Let « = ku, y = kv, z = kw, where u, v and w are non-negative and u+v+w =3. 


Hence, 0 < k < 1 and 


Qep2a)2 2? 
108 = 5° (30y 7 + 6a? y + 6a2z + Qx2yz + 12x2y? + 4a2y2z + =) = 


cyc 


= ye, (e200 + — + 6k8u70 + 6h u2w + 2ktu720w + 12k4u2u? + 4keu202w + we 
cyc 
< Se (sue + a + 6u7v + 6u?w + 2u20w + 12u?0? + 4u?0?w + a : 
Thus, 7 
108 < S- (sue a + 6u2v + 6u2w + 2u?uw + 12u2v? + 4u207w + ee) : 


cyc 


But it’s contradiction since, for all non-negative u, v and w such that u+vu+w = 3 holds: 


Peep? 
108 > S- (sue =" + 6u72u + 6u2w + 2u?70w + 12u?v? + 4u?020 + | 


cyc 


S S"(4u® + 17u°v + 17u°w — 4utv? — 4u*w? + 68utuw — 34u3v3+ 
cyc 
+1lu3v2w + 1lu3w?v — 86u2v?w?) > 0S 
S4. So(ue uv? — utw? + u2v?w?) +:17- So uv(w? —y*)?4 
cyc cyc 


+ S°(68utow + 1lu3v?w + 11u3w?v — 90u?v?w?) > 0, 


cyc 


which obviously true. 
2. Without loss of generality, We may assume that c = min{a, b,c}. Then, We notice that 


( V4) [a?(b+c)+b*(c+a)] > (a+5), 


from the Holder’s inequality, and 


a? (b+c)+b?(c+a) = c(a+b)?+ab(a+b2c) < c(a+b)*4 teal (a+b2c) = 


(a+ b)?(a +b + 2c) 
n . 
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Combining these two estimations, We find that 


ay eons (a+b) 
+c eta] ~atb+2c 
Now, using the Minkowsky’s inequality (in combinination with this), We get 
4 48b 
" Weccclee vit 8s f+)? 448 
b+ec cta os + a cta 


4(a + b) / 48(a + b) 
> + 48, ———_— —__+ 
> [4 Saeco =e th epee 


and so We are left to prove that 


2/4 48(a + b) ae 48¢ > 15, 
a+b+2c at+b 


3. 3. Once again We can use the uvw-theorem 
Let. = 4/1+ S21,y = 4/1+ 22 1,2=4/1+ 221, 


which is easy to check. 


z>0. 


b+e cta 
Then We have 
a xv? + 2a 


b+e 48 


and so on. Using the illknown: 


rec Wee 


We obtain: 


48S 0 (2? + 2x) (y? + Qy) + 2(x? + 2x) (y? + 2y)(z? + 2z) = 483 


cyc 


We should prove that «+ y+ z > 12 when 


48S 0 (2? + Qx)(y? + Qy) + 2(a? + Qa) (y? + 2y)(z? + 2z) = 483 


cyc 
Assume that «+ y+ 2 < 12 when 
48S 0 (2? + Qa) (y? + 2y) + 2(x? + 2x) (y? + 2y)(z? + 2z) = 48° 


cyc 


Then by increasing zx, y, z ’till x +y+z=12 We will get a situation where: 
xety+z=12and 485° .,.(x? + 2x) (y? + 2y) + 2(a? + 2x)(y? + 2y) (2? + 2z) > 48°. 
So it is enough to prove that: 


cyc 


48S 0 (2? + Qa) (y? + 2y) + 2(x? + 2x) (y? + 2y)(z? + 2z) < 483 


cyc 
when 
e+y+2z=12,2,y,z2>0 
Let 83u=2+y+ 2,30? =xy+yz4+ 22, uw? = ryz. 
Writing it in terms of u, v?, w? it clearly becomes on the form 2w®+A(u, v?)w?+ B(u, v2) > 0 
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where A, B are functions in u and v?. 

So according to the uvw-theorem We only have to prove it when xyz = 0 and when (xy) (y- 
z)(zx) = 0. 

ryz =0: wlog x =0>a=0. 

(xy) (yz)(zx) = 0: wlog y = z. Then _ =app — (be)(atbt+c)=0 = b=c. 

So We only have to prove it in to cases: 


a=0,b=c=1. 
a= 0: /1+ 4824 1+ 485 > 14. Squaring: 2+ 48(¢ + 2 5) +24/1+ 482 «/1 + 48¢ > 14?, 
follows from ¢ +2 > 2 (AM-GM) and ,/1+482,/1 ik > (1+ 48) = 49 (Cauchy- 


Schwartz) 
b=c=1: f(a) = V1 + 24a+ 24/14 tre 215 
Then f’(a) = 
Tifa ite isa a TT) 
So f(a) >0 <> 
(a1)(a® + 54a? + 204a33) > 0 
a® + 54a? + 20433 has exactly one positive root, and this root is less than 1. 
Let it be a. Then f’(a) > 0 <=> (al)(aa) > 0. Hence f is increasing in [0; a] M[1; +00] and 
decreasing in [a;1). So f(a) > min{f(0); f(1)}. And since f(0) = f(1) = 15, We see that 
f(a) = 15 
, and We are done. Equality when a = b = c or when a= b,c = 0 and permutations 
340. 
Letz, y, z are positive numbers andz +y+z2=3. 


((49 +a) (1 + a)316(1 + 24a)) 


prove: 
a | y? | z 1 | 2 } | 
pret Pret eet ay yz + 22) 
Solution: 
By AG-GM, We have: 
(y+ 2)(y2—2y+4) © 9y2-2y+4) 3° Oy? = 


Be en 
ae Se ee 
3 y? Sree 3 9y? 9 3 


3 2 
se x ee sy x(y + 2) ee 2y+4 
(y + 2)(y2 —2y+4) ~ 3 9(y2 — 2y + 4) 3 Qy? 


On the other hand: 


s x(y + 2) =" x(y +2) end cy+ 20 cyt+yzten Aetytz) _ cyt+yzt ze 
9(y? — 2y + 4) Oy — 1)? +27 — — a7 27 27 27 


And: 


POA Oe OT 
< 
poy ge la 


(*) Really: 
1 


So: 


4 2 2 y?-2 4 
3 u(y + 2) Ee Una 
3 9(y? — 2y + 4) 3 Oy? 
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4 «vytyz+zn 2 Eye 1, 4 wxy+yz+2u 


> = 
3 9 27 


3 27 9 3 3 
So: 
> x kes cy + yz + 2x 
y+8~ 9 27 
and: 
: eee A (oy byz+20)Saytyzt za <3 
True. 
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Let a,b,c,p be real numbers. We denote 


Cun yay 2 Pa” at pjbe  3(1+p)(2—p) 

pa? +b? +¢ 2+p 
Prove that (p — 1).F (a,b,c) > 0 for all real numbers a,b,c and all positive real number 
p with equality if and only if p = 1 or (a,b,c) = (1,1,1) or (a,b,c) = (1,1, 2) and their 
permutations. 
Solution. 


Because 


(2+p) [p(3—p)a?+2(1—p) be]—(1+-p)(2—p) (pa? +b? +c”) = 2p(2a?—b?—c)+(p—1)(p+2)(b—c)? 


, We have 


rn pjaz+2(1—p)be (1 +9\2—2)) 


pa? + b? + ¢? 2+ p 


2a? — b? — (b—c)? 
= 1 . 
Ly ee eps eed 


Notice that 


x 2a? b? oa a Sw b) 1 1 
pa? + b? + c? par +b2+c? pb? +c?+a? 


=(1 PD a 


pa? + b* + c?)(pb? + c? + a?) 


, We have 


F(a,d,0) = PP Caeias + +(p-1)>> Catch 


2+p pa2 + b? + c?)(pb? + c? + a?) pa? + b? + c? 


= ( 1) +s (a — 6)? (a cai) 
= pc? + a? + b? x (pa? + b? + c?)(pb? +c? +a?) ] © 


Hence the original inequality is equivalent to 


Ye Y peer one 
peta +e = = _ (pa? + b? + c?) (pb? + c? + a?) 


for all reals a,b,c and positive real p. From the inequality (2 — y)? > (|x| — |y|)? Vz,y, We 
see that it suffits to prove the above inequality for a,b,c > 0 and p > 0. This inequality is 


equivalent to 


pe? +a?+b? (pa? + b? + c?)(pb? + c? + a?) 
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, which can be rewritten as 


with 
S. = (p+ 2)(pa? + b? + c?)(pb? + c? + a?) — 2p(a + b)? (pe? + a? + B7) 


and S,, 5p are determined similarly. We can rewritten S, as two forms 


S. = (pe? + a? +b?) (pb — 2a)? + (p+ 2)(c? — a?)[pe? + a? + 0 + (1 — p)(pb? +a? +?) 


Se = (pe? + a? + b*) (pa — 2b)? + (p + 2)(c? — b7)[pe* + a? + b? + (1 — p)(pa? + b? + c?)] 


and similarly for S, and Sy. 

it is very useful We rewrite in both two above forms. Now, We assume a > b > c > 0 
and consider three cases of p: 

First case : 0 < p < 1. Clearly that S, > 0,5, > 0, it suffits to prove S, + S. > 0 
(because a — c > a—b > 0). We have 


Sp + Se = (pb? + 2 + a?) (pa — 2c)? + (pe? + a? + b”)(pa — 2b)? — (p+ 2)(1 — p)(b? — *)?. 


Using the inequality 2(a? + y?) > (a + y)? Vax, y We have 


(pb?+c? +a”) (pa—2c)?+ (pe? +a? +b?) (pa—2b)” = (a?+-pb?+:pc?) ( (pa—2b)? +(pa—2c)”)+(1—p)((pab— 2b)? + (pac—2c 


1 1 1 1 
> (a? +pb? Hpe”) 5 (2b 2c)? +(1 p) 5 (20° 2c? +pac—pbc)* > (a+; (b+c)*).2.(b c)?4 5 (1 p)(b—c)? (2b+2c—pa)?. 
We need prove 
a 
2a° + p(b +c)” + 5(1 — p)(2b + 2¢— pa)” > (2+ p)(1—p)(b +)’ 


or 


(44+ p* — p®)a? + 2p?(b + c)? > 4p(1 — p)a(b +c) 


, which is true because (4 + p? — p*)a? + 2p?(b +c)? > 4a? + 2p?(b+c)? > 4p(1— p)a(b+c). 
The inequality was proved for 0 < p< 1. 

Second case: 1 < p < 3. From the expression of S, + S. in the first case, We see that 
Sat Sp > 0,5,4+ S. > 0,5.+ 5S, > 0 for 1 < p. it suffits to prove S, > 0, which is true 
because b > c and 


pb? +c? +a? + (1—p)(pa? +b? +c”) = b? + (2—p)c? + (14+ p—p")a? > 6? +(14+p—p7)d? > 0. 


The inequality was proved in this case. 


Third case: 3 < p. For this case, We rewrite again as 


S. = (pe?+a?+b)(pb—2a)?+(2+-p) (2—a?)[e2—6?-+(2—p) (a2 +62+pb?)] = Ke+(2+p)(e2—a2)(?—0?) 


with 


K. = (pe? + a? + b*) (pb — 2a)? + (4 — p*)(c? — a”) (a? +b + pb”). 


We also have another form of K;, as 


K, = (pc? + a? + b7)(pa — 2b)? + (4 — p*)(c? — 7) (0? +a? + pa’). 
(it is similar for K, and K,) Then 


S > Se(a — 6)? = $> K.(a — 6)? + 5 (2+ p)(c? — a?) (c? — b*)(a — 0)? 


Because 


, We need prove 
K-(a — b)? + Ki(a—c)? + Ka(b—c)? > 0. 


Clearly that K, is always nonnegative (from a > b> c) and K, > 0 for p < 2, K. > 0 for 
p > 2 (where We used both two forms of them). We have 


K,+K, = (pb? +c? +.a”)(pa — 2c)” + (pe? + a? +b”) (pa — 2b)? — (4 — p?)(b? — c?)? KK, + Ka 


= (pb* + c* + a”) (pe — 2a)? + (pa? + c? + b?)(pe — 2b)? — (4 — p?)(b? — a?)? 


From this, if p > 2 then the inequality is clearly true. if 2 > p > 3, then K, > 0 and We 
must prove Ky, + K, > 0, which is true because 


(pb? +c? +a”) (pa—2c)*+(pe?+a?+b?) (pa—2b)? = 5(P+2)(0? +02) (pa—26)?+5 (p+2)(02+e2)(pa-26)? 


1 1 1 
= 5 (p+2)(b’ +e") ((pa—2c)"+(pa—2b)”) > 5(p+2)(b’ +e7).5 (2b—2e)* = (p+2)(b°+c")(b-c)” > (4—p*)(b?—-e*)?. 
The inequality was proved in the last case. 
342. 
Let 2, y,z,t be positive real number such that max(x, y, z,t) < /5min(z, y, z,t). 
Prove that: 
ry YZ at tx 
| | >1 
5a2—y? By — 2? _ 522 —t? Bt? — ao? — 


Solution: From 


max(x,y,z,t) < minV/5min(z, y, z, t) 


We have 
5a® — y*, 5y? — 27,527 — 7, bt? — 2? > O. 
Setting 
a ,b Bi é ,d 
y Zz x 
We have abcd = 1 
The inequality can rewrite: 
a ; b Cc zi d wd 

Ba2—1 ' 562-1 ° Se? —1 " 5d? -1 = 

We have: 
ae 1 Ba (a — 1)?(a? +3a +1) 
5a2—-1~ a+a2?+a41 ~ ~ (5a2—1)(a8 +02 +a+1) — 

(true) 
We will prove that: 


1 1 1 1 
AFOCee) G4 GsO0ee). Ghote 


Without loss of generality assume that a >b>c>d 
. Then from Chebyshev’s inequality We have that 


1 1 1 
ifodre, Cedar) Crodre) — 
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= 1 1 4: 1 a 1 1 Se 1 p 1 
—~3\l+a 14+56 I+e lta? 140% 14+e/)° 
Lemma (Vasile Cirtoaje): ifa > b >c>dand abcd = 1 
. 1 3 
then it holds that + + 


> 
l+a 1+b 1+e7 14 Wabe 
Se of the Teme: We know that 


> ; 
I+ea° 14+6~1+/ab 


So, it suffices to prove that 


2 3 
+ = 
l+e 14+Vab~ 14+ Yabc 


Let us denote by 


3 
z=Vab,y= Vabe c= 
x 


Substituting them to the above inequality We get that 


1 2 3 a? 2 3 


T = + > 
l+e 14+vVab 14+ VWabe v?t+y? l+a 1t+y 


which reduces to the inequality 


(x — y)? [2y? — y + x(y — 2)] 
(1+2)(1+ y)(2? + y9) 


, which is obvious since 


2y? — yt (y — 2)e > 2y? —y + (y— 2)y? = y(y- ly? —y+1) 20. 


Back to our inequality now, from the above lemma We deduce that: 


1 ee 3 
lta 1+6 1+¢e7> 14 Yabe 
1 1 1 3 


= F 
Ll+at 140?  1l+c? ~ 14 Wa2b2e2 
For convenience denote by k the Vabc. 


Therefore We have that 


1 1 1 3 


(aoe) Cee Opie Cana ae) 


Thus it remains to prove that 


3 1 
| >1 
(1+k)A+k?) (14+ d)\(1+d?) ~ 
But abcd = 1. 
So, the last fraction is of the form 
1 
(1+ gs) (L+ ge) 

After that We get 

: ss >1 


(+p)0+e)  G+H0+R) = 


Conclusion follows from the obvious inequality 


(k —1)?(2k4 +k? +k +2) 
(B+De+1) =" 
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Q.E.D 
The Enquality holds when x =y=z=t=1. 


Remark: Let 71, £2, ..., Zn be positive real number such that max(21, 22, ..,%n) < V5min(21, 22, ... 


that: 
T1X2 T2223, _ en si 

bat — 22 ° Sa2—a2 5a — a? = 
243., Given a,b,c > 0. Prove that: 

(a+ b+c)? a? ‘ b2 C2 

2(ab+ be + ca) ~ a®?+bc* B+ca ' c2 +ab 

Solution: 
1. 


2a? a a?(a — b)(a—c) 
Si ren yCras Saas GG outa 
(a+b+c) 2a? 24 ab(a+ b) 
2(ab + be + ca) < > (at+b)\(a+c) (at+b)(b+c)(c+a) 


Assume that a+b+c=1 and put q=ab+ bc+ca,r = abc, then the inequality becomes 


My Oe 
4q7 q-r 


By Schur’s inequality for third degree, We have r > ae then 


2r 2r 6r 
Aq—1 


q—- 3r q- 
it suffices to show that 
6r > (4q— 1). - @) 


But this is just Schur’s inequality for fourth degree 


Soat +abeS a > Sabla? +67) 


We have done. 
2: 
Suppose a+ b+ c= 3. We need to prove: 


f(r) = 4q* — 9q° + 24qr? — 54q?r — 72r? — 243r + 216gr < 0 


f'(r) = 48qr — 54q? — 144r — 243 + 2169 
f" (r) = 48(q— 3) < 0,sof’(r) < f’(0) = —54q? — 144+ 2169 < 0 
So, with q< 4, f(r) < f(0) =@(4q—9) < 0 With q> 3, We have: 


) < O(trues with g> 2) 


190 


, Ln ).-Prove 


4, Let a+b+c=1; a,b,c > 0. Prove that: 


1 1 1 . 3 
2Qa—5b2 9 2b— 5c? © 2e—5a2 ~ (a2 +62 4+ 2)? 


Solution: 
By Cauchy-Schwarz ’s inequality, We have: 
9 3 3 


112 ate =e CLP Cr e=Iee). Cer 


Q.E.D 


244., Let x,y,z >O and x«+y+z=1. Prove that: 
27(a3 + yz)(y? + xz) (z? + xy) > 64x7y? 2? 


Solution: 


it’s the following ineq of a ill-know ineq : 
(a? + 3)(B? +3)(e? +3) > 64 Va+b+c=3 

3 4 

[[( +3) = 64 
LYz 
Setting :32 = a, 3y = b,3z = c By am-gm , We have : 

1 
LHS(1) > (a* +3)(b* + 3)(c* +3) > i 


Note : it’s better if you think more about classical ineq before use modern tech 245., Find 


((a7 +3) (7 +. 3)(e? + 3))? > 64 


the best value of & to this ineq is truefor all a,b,c > 0,abc = 1 


a? + 2 ab 3 Cc a+b 
OD er ar wat) Oe ary 


Solution. 

ake 

with a = b =c We find k = 3 

Let a+b+c=p,ab+bc+ca=q,abc =r. We have: 


; 4) 272; 2, 72 373 _ 30°b?c° 
ineg + 2 @b"(a +b°)+5 ab ae 


1 
344734 3 
> abc(a’ +b 180 a> ab(a + b) 


6 2 (a2 +b?-+4e2)(@20+072+2a2)+5~ eee): S- ae >0 
8 4 2 8 


5 i 21 
o a 2q)(q° — 2p) + (q? — 3pq + 3) — (p* — 3pq + 3) ree eer 
5p gk Op? 9 
2 > 
oS 3 A mi + 2pq 32 0 


Follow Schur: 


& 5pq? — 10p? — 10q° + 16pqg —9 > 0 
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setting 


f(p) = 5p?q? — 10p? — 10q° + 16pq — 9 
f'(p) = 10pq? — 30p? + 16g > 0 
=> f(p) = fV/3a) = (Va - V3) (50 Va + 5V39? + 15qV/q + V3q + 3q + 3V3) 
by Am-Gm 


> q>3> f(p) = f(V/3q) = 0 


now 
o (a, b, c) > Cl, 1, 1) 


Perhaps, it is the Solution which is used "pqr tech" that We said thank your Solution our 
ineq 
S Soe — b? — 2ac — 2bc)? > 0 


it is not natural, We know that. 
246. 
, Let x,y,z > 0 and «+y+z=1. Prove that 


27(23 + yz)(y? + xz) (z? + ey) > 64x? y? 2? 


Solution: 


it’s the following ineq of a ill-know ineq : 
(a? + 3)(b? + 3)(c? + 3) > 64 Vat+b+c=3 
Tranvanluan’s ineq is equivalent to : 
[[(— +3) = 640) 


Setting : 32 = a, 3y = b,3z = c By am-gm, We have : 


d 
LHS(1) > (a* +3)(b4 +3)(c* +3) > aq (62 + 3)(b? + 3)(c? +3))? > 64 
=> Q.E.D 
2 
Lemma: § 
p< fA-9% 
~ 2(2 — 3q) 
and 
(4¢— 1) =@) 
= 6 
27(x? + yz)(y? + 2z)(z? + wy) > 6427 y? 2? 
> 27r? + 27q* — 54q?r + 125r? + 108gr? + 27r — 108rg > 0 
setting 


f(r) = 27r? + 27q4 — 54q?r + 125r? + 108gr? + 27r — 108r¢q 


the first case: 
81r? — 54q? + 250r + 216rq + 27 — 108q > 0 


f(r) = 81r? — 54q? + 250r + 216rq + 27 — 108¢q > 0 
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(4q—1)0 9) o 


1 
; 2 (3q — 1)(192q° — 180894 + 476g? — 267q? + 518q— 83) > 0 


= f(r) = fl 
the second case: 
81r? — 54q” + 250r + 216rq + 27 — 108q < 0 
f(r) = 81r? — 54q? + 250r + 216rq + 27 — 108¢q < 0 
2 2 6 5 4 3 2 

@(l—4q q?(3q — 1)(9q® + 192g® + 106194 — 3490q? + 40642 — 2160g + 432 
Ssfo sje aa : 59 

2(2 — 3q) 8(—2 + 3q) 
We have done Wink 


247., 
Let a,b,c > 0 such that a? + b? + c? = 3. Prove that 


ab + be+ ca < abe + 2 


Solution: 
Put 
f(a; 6;c) = ab+ be + ca — abe. 


To suppose 


c= mina; b;c 


We have 
aoe 24 p2 
f(a; 6; ¢) f(y) - aes 7c 
24 92 c(a? + b? 
= (ab~S*") + [ola +5) — eV 2a +P] — [abe ( + ) 
_ —(a— b)? c(a — b)? aS c(a — b)? 
2 a+b+./2(a2 +2) 2 
_ 9,c¢ 1 c 
(a OG 5 moe eae 
aig. fara pe 
+ Hardie) < #/ =F I = 5c 
> f(azb;c) < f(t;t;t) =2 
Q.E.D 


. 248.Let a1, a2, 43,...,d@n, be n non-negative real numbers, such that a, + a2+..... Gy Se: 
Prove that 


1Q2 + A203 + A304 + «ose An—1An < — 


Solution: 

it does not work when n = 1. You need n > 2. When n = 2, and a, + a2 = 1, We do have 
ayag < ;- The Solution is easy and i’ll omit it here. 

Assume that for some n > 2,a,;a9 +:+:+4n_1dy < + whenever a, +---+a, = 1. 

Let ay + a2 +--+ +@n+4n41 = 1. WLOG, assume that ay, < ay-1. 

Then if A = a, + Gn41 We have ay +--+ +an_1 + A = 1; henceayag +--+ + an_1A < i: 


"G09 b+) Gy i1Gn + Ong 41 X G49 ++? Ap] (Qn Fan44) < 
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Hence the result is true by induction. 


249. 
, Let x,y,z > 0 and xyz = 1. Prove that 


age i y 5 2 Z 3 
wt+1l y*t+1 2417 2 
Solution: 
Let 1. 
ho y? 23 3 
MOU) = aot t+ aa twa 2 
Then 
f(t, y, 2) = F@sV/y2 Juz) <0 
But 
1 3b 4 Ae OP ee a OP 3 
t) = =9 
f (2, Jy2, Jyz) = Flat ,t) 2(t8 + 1)(t4 +1) = 


and inequality is prove. 
2. 


setting : 2 = $,y = 2,2 = < the inequality becomes: 


We have: 


cyc ab cyc 


2a°b a°b 2a8 9q4 
2LHS < ): ———___ < =)_( es apg <3=2RHS 
y a2b2 + fT d | Se = a® + 08 y at + b4 


the last inequality is true since it’s Vasc’s 


. 250., Let x, y, z are non-negative numbers which not two of them equal to 0. Prove that: 


ee > 24/1 eas Gee 


<=> So a(z+y)( xu+2) +25 (c+y) )Jfay(ax + z)(y + 2) ) = 4(> > 2) (S> xy) 


By am-gm +schur, We hvae : + 


LHS >) ele t+y)(e+2) + eye +2) cy(e ty) 


+a(a+y)(a+z)+12ryz+2 S- xy(at+y)— 4( > 2) (S- xy) =~ a3 +32yz— 5 xzy(a+y) > 0 
With this problem We have 2 way to solved it 
The way 1: it is similar to mitdac123 sSolution 


The way2 (me) 


(5 a?(b+c)).LHS? > (a+b+c)*# 


let, 
2 


,abe=r 


[ea 
a+b+c=1=p,) ab= 


194 


We will prove 


12(1 — q)°(1+4) — 901-4) < (1+ @)(1 — 29)(4(1 — 9?) — 1) 
<=> q’(4q-1)7 > 0 
251., Prove if a,b,c > 0 then 
(ab + be + ca) S > ab? > (-a+b+c)\(a—b+c)(a+b—c)(a? +b? +¢?)(a? +0? +c”) 
Assume that: a+b+c=1 


<=> f(r) = —45qr? + 24r? + 69q?r + 11r — 58gr + q* — 9q + 26g? + 1— 24q? > 0 


f'(r) = —90qr + 48r + 69q? + 11 — 58q > 0 


=> f) 2 1A) = 


q — 1)(3q — 1)(9q* — 8g + 2) > 0 
Q.E.D 


252. Let a,b,c > 0. Prove that 


(ab + be + ca)? > (-a+b+c)(a—b+c)(a+b—c)(at+b+c)? 


Assume p = 1 


r > za ise, 
=" 
<=> (3q —1)(8¢? +q-1) 20 
Q.E.D 


253. Let x,y,z are positive numbers. Prove that: 


Pe yp 2 x 3(x% + y® + 28) 
y2 +22 5 g24 22 ° yt a? — (a3 + y3 + 23) 


Solution: 


By AM-GM ,We have 


x° x8 


> 
24 72 — 2 pO sD 
y >) ee )3 


And 


5 x? & (x® + 6 + 26)? a 3(x® + y® + 2°) 
y2 + 22 — Salty? + 2722) — 2(a3 + y3 + 23) 


cyc 


where the last inequality is true by AM-GM too. 
4.95, Let #,y,2,t€ Rand #+y+24+t=2' +y' +2' +4? =0. Find 


S=t(t+a2)(t+y)(t4+z) 
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Setting: v+y=—-z-t=k 
=>a’+(k-c) =(k+8)"-t" 
<=> k(x+t)(-t+a2—k)=0 


<=> (t+ z)(t+y)(t+2) =0 


=>S=0 
Q.E.D 
255, Let a,b,c > 0. Prove that: 
abc V+P+c¢C 4 
{ > 

a+b3+c  actabt+be~ 3 
Solution: 
Let 

p=at+b+c,qg=ab+bc+ca,r = abc. 

Assume p = 1 


<=> (3q— 1)(10q — 9r — 3) > 0 


By schur We have: 
9r > 4q-1 


(3q — 1)(10q — 9r — 8) > 2(3q- 1)* > 0 


Done Smile 


1 at+tb+e 
b)? >0 
dla ) abeen 3(a? + 63 pay! a 


wich is true because 
3(a? +b? +c?) > (a +b4+c)(ab + be + ca) 


Q.E.D 


256., Prove that if a,b,c > 0 then 


Sava? — abt PV a? —ac+ P< P+ 48 


Solution: 
2 2 
S- ava? —ab+b2/a2 —ac+2| = ys Va} — a2b + Bav/a3 — a2c+ a) < (a?+b?+c3)? 
cyclic cyclic 


if are you mean that 


~ \/(a3 — a2b + b2a)(a3 — a2e + Ca) < Ls a —a7b+b?at+a®—a2ce+Ca) == a +0? + 
2 
cyc cyc 
=> Q.E.D 
257., Let a,b,c > 0. Prove that 


(a+b)? 
Pores 23 
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Solution: 
Let a+b6+c=3. Then 


(a+b)? (3 —c)? 
Se preraa ee aces 1) 20% 


cyc 


l-c¢ l-c c—1 (c—1)?(44+¢) 
SO rr | Coe nae De c(3 +c) 20 


cyc 


Q.E.D 


Solution: 


Setting : 


a+b cta b+e 
— : — a 


c b ’ a 


By cauchy-schwarz, We can prove : 


2 2 

1 

s zd 2 aad a, > ee > 2(—) (The last ineq is easy 
2+2 64+ 0a 2 x 


+b +b 
SS 


Setting : 
baRe. ORG 
We Gg Bip 1 oie 
x 
<=> 22 
LD Deere) 
We have xyz > 1 
2x 
=> LHS > > 
BNE sa 


Q.E.D 


259. Let a,b,c € R*. Prove that. 


Solution: 


By the Cauchy Schwarz inequality, We have 


Yoav 7a? + 9b? > + a(za + 98) = ONG +95 ab) 


it suffices to prove that 


77S? +9 ab) > (S70)? 
21S ¢ a? +27) ab> 16S ¢ a? +32S° ab 
#5530 a > 5S ab 


197 


which is true 
260., Let a,b,c € R* and ab+ bc + ca = abc. Prove that 


L. - ig8 
Vab—1~ 2 


Solution: 
Setting a := Vab,b := Vbc,c = \/ca then a? + b? +c? = abe 
And the inequality becomes 


1 b—1)(e-1 ab+be+ca)—2(a+b+c)+3 
5 > (6-1) (e-1) ( J=a2( ) 


ei, (a—1)(b—1)(e-—1)  abe—(ab+be+ca)+atb+e-1 
Setting p=a+b+c,q=ab+bce+ca,r = abc then We need to show that 


3p? + Tp —1lqg—9>0 
By Schur ineq We have 
p? = 9p? 
~ 18+ 4p 


it suffices us to show that 


9>0 


p + 9p? 
18 + 4p 


3p? + 7p i1( 


& p* — 17p” + 90p — 162 > 0 
<> (p — 9) (p? — 8p + 18) > 0 


Which is true by 
p* — 8p + 18 > Oandp —9 > 0 


We have done 


261. Let a,b,c > 0 such at abc = 1. Prove that: 


aVb+c | b/e+a | cVat+b > V3 
b+e+1 ct+tat+1 a+b+4+l1 


Solution: 
Another Solution. Applying AM-GM inequality, We have: 


pewabto: 
2 
Thus, We only need to prove that: 


V2 
2 


S Vb + c(/a+ 2) Z 


sym 


using CS inequality, We have: 


(at+b+c) 


a = (a+b+c)? = 
at Vb+cfa+2) ~ 2Vavbt+e+ Ka/falb+e) ~ 2/2 a> ab) + /Ola)> ab(a + b)) 


198 


Setting #? =~a+b+c;u? = ab+bc+4 ca. Rewrite inequality, We need to prove: 


J2t3 — 2,/2u > /t2u2 — 3 


By AM-GM ineq, u? <= t?/3. Thus, 


(203 — 2V2u)? — Pu? +3 > ae es a aes 
Using AM-GM: 
5 8 o4/t122 8/3 
af aad PE we 
ge hg \iaay 2a tA V3) 
261. 


Let a,b,c > 0 and a? + 6? +c? = 3. Prove that 


a? o b? (oa ae 
3262 Bah? Bae — 2 


Solution: 
Using AM-GM inequality We have 


a? a? a? a? 3 


8 


3-a2  a(3-a?) — \/a2(3—a2)2_~ 9. [q2, 3502 30 = 2 


Hence We have : 


V 


| > = 
-@2 | ae 3-—c? — 2 2 


Q.E.D 


262, Let a,b,c > 0 such that a+b+c+1 = 4abc. Prove that 


< 
+b~ at 


1 ' 1 a 1 
at+b+c b4+c+a ctt+a 

Solution: 

The inequality comes from: if a,b,c > 0 such that a+b+c> 3 then 


1 1 1 3 
+ t < 
aé+b+e bt+e+a cA+at+bdb” atbt+e 


This is a very known result. 


Woneve: (a2)? (B)?_— (c?2)?_ (a? +B? +c?) 
4 a Cc av + b* +¢ 
b+e= > 
mate ee Be  @ - [+848 
eo) 1 see Tee) 
ee wee (a? + 6? + c?)2 


We have to prove that : 


3+ 2(a3 +b? + c?) 3 
(a2 +b2+c?)? ~a+bte 


(*) 
with: a,b,c > O and a+6+c+1=4abea+b+c=p;ab+bc+ca=q;abe =r We have : 


d4abe =a+b+c+1>4Vabesabe=r>1 


(«) = (p? — 3q)? + (q? — 3p) + 2(q? — 3pr) = 0 
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We have: 
(p? — 3q)? + (q? — 3p) + 2(q? — 3pr) > (p* — 3q)? + 3(q? — 3pr) > 0 


Q.E.D 


263. Let a,b,c be nonnegative real numbers, no two of which are zero. Prove that 


8a(b + c) + 9bc 8b(c+a)+9ca | | 8clat+b) +9ab 
(2b + c)(b + 2c) (2c +a)(c+ 2a) ' \) (2a +b)(a + 2b) 


>5 


264. Let a,b > 0. Prove that 


a b 
+ >1 
Vaz + 3b? /b2 + 3a? — 


Solution: 


Setting: 


a b 
= ——__ and y = ——— 
Va? + 3b? a Vb? + 3a? 

that lead to the condition: 

8(zy)? +a%7+y%=1 
Assume that 

Ary <(a+y)? <1 
then We have 

A(ay)? > 1 


( from the above condition, you can check it properly). As a result, We have the contradiction. 


By Holder 
2 
(5 Fr 3 a :) (a(a?+3b?)-+b(b?+3a")) > (a+b)? == a(a?+3b?) +b(b? +3a7). 
a a 


Q.E.D 


265., Let a,b,c be positive real numbers. Prove that 


b+e cta a+b ~ 2/2 a b 


Voce + 4ab+4ac , Vca + 4bc + 4ba vab + dca + 4cb _ 3 (are 


Solution: 


Since 


V4(be+ 4ab+4ac) | 16a ‘ Abc Z /l6a+b+c 
b+e ~Vbte  (b+e)? — b+e 
it suffices to prove that 
3 [b+¢ /l6a+b+ec 
ee > ae SO Se 
ape a 2's b+c 


Squaring both sides, We have 


pee b+e ~ /(a+b)(a+c ~b+e¢ a+vVbe 
(x VS) <r tty SPE ape 
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and 


2 
y [l6at+b+c\ _ Spe ea 25. (16a + b + ¢)(16b + e+a) — 
b+e - ~ b+e | (a+c)(b+c) os 
SE l6at+tb+c  l6b+c+a 
b+c ate b+e 


= 18) +54 


Hence, it suffices to prove that, 


9 a a 
lOve ) 21 +o 
a 3 
Ope 


This is Nesbitt’s inequality. Equality holds if and only if a = b = c. We have done. 


266. Let a,b,c > 0;ab + bc + ca = 1. Prove that 


1 5 
yo 
a+b” 2 
Solution: 
WLOG 
c= min(a, b,c) 
Case 1. if 
=0-ab=1 
I 1 1 5 
LHS = { 25 
a b a+b 
oo ey 0 


it is true because ab = 1 
. Case 2..if a,b,c 4 0. 


Setting 
ab ca be 
x iY 3 
Cc b a 
2 
+. LHS > (ab + bc + ca) > 5 
2abc 2 
it is true. 


267. Let a,b,c be nonegative real numbers such that a? + b? + c? = 1. Prove that 
a b c & 3 
VJLebe s/l-+-ea- </l-ab: 2 


Solution: 


Applying Cauchy inequality, We have 


(See) <(O9)(Lste) 
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We have the following result: 


> oe eee 


Actually, We have 


a+b)(a+c) — a? — b? —c? — bc) See b) — ca(c — a) 


_ a(( = 
LHS — RHS =) | (1 + be)(a + b)(a +c) — + (1+ be)(a + b)(a + c) 


ab(a — b) ab(a — b) 7 ab(a — b)?(1 —c?) 
oe (1+ bc)(a + b)(a +c) ys (L+ac)(b+a)(b+c) — De (a+ b)(b+ ¢)(c+a)(1 + ac)(1 + bc) <0 


Hence, it is sufficient to prove that. 


= (a+ b)(b+c)(c+a) > ~(ab+bc+ca)(at+b+c) 


By AM - GM inequality, it is true. 


268. Let a,b,c > 0. Prove that 


orn (gst) +tea(t+ 2) 


Solution: 
Divide by b to get 


a a 1 2a b 
t t t = t 
G YG ) PoE o 
Let 
Ce dt = 
5 OS = yands =z 
Then We have to show 
(w+ Ue +y) +22 > 22(e + VB) 
a +a+ytayt (z—2— Vy)’ > (e+ Vy)’ 
a+ ay +(z—2—/y)” > ey 


Which is obviously true. Equality holds when b=canda+b=1. 


269. Let x,y, z,k > 0. Prove that 


ety yt 24+a2_ 3 
> —k 
z+k ua c+k is ytk 2 glttyt2 ) 
Solution: 
Using Cauchy-Schwarz’s inequality We have, 
2 2 2 2 2 2 
u+y Yo+rz Z+2 
2 3k 
TUTE eg eee ae eS 
at y? y? ee 2 a 


= 2(z +k) + 2(@ + k) + 2y + k)I(> ) 


GR ek eke aR 
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>4(a+y+z) 


Now let «+ y+ z= a then We only need to prove 
4a? > 3(a + 3k)(a — k) 


& (a—3k)? >0, which is obviously true. 


using AM-GM : 
z+ y BAe x 
x 
z+k 2. 4 4 


Q.E.D 


270, Let a,b,c > 0. Prove that 
Ip EEY aeeee Oe a. 
ab+be+ca<a*+b' +c +7: 


Solution: 
Bu Am-GM’s inequality, We have: 


ih 
A Py 8 
a +726 
and cyclic. So 


atti tett >a te +e > ab + be + ca. 
(a4 +04 +1/8+1/8)/4> ¢/a4b4/64 


Q.E.D 
271, Let a,b,c > 0Oand a+b+c=3. Prove that 


a27+14+2b? 0741420 c?+1+42a? 
2 b b 
pat 7a la > 2(vVa + Vbe + \/ca) 


Solution: 


27414207 b74+1+4+2c? c? 414 2a? 
ae +ril+ Sie tS a ee Sea 5) 


(Va+e+ VP +24 Ve +a?) 


a+l b+1 c+1 
a? +b? > 2ab 
and 
b? tT Sb 
so 
a? +14 2b? > 2ab+ 2b = 2b(a +1) 
So then 


LHS > 2(a+b+c) 


So We have to prove that: 
a+b+c>Vab+vVbe+ Vea, Which is trivial 


272, Let a,b,c > 0. Prove that 


1 1 1 1 1 1 1 


(@—1)?" (@—1?* (@—-1? ~9|a@a@—12 P12 A(e—1p 


Solution: 


All We need to do is to prove 
9a?(a — 1)? < (a? — 1)? 


it deduces to prove that 
9a? < (a? +a41)?(«) 


Moreover, We use the identity 
A? — B® =(A+ B)(A-B) 


(x) becomes (a — 1)?(a? + 4a + 1) > 0 which is trivial. Finally, the equality cannot hold 
obviously so We have the strict inequality. Q-E.D 


273. Given a,b,c > 0. Prove that: 


eee oe ae ; 2(ab + be + ca) 
a? + be c? + ab b? + ac a2+b?+c% ~ 
Solution: 


This inequality is valid, nguoivn and it follows from applying AM-GM as follow: 


b2 — be + c2 is 2(b? — be +c?) 2(b? — be + c”) 


a+be ~~ (a2+bce)+(b2?—be+c?) a2 +b? 42 


274. Given that a,b,c > 0 and a+b+c=3. Prove that 
9 
a+ab+2abe < 3 
You’re right, shaam. We can show that 
9 
a+ab+ 2abe < 5 
as follow: Replacing b = 3— a—c, then We have to prove 


a+a(3—a-—c)+2ac(3 —a-—c)< 


9 


9 
2 


or equivalently, 


fla) = (c+ 1)a? + (2c? —5c—4)a + ; > 0. 


We see that f(a) is a quadratic polynomial of a with the highest coefficient is positive. 


Moreover, its disciminant. is 
A = (2¢? — 5e— 4)? — 18(2¢ + 1) = (26 — 1)? (ce? — 4e— 2) < 0,080 < ce <3. 


Therefore, f(a) > 0 and our Solution is completed. Equality holds if and only if a = 3 b= 


ee 
lco=>5. 


1 
orer ty) <9 


a(8+(6+¢+1)") =a(8 + (5—a)?) = 33a — 10a? +0° <36 => 


2a + ab + abc = a(2 + b(c + 1)) < a(2 + ( 


a® + 10a? — 33a + 36 = (4—a)(3—a)? >0 
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which is obviously true. Equality if a = 3,b=1,c=0. 


275. Given a,b,c > 0 and abc = 1. Prove that 


(a? + 1)(b? +1)(c? +1) ye + b)(b+c)(c+a) 


(a+1)(b+1)(c+1) 8 
Solution: 
1. 
x + 1 > 3 x3 + 1 
e+17 V 2 
& (x —1)4(2? +2+1) 20 
and 
2 be 2 
(a* + bc)(1 + a) > (a+b) 
so 
(a? + bc)(b? + ca)(c? + ab) > abc(a + b)(b + c)(c +a) 


(a? + 1)(b? + 1)(c? +1) > (a+ b)(6+ c)(e+ a) 


The stronger is trues and very easy: 


(1+ a)?(1+6)3(1+¢)? > 64(a4+ b)(b+c)(c+a) 


8 8 
[G+ = (Tes a +») = (Ie + ab-+a8)) > 


cyc cyc 


= 6F (Ie + ab)(a+ ») =8§ [te + b)* (I + ab)(1 + «) = 


cyc cyc cyc 


= 8] (a+) (Ie t+ata(b+ »)) > 8 Tato [[a+a), 


cyc cyc cyc cyc 


which is true. 2. 


(a + b)(1 + ab) < (1 +a)?(1 +b)? 


4 
Because of: 
(1 + ab)(1 + bc)(1 + ca) = (1+ a)(14+b)(1 +c) 
Because 
abe = 1 
Q.E.D 


276. Given a,b,c > 0. Prove that: 


1 1 1 5 
> 
a? + b? - b? + c? : c? +a? ~ 2(ab+ bc + ca) 
Solution: 
We have : 
1 i ss 4 
b2 +2 © c+ a2 — 2c? + (a+b)? — 2ab 
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a>b>c assumea+b=1. We have: c(l—c) <2#=ab< 
We have to prove that: 


ie Nas | 2c? so - ; 
+ f(x) = —40x? + x(24c? — 20c + 30) + 4c? — 10c? + 10e-—5 > 0 
We have : 
f (x) = —80x + 24c? — 20¢ + 30 
f(z) = -80 <0 
f(«)> iQ = 24c? — 20c + 10 > 0 
We have : 


We have done 


Assume : c = min{a;b;c} We have : 
eth <a +y Pte <ye+a2 <2 
ab+bc+ca> xy 
With : 


We have to prove that : 


By AM-GM We have : 


cy 
x2 + y2 : ry x? + y2 


We have done. 


277., Given a,b,c > 0. Prove that 


(a2b? + bc? + c8a*)[(a + b)(b + c)(e + a) — 8abc] > abc(a — b)?(b— c)?(e — a)? 
Solution: 


[e(a—8)?+6(a—c)?+a(b—c)I[-¢ ++] > (24284 9 


\ yee 
Co pt as! 2 ( Cc a b ) a2b?c? 
and We get 


(a°b? + Bc? + c8a*)[(a + b)(b + c)(e + a) — 8abc] > abc(a — b)?(b— c)?(e — a)? 


278.Let a,b,c be positive real number .Prove that: 


(a3b? + b'c? + c3a)[(a + b)(b + c)(c + a) — 8abc] > Yabc(a — b)*(b — c)?(e — a)” 


Solution: 


iid 
a’?b’e 


Replacing a, b,c by respectively, then our inequality becomes 


(a +b? + c*)\[(a + b)(b + c)(c + a) — 8abc] > 9(a — b)?(b— c)?(c — a)? 


Now, assume that c = min{a, b,c} then We have 
a+b +e>a° +b 
(a+ b)(b+ ¢)(c + a) — 8abe = 2c(a — b)? + (a + b)(a — c)(b—c) > (a+ b)(a—c)(b— 0), 


and 
(a —b)*(a — c)?(b— c)? < ab(a=— b)?(a — c)(b— 0) 


Therefore, We can reduce our inequality to 
(a> + b°)(a + b)(a — c)(b — c) > Yab(a — b)?(a — c)(b— 0), 
or 
(a? + b®)(a + b) > 9ab(a — b)? 


which is equivalent to 
(a — 4ab +b’)? > 0 


which is trivial 


279. Given a,b,c > 0 and abc = 1. Prove that: 


GP. Dee (a2c + ba + 7b — 3)? 
—+—+—>a+bt+er+ 
b Cc a ab + be + ca 


Solution: 


it is equivalent to 


Soa — 3a7b + 6a?c — 4abc) > 0, which is obvious. 


cyc 


(¢+2+2)(GP+or eo) 


Q.E.D 


280, Given a,b,c > 0. Prove that: 
(a + 2b)?(b + 2c)?(e + 2a)? > 27abc(a + 2c)(b + 2a) (c + 2b) 


Solution: 


(a+2b)(b+2c) = abt+be+be+b?+b? +be+be+ca+ca = b(a+2c)+b(c+2b)+c(b+2a) > 3*/b2c(a + 2c)(c + 2b)(b + 2a) 


and similar,We have 


(a + 2b)?(b + 2c)?(e + 2a)? > 27abc(a + 2c)(b + 2a) (c + 2b) 


Q.E.D 


281. 

Let a,b,c are three positive real numbers. Prove that 
(a+b—c) i (b+c—a) (c+a—b) 
e+(b+a)>  a®+(b+c) : b+(ce+a) 


3 
> 
man) 
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Solution: 
because the ineq is homogenuous, We can assume that a+b+c=1 


ineq 


ext (1 — 2a)? ES pay ets 5% 


a2+(1—a)? 57— a? + (1—a)” 
We can apply Chebyshev inequality ,We have 
1 3a — 2 
LHS > =(8a+ 304+ 3c— 3 ————,,) = 0 
3 Oa a” 
Be cau se (a+b+c=1). 
282, Let a,b,c are real numbers. Prove that 
4 
(a+6)*+(b+c)*+(c+a)*> z(a+b+e)" 


Solution: 


by holder inequality, We get: 
(So (a+0)*) (1+141)(14+14+1)(14+141) > (Q(a+b+0))* 


So 


(So (a+0)') = late Lojt> “(a bb+c)4 
Q.E.D 


283. 
Given a,b,c > 0 and a+6+c=3. Prove that: 


b2 2 
4-45 43Vabe > 6 
Cc a 

Solution: 


Using a ill-known result: 


a? OF ss (a+b+c)(a? +b? +c?) 


b c a ab + bc + ca 
(We can prove it easily by Am-Gm) 
So, 
ar 4 b? " om > 3(a? + b? +c?) 
b Cc a ab + bc + ca 
Besides, We have: 
8abc 
Vabe > 
nt (a+ b)(b+ c)(c+a) 


<=> (a+b(b+eR%(c+ay?> 


(trues again by Am-Gm) 
So, We obtain: 


a2 +b? +c? 8abe 
ab+be+ca' (at+b\(b+c)\(c+a) — 
284.Given a,b,c > 0. Prove that: 
(a—b)? (b-c)? (c—a)? _ (a—b)?(b—c)?(c— a)? 


i 
T =. 
Cc a b? 3a2b2c? 


Solution: 


it’s equivalent to: 
abe(S > a® + 3abe — S- ab(a+b)) > 0 (obviously trues) 
if abc(a — b)(b — c)(c — a) > 0. Prove that. 


(b-c)? | (c—a)° 


(a — b)3 eS 3abc 
ae bs 


e& ~~ (a—b)(b—c)(c—a) 


if abc(a — 6)(b — c)(c — a) < 0. Prove that: 


(B= 2)?» oa). lab)? = 3abe 
© BB "8 = (a—b)(b—)(c— a) 


a3 
And in fact, We proved the stronger: 
(2-0? 6-0) | (c= a)? , (a= 5%- O(c a? 


2 a2 b2 = a2b2¢2 


Cc 


Setting 


We get c+y+2+2yz=0 
We have 


gy? +2? = (9 ty +z)? = 2(ey+ ye +28) = x7y?2? — 2(cy + yz + 22) 


We have: 
a, b, c = 0, 


We have 
ryt+yz+2x2 >0 


and x7 4+ y? + 22 > a2y?z? or 


(b—c)? a (c—a)? (a — b)? . (a — b)?(b—c)?(c— a)? 


T = 
a? b? 2 a2b2ce 


and the inequalities is true if and only zy + yz + zx < 0, and then 


(b=? | (e~ a)? | (@=d)? © (a= b(b- (ea)? 


T T a 
a2 b2 C2 a2b2¢2 


We have xy + yz + 2@ < k(au+y+z)?,k = § is the best. And 


2 2 2 
a? ay? +27 = 2(ey +yz+ 22) > x? yz" tuts) =5 


So in inequalities 


and k= 3 is best. 
285. Prove that: 
2(a? + b) 
(a+)? 


2(b* +7) | 2(c? +a") 
(b+0)2 ° (eta? ~"* @4+RP4C2 


We can write it into: 


S a—b)? (a —c)? 
(a+b)? ~ @+b4+¢ 
Using CS, We have: 
(a—c)? (a—c)? 4(a—c)? 
LHS > + > > RAS 
— (a+b)? +(b+c)? (a+c)? ~ YD (a+b)? — 
(By AM-GM). 
286. Give a,b,c > 0 and ab+ bc + ca = 3. Prove that: 
1 1 1 3 
+ + 2 
Jl+t(a+b3—-1 /1l+(b+c)?-1 1+(a+c)?—-1° 2 


Solution: 


2 


1+a9=(1+a)(1-#+2”) <(1+ >)? 


let c=a+b,c=b+c,r=c+a ,We get: 


(a+b)? (a+b)? 
1+ +b)s—-1<14 i 
oa ia 2 2 
And finally,We need to prove : 
1 1 4. 1 S 3 
(a+b)? ° (b+c)2 | (c+a)?2 — 4 
or 
i 1 1 9 


| 


Gide O02) (eae — Apt een) 


This is iran TST96. 


287. Let a,b,c be positive numbers such that: ab + bc + ca + abc = 4. Prove that: 


a b Cc at+b+e 
+ = 
Vb+e Veta Vatb J/2 


Solution: 
By Horder We have : 


ey TeV a(b+c)) >(at+b+e)3 


We have to prove that : 
a+b+c>ab+be+ca 


With a,b,c be positive numbers such that: ab + bc + ca + abc = 4 it is VMO 1996. We have 
done. 

288. 

Given a,b,c > 0. Prove that: 


a? b? Ce ab + be + ca 


azt+ab+b2 | b+bc+2 


Solution: 


‘ig i b? e ab + be + ca 
aa+ab+b? BP+be+2 e+eata@ @+P?42— 
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ab + ac + be 3 a? (ab + ac + be) )3(a®c — a3c?b) 


e+e te 


oe a*+ab+c? (a? +b? +c?) [] (a? + ab + 6?) 


cyc 
it is easy by AM-GM_’s inequality, Prove that work for reader. 
288. 

Let a,b,c > 0 such that ab + bc + ca = 3. Prove that 


3V/ (a+ b)(b+c)(c+a) >=2(\Vvat+b+Vb+c+Ve+a) >6V2 


Solution: 


* First , We prove the left ineq . Setting :« = aby = be;z = ca => c+y+2z2=3 By 


cauchy-schwarz , We need to prove : 
Wxe+y)\ytz\(z+ax) > 8x+yt z)(xy + yz + zx)(Right) 
*, Next, We prove the right ineq : By Am-Gm , We need to prove : 
(a+ b)(b+c)(c+a) >8 


<=> 3(a+b+c) — abc > 8(Right because ab + bc + ca = 3) 


289. 
Let x,y,z > 0. Prove that : 


3(/a(at+y)(e@t+2z)t+ Vyoyt2(yta)+ Jez +2\z+y))? <4e+y+z)% 


Solution: 


By Cauchy-Schwarz ineq , We have : 
LHS < 3(e@+y+z)(> 2? +yz+204+ xy) 


Then We prove that : 


A(x +y +2)? > 3[(e@t+yt2z)? +ayt yz +22] 


+S (e-yP 20 
289. 
Let a,b,c > 0 such that a+ b+ c= 3. Prove that: 


(a7b + bc + c’a) + 2(ab? + be? + ca”) + 3abe < 12 


Solution: 
use this ineq : 
a,b,c>0;a+b+c=3 
a*b + b?c+Catabe <4 
it is inequality beautifl famous and beautiful. 


291. 


, Let a,b,c be positive real numbers such that a+ b+ c= abc. Prove that: 


J(l+@)14+0)4+ /04+0)14+2)4+/704+ 2) +a?) >44+/04+a?)(1 +b?) +c?) 


Solution: 
Setting :a = 4;b6=4;c= + By Am-Gm We have : 


72) y 


(a? + 27) (y? + 27) > (ay + 27)? 
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<=> S a*b + ba > babe 


it is true by AM-GM . Q.E.D 
292. 
Let a,b,c > 0. Prove that 


(a+b+c)3 
abc 


3;/ab + be+ ca 
a? + b? +c? ~ 


Solution: 
By AM-GM inequality, We get 


it suffices to prove that, 


4 
3(a+b+c) a 3/ab + bc + ca > 28 
(ab + be + ca)? a + b? + c? 
Notice that (by AM-GM inequality for two numbers) 


(a+b+c)? s[ab+be+ca . 2(a+b+c) 
3(ab + bc + ca) a+b +c ~ /38/(ab + be + ca)2(a? + 0? + Cc?) 


and (AM-GM inequality for three numbers) 


(a+b+c)® 


<i 


(ab + bc + ca) - (ab + be + ca): (a? +0? +c?) < 


Thus 
(at+b+c)? | 3 ab + be+ ca 2(a+b+c) 


T = =2 
3(ab + be + ca) a? +b? +c? V3¢/L(at+b+0) 


it suffices to prove that 


3(a+b+c)4 (a+b+c) 
(ab + be + ca)? ~ 3(ab + be + ca) 


it is true because 


3(a+b+c)* 5 Matb+o? (at+b+c)? | 26(a+b+c)? = (a+b+c)? 


(ab + be + ca)? ~ abt+bc+ca  3(ab+bc+ca) | 3(ab+be+ca) ~ 3(ab+bc+ ca) © 


We have done. 


293. 
Let a,b,c > 0. Prove that 
a b c s 3 
b(a2 + 2b2) " c(b? +2c2) © a(c? + 2a?) ~ ab+be+ca 


Solution: 


the inequality becomes 


y b? o 3 
c(2a? +b?) ~ a+b+e 
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By the Cauchy Schwarz inequality, We get 


(D7 a?)? 
HAS 2 aac gh 4B) 


it suffices to prove that 
(S5a?)?(S5 a) > 35° b?c(2a? + b”) 
= Soa +S ab§ +250 ab? +25 > 07? > 25) > atb +4) a? be 
By the AM-GM inequality, We get 
Soa +5) a8? =) a3(a? +07) > 25 aid 
So abt + $5078 = So (abt +. 7a) > 25° a?b?c 
Soa? +0? = Sa (+0?) > 25 abe > 25° a? be 


Adding up these inequalities, We get the result. 


294. 
Let a,b,c > 0. Prove that 
1 . 1 1, 3a 3b 3c 
a bc a2+2be b2+2ca c24+2ab 


Solution: 


the inequality is equivalent to : 


9/c(a — b)? + ab(a+b+c) 
da a (a3 + 2abc) (b> + 2abc) vee 


The inequality is equalivent with 

(ab + be + ca) (a? + 2bc) (b + 2ca) (c? + 2ab) 

> abe ~ 3a (b? + 2ca) te + 2a) 
By setting q = ab+ bc+ ca,r = abc and assume a+ b+c=1 We have 
ss 3a (b? + 2ca) te + 2ab) = 6q? — 27rq 
(a? + 2bc) (b? + 2ca) (c? + 2ab) = 2q° + 27r? — 18rq + 4r 

So the inequality becomes 

q (2q° + 27r? — 18rq + 4r) Dar (697 - 27rq) 

(27020? + 2abe + (ab + be + ca)*® — 12abe (ab + be + ca)) >0 

So We need to prove that 


27a7b?c? + 2abe + (ab + be +. ca)® > 12abc (ab + be + ca) 


But it’s easy, by AM-GM We have 


abe = abc (a +b +c)? > 3abc (ab + be + ca) 
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27a7b?c? + abe + (ab + be + ca)® > Yabc (ab + be + ca) 


Setting 


1 : ee 2 
c=-—, the inequality is equivalent to 
c 


1 
D4 2 Babe) | aah 
a(a? — bc) 
oa 2a? + be 20 
a3 
o3) gem 2" 


By the Cauchy Schwarz inequality, We get 


a? a2 2 
22") 


Ss 
2a? + bc ~ 25> a3 + 3abc 


it suffices to prove that, 
3()_ a7)? > (D> a)(2)_ a? + Babe) 

Assume a+b+c=1, setting q = ab+ bc +ca,r = abc, the inequality becomes 

3(1 — 29)? > 2—6q+9r 
Since q? > 3r, it suffices to show 

3(1 — 29)? > 2—6q¢43¢? 

> 3 — 12g + 1297 > 2 — 6g + 39’ 
(1-39)? >0 


295: 
Let a,b,c > 0 such that a+ 6+ c= 3. Prove that 


ete Vali 
a2 + 8b2 b2+8c2 ° V ce2+8a2 = 


Solution: 


By Am-Gm ,We have : 


6a? 6(>2 a”)? 
LHS > > 
S2 Dy 9a + a? + 8b? ~ S>3(b 4+ c)a® + 4a4 + 8b7a? 


We need to prove : 


6() a? > 3S -(b+0)a® +.4(S_ a?) 
<=> 2S ah ies 3S (b +c)a? 
<=> Sita — b)*(a? — ab +b?) >0 
Q.E.D 
296. 
Let a,b,c > 0. Prove that 


(atb+c)? | ,/ab+be+ca 
Vat P+e = 


abc 
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by AM-GM We have : 


sfar+ oto — a? +b? + c? 2 
ab +ac+be~ 3(ab+ac+bc) * 3 

3(a+b+c)? 

ab + ac + bc 


3/ab + ac + be o ab + ac + bc 
a2? +b? +c ~ 3(a+b+4+c)? 
(a+b+c)>  ab+ac+be 


abc = 3(a + b+)? 


since the inequality is homogenous assume that :a+b+c=1 


sO: 


now We have to prove : 


=> 28 


so We have to prove : 


1 
3 (ab tac + bc) > 28 


by schur We have : 


> 
abc ~ ab+ac-+ be 
so We have to prove : 


(ab + ac + bc)? + 27 > 84(ab + ac + be) 
wich is true because ab + ac + bc < 


1 
3° 


WLOG assume a+b+c¢=3, put t=ab+be+ca=>a?+b? +c? =9-2t 
27 t 27 =«¢t 27 


LSH = = ee 3Va2b2c2 (by AM-GM 
abc 7 £/t.t.(9 — 2t) — abe 37 abc es arbi’ Mby ) 
ib cg 1 2.1 5 2 
= ~(3Va2b?c? + 2 + (27 > 27 = 28 
3 ae. ae ( 3) abe = ni 3 


(by AM-GM) => Q.E.D 


*A nother result,same Solution: 


3 
(a+b+c) | AO HRRC Tir a while a,b,c > 0 
abe ar 


*Some general problems: Let. a,b,c>0. Find the best constant of k for inequalitis: 


(a+b+c)? _ ab + be + ca 


a) 
abc (3 + b2 ce) 2 28 


1/ 


(a+b+c)3 ab + be + ca 
2 tk >27+k 
/ abe a2 +b? +c — 
297. 
Let a,b,c > 0. Prove that 
a3 ) b3 i os avd 
a+(at+d)? B+(b+c)? e+(ct+a)?~ 3 


Solution: 
Let a+b+c=3, We get a < 3, note that 


a3 ‘ie —1(a—3)(a—1)? 
@+3—a 9 


Another Solution : 


a? a? 


> 
a3 + (b+) 2 (aThde 


7 


298. 
Let a,b,c > 0 such that abc = 1. Prove that: 


a 
ne a 
yee = 
Solution: 


By AM-GM We have: 


3 = a 1 es 
And here is our Solution: 
by AM-GM We have: 
,/ab+bc+ca _ ab+bc+ca 
a2t+b2+c — a#4+624 c2’ 


and: 
(ab + be + ca)? 


fie eee 
ee 3(a+b+¢) 


>) 
so We have to prove that: 


3(a+b+c)4 _ abt be + ca 
(ab+bc+ca)? © a+b +e 


2 28, 


We put a+b+c=2 and ab+ac+ be = y with x > y, so We find that We have to prove 
that: 
3a3 + 1247y — 16xy? + y? > 0, 


which is only AM-GM. 


299. 


A nother result,same Solution: 


3 
AS EOE) eS 58 ese os 
abe a? bP ae 

Solution: 
1. We have 

ab+ be + ca 

ap eS 
then 


ab+be+ca. ab+be+ca 
a2#+P+c ~ a+b?4+e? 


So, We only need to prove that 


+ ¢)3 4 
(a+b+c) ab + be + ca > 28 
abe a? + 6? + c? 


To prove this inequality, We can use the known (ab+be+ ca)? > 3abc(a+b+c). and so We 
only need to prove 
3(a+b+c)*  ab+be+ca 
(ab+be+ca)?  a?+b?4+c? — 
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To prove this inequality, We just setting « = ib es 


1 2 
3(2 +2) +a > 28 


& 3(1+ 22)? + x > 282? 


x? — 16x27 +122 +3>0 
& (x —1)(2? — 152 — 3) >0 


which is true since x < 1. 


2h 
WLOG assume a+b+c=8, put 


t=ab+be+ca> 3Va2b2?2 => a? +0? +2 = 9 — 2t 


27 3 27 / t3 27 26 1 
DSH = t = t = be = — + — 
abe \i t.t.(9 — 2t) ~ abc 27 ~ abe rane abc uy abc 
300. 


Let a,b,c > 0. Prove that 


oe bb / a3 + b3 / b3 + 3 / @e+aq3 
Bs 
b Cc a” a+b b+e c+a 


Solution: 


Using the lemma 


and the Cauchy Schwarz inequality, We get 


y+ =S> Va? -ab+b? < 322 a2 — Soa) 


it suffices to prove that, 


(Ae slot b+0)) > 3(25- a? — ) ab) 


Assume a+b+c=1 and setting = ab+be+ca< 3, We have to prove 


& (6 — 152)? > 3(2 — 52) 
& 36 — 180a + 225x? > 6 — 15a 
& 30 — 1652 + 22527 > 0 
& 10 — 55a + 75a” > 0 
& 2—11g+4+ 15a? > 0 


& (1—32)(2—5x) >0 
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noo <1, then it becomes 


+ abc > 28 


301. 
, Let a,b,c > 0 such that a? + 6? + c? = 3. Prove that. 


a ae b a Cc 24 
4-a 4-b 4-c 
Solution: 
a 1 a 2(a? — 1) (a — 1)2(2—a) 
<1 > —_—#__—— > 0. 

Daye #D (5 =~" 4 2) De oye 

cyc cyc cyc 
Q.E.D 


302. Let a,b,c > 0. Prove that 


a3 b3 - os 1 
ai +(atb) ' B+(b+e)? | &+(c+a)3 ~ 3 


Solution: 


it is equivalent to 


1 1 
> = with klm=1 
SiTeaeEE 3 im 


Now make the subtitution k = “4 and now We have to prove that 


6 


Sa 
x8 + (42 + yz)? ~ 3 


By Cauchy Swartz We have 


6 


3 * (x3 + y? + 23)? 
a® + (a? + yz)? ~ Dia? + (2? + yz) 
So We have to prove that 
(23 + y? + 23) oe! 
So a® + (a? + yz)? ~ 3 


which is equivalent to 
go ty? + 2° + 5(xty? + y?2? + 222°) > Say2z(a? +y? + 27) + Ox7y?*2? 
By AM-GM We have 
x® + xy? + 2323 > 3a2tyz 
and similar for the others and also by AM-GM 
3(x3y8 + y823 + 2323) > 9a? y?2? 
303. 
Let a,b,c > 0 such that a+ 6+ c= 3. Prove that 


a , b? om _ 9 
b+e' eta’ atb~ 9 3(ab + bc + ca) 


Solution: 


az b? Cc 9 


+ 1 > = 
b+e cta a+b 2,/3(ab+ be + ca) 
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a a? “te) > (a+b+c)? a+b+c 
b+e A ~ 24/3(ab + bc + ca) 2 


cyc 


pes 2(a+b+c)(at+b+c— V/3(ab+ac+ bc) 
(2a —b c)(2a+b+e) . ( ) 


y b+e — 3(ab + ac + bc) Pe 
~((a—b)(2a+b+c) (c—a)(2a+b+c) 
#>( b+e b+e )> 


s 2(a+b+c) > (a—b)? 
~ 3(ab + ac + bc) + (a +64 ¢)\/3(ab + ac + bc) 
eD(S b)(2a + b+ c) ea eeto)>5 


b+e a+ec 


cyc 


2(a+b+c)>\(a—b)? - 
- aahcae ray Fae 6 Len anaes) da b)“S. = 0, 


1 1 
(at+c\(b+e) 3(ab+ac+bc) + (a+b+c)/3(ab+ act be) 


c= 


Let. 
a>b>c.ThenSp > 0,S- > Oand(a — c)? > (b—c)?. 


Thus, 
Sita — b)*S. > (a= c)*S, + (b—c)?S, > (b—c)?(Sp+5,) > 0, 
cyc 


which is true because S,+ 5, >0< 


a+b+2c 2 


> , which obviously. 
(a+ d)(at+e)(b+c) ~ 3(ab+ac+t be) + (a+b+c)V/3(ab + ac + bc) 


304. 
Let a,b,c > 0. Prove that 
a £ b as c 1 . 1 ie 1 
Poe a Ja —ab +P VR-be+ 2 Ve —cata? 
Solution: 


1.)Notice that by the AM-GM, We have 


1 
Lg? ae 


Hence, it suffices to prove that, 


il 1 
Log os p= ae 


By the Cauchy Schwarz inequality, We have 


(© acaee) < (La) (Cate) 


By AM-GM, We have 


Multiplying these inequalities, We can get the result. 


2) 

First by Holder We have 
Oh ities Oahu 2 pase 
pet tae) (ab+be+ ca)’ > (at+b+e) 


And by Cauchy Schwarz We have 


1 1 
TS 22 
ae = i 2 wate) 


it suffices us to show that 


(a+b+c)° ( 1 ) 
pe liens ae ei eS tar 2 a a 
(ab + be + ca)? ~ Year 


Assume a+b+c=1 and q=ab+bc+ca,r = abc then We have 


[[ (@ - +0’) = —3q° + q* + 10rg — 8r? — 3r 


S¢ (a? — ab +0’) (b? — be +c’) = 7q° —5q—2r+1 


the inequality equalivents to 


f(r) = —8r? + (6q* + 10g — 3) r — 21g° + 15g° — 3q* — 3g? +g? > 0 


We see that if 
q < 0,2954then6q* + 10q— 3 < 0 


with the lemma 


2 _ 
ee (1—4q) 
~ 2(2—3¢) 
We have 
2 - 360g® + 744g” — 574g® + 176q° + 3q* — 139° + 2q? 
rin2a(Z HY q q q aE ae ae a, 
2 (2 — 3q) 2(2— Ba) 


Note that q < $ so the inequality has proved. 
if g > 0,294 then We see that 


f(r) >min{ 70),F (5) b 20 


Note that when r = 35 We have q? > 3pr  q > }. So q must be §. 


92, Let a,b,c > 0. Prove that 


a? b? Cc 9 


+ > 
b+e cta a+b 2,/3(ab+ be + ca) 


By Cauchy Schwarz We have 


2 


(Sta eps 
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And by Holder We have 


> 
(la? (b+c)) (Qa?) ~ 24/3 (ab + be + ca) 
Setting g = ab+ bc + ca,r = abc We rewrite the inequality 
2\/3q (9 — 2q)* > 9 (3q — 37) 


: : 4q—9 
By Schur inequality We have r > max {0, “1° } 
ifq< 2 =r > 0then We need to show 


2,/3q (9 — 2q) 2 > 27q 
= (q — 6,75) (¢ — 2, 701) > 0 


ce 


The inequality has proved. in the other way if q > 2 >r> then We need to show that 


2,/3q (9 — 2q)” = 9(9 - 4g) 
& (q — 3) (q — 0, 0885) (q — 5,487) > 0 


which is true so We have done. The equality holds ifa=b=c. 


305. 
Let a,b,c > 0 and ab+ bc + ca = 3. Prove that 


a2b2 + b2c2 + c2@2 
3 


a+b+c> abc- 24/ 


Solution: 


Setting p=a+b+cand r = abc then the inequality becomes 


9 — 2pr 
—r> 
js bead 3 


<> 3p” — Apr + 3r?-9 >0 
A! = 4p” — 3 (3p? — 9) = 27 — Bp* <0 


And the equality does not hold. 


306. 
Let a,b,c be positive real numbers such that abc = 1. Prove that. 
1 re 1 . 1 % 2 
(l+a)? (140)? (1l+c)?) (1+a)(14+b)(14+c¢) —~ 
Solution: 


We use the fact that if a,b > 1 or a,b < 1 hence We have :(a — 1)(b— 1) > 0 this mean that 
:ab+1>a+b hence: 


2 _ 2 ag Cc 
(it+a)i+b)\(1+ce) (1+ce)(1+ab+a+b) ~ 


but We also have : 


1 1 ab(a — b)? + (1+ ab)? 1 c 


Gai? (eee Ghheaeebe alo eal 


thus We have : 


LHS > > + ap iopip =1= RHS 
Setting : 
1 1 1 
"Yap G40? A +e? 
Next, use contractdition. We need to prove : 
mn 
Il@) Gener YS! 


Which is true by Am-Gm. 


307. 
Let a,b,c > 0; ab+ bc + ca = 3. Prove that: 
1 ee et el 53 
a+1° BP+1' @+1>2 


We will prove it br pgr 
<=> p? > 124 3r? — 2pr 


if p? > 12(1), easy to prove that : 
RHS <12<LHS 


if p? < 12 ,We have : 
me) 
p> Pil2 =P") 
— 9 
<=> (12 — p”)(p* + 24p” — 27) > 0 


Let p=a+b+c,q=ab+ be+c=3,r = abc 


q? — 2pr + 2p? — 4q +3 


a Ge epee 


gq? — 2pr + 2p? — 4g + 3 
(ale pa)? 


<> 4p” — Apr > 12+ 3(p— 


3 2p? — 2pr 
So OE SS 

2 4+ (p—r)? — 

ie 


2 

2 
= 2 2 
= 12+ 3p° — 6pr + 3r 


Ze 


<> p? + 2pr > 124 3r? 


from Am-GM ; 
(a+b+c)(ab+ bc+ ca) > 9abc .. p > 3r 


“pr > 3r? 


from Am-Gm ; 
p?q+ 3pr > 4q2 > p? + pr > 12 


p* + 2pr > 12+ 3r? 
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. LHS 


IV 
bo] w& 


308. 
Let a,b,c > 0. Prove that: 


(a? +b? + c”)(a4 Apts c*) > ((a—b)(6—c)(e—a))? 


Solution: 


LHS = (S- 2)(S°(@)’) > (a?c+ab*+be?)? > (a?c+ab* +be? — (b’c+a7b+ac’))? = RHS 


cyc cyc 
Because: 
a’c + ba + c*b — a7b — b?c — c2a = (b— a)(c— a)(c — B) 
Q.ED 
309 


, For a,b,c real numbers such that a+ b+ c= 1. Prove that 


1 27 
Se 
1+a?2— 10 


Solution: 


ee a ee 
a? +(a+b+c)? ~ 10 


We have :(a + b+)? < (|ja| + |b] + |c|)? Setting :~ = |al;y = |b|;z = |c| Assume that 
:x@-+y+z=1 By cauchy-schwarz ,We need to prove : 


10(a? + y? + 27)? > 3a? +y? +27) +35 a4 


<=> 17q? —1lq—6r+2>0 


By Am-Gm We have :r < @ 

LHS > 17q? — 11q “a + 2 = —(3q — 1)(17q — 6) > 0 
Q.E.D 
310 


, Find the maximum k = const the inequality is right 


a b Cc 2 
1) >k ! k 
ee ee —~ ab+be+ac 4 


Solution: 
Try a = b;c =0, We have it >k 
To prove : if a,b,c > 0 then : 


a 11 a?4+b?+¢ 11 = 25 
1)?> 
OB ares ) a 


~— 4d’ab+be+ca 4 4 


a,b,c > 0 and no two of which are zero . Prove that : 


1)? Litas bese) 7 
b+e' cta' atb- ~ A(ab+be+ca) 2 
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Assume that :a+b+c=1 


1— 2 11 
cae oe ee 2 
q-r 4q 
* 4g <1 
We prove : 
_ 2: 
GQ-g' lu, 
g@ ~ 4q 


(Right because 


1 
Sates 
ts 5) 
*% .4q >1 
Use schur, We have : 
cae q-T\9 
> — LHS > 
9 (Coad 
We prove that : 
- 11 
(se? 
dq+1 4q 


> (3g — 1)(17q — 11)(4q— 1) > 0 


Which is obvious true because 


1 ee 1 
goed 
311. 
Let a,b,c are positive numbers such that a+ 6+ c = 3. Prove that 
a 
—~— >1 
os b2 + 2c = 
cyc 
Solution: 


S- “> (atb+c)? : oa 
= b? + 2c — ab? + bc? + ca? + 2(ab+ be + ca) ~ 


<=>a°+0? +? > ab? +bc? + ca? 


The last is equivalent to: 
(at+b+c)(a? + b? +c?) — 3(ab? + bc? + ca”) 


=> Soa +S a?b> 2S ab? 


which is always true 


* Lemma:a+b+c=3;a,b,c>0 


=> ab? + bc? + ca® +. abe < 4 
9 


ee ee 
EHS So ab? + 25° ab 
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We need to prove that : 
9> (= ab? + abc) + 2S ° ab— abc 
Use this lemma and schur 


4(ab + bc + ca) — 9 
3 


(abc > 


) 


Setting :~ = ab+ bc+ ca 


4(ab + bc + ca) — 9 
3 


We have to prove: 3 > (> ab). Which is obvious true. 


5+abe>5+ 


312. 
Let a,b,c > 0 and a? +6? + c? = 3. Prove that 


1 
eae 


Solution: 


1 ee er 
Si > 
ere “X(an Aer = ) 208 


a?(a+2)(a—1)? 
ae ae +2 2 0. 


cyc 


We prove it by contractdition The ineq equivalent to : 
4> 2b? + S- ab? 
By contractdition, We must prove this ineq: if a,b,c > 0 safity that: 
4 = abe + ab+ bc + ca.then : S (ab)? >3 


Exist m,p,n > 0 safity that : 


So We must prove : 


Q.E.D 
313. 
, Problem if a,b,c and d are positive real numbers such that a+ b6+c+d= 4. Prove that 
a b va Cc d 09 
14+b2c¢' 14+ced° 14+da° 14a2b— 
Solution: 


3 a (a+b+c+d)? 
1+6?c ~ a+b+c+d+)>o abc 


Hence it remains to show that 


ab?c + be2d + cd7a + da?b < 4 
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= 
2 


be) < ( 


We have 
ab?c + bc?d + cd?a + da*b = (ab + cd) (ad 4 
2 4 
= (a+c)(b+d) g 1 f/at+b+c+d ey 
2 4 2 
A similar problem posted in the same topic, proven in a similar way as ill; but the Solution 


isn’t quite obvious at first glance: 314. 


, Problem Let a,b,c and d be non-negative numbers such that a+b6+c+d= 4. Prove that 
abc + b?cd + c7da + dab < 4 


Solution The left side of this inequality cannot be factorized as We did in the previous one. 


But We do see that it can be written as 
ac(ab + cd) + bd(ad + bc) < 4 


ac+ bd+ab+cd 
5 = 


id be done if We could make ab + cd appear on the left instead of ad + bc. So let’s assume 
) 2 


that ad + be < ab+ cd. Then We have 

1 fat+b+c+d a 
5 = 

t cd < ad-+ be. But due to the 


ac(ab + cd) + bd(ad + bc) < (ac + bd) (ab + cd) < ( 
(eraera)’ 
2 — 4 


and i’re done! Now it remains to deal with the case ab 4 
symmetry in the expression this case is easily dealt with in exactly the same way: 
a _ 


2 


atbter dy oy 


ac(ab + cd) + bd(ad + bc) < (ac + bd)(ad + be) < ( 
aL 
= 


(a+b)(c+d)\* — 
2 — 4 
Thus We are done! Some harder problems: 315. 
1 1 
1+ 60+ 9/4 +60< — 
Cc abc 


we i/ 
[2+ 00+ 5 


1) if a,b,c are three positive real numbers such that ab + bc + ca = 1, prove that 
1 


7ab + be+ ca 


Solution 

Note that ‘ 

—+6b= 
a a 

Hence our inequality becomes 
4 1 

x */be(7ab + be + ca) < 5 
(abc) 3 


From Holder’s inequality We have 
S> Vbe(Tab + be + ca) < V(x a) : (9 s be) 


<=> [Babce(a +b +0)]? < (ab+ bc + ca)* 


Hence it remains to show that 
9(a+b+4+c)?(ab+ be + ca) < 


Which is obviously true since 
(ab + be + ca)? > 3abe(at+b+c) => So @(b- c)? >0 
2)Show that for all positive real numbers a,b and c the following inequality holds: 


(b+c)(at—b?c?) | (c+a)(bt— 7a?) | (a+b)(ct — a7b?) 
ab + ac + 2bc be+ba+2ca ' catch+2ab ~ 


Solution: 
Without loss of generality, assume that a > b > c. Since at — b?c? > 0 and 


ab + ac + 2be < be + ba + 2ca, 


we have 


(b+c)(a* — 7c?) _ (b+ c)(a4 — b?c?) 
ab + ac + 2bc be + ba + 2ca 
Similarly, since c+ — a?b? < 0 and ca+ cb + 2ab > be + ba + 2ca, we have 


IV 


(a + b)(ct — a?b?) 5 (a+ b)(ct — ab?) 
ca+cb+2ab ~ bc+ba+2ca 


Therefore, it suffices to prove that 


(b+ c)(at—6?c?) | (c+a)(bt— 7a?) | (a+b)(ct — a7b?) 
be + ba + 2ca be+ba+2ca be + ba + 2ca 


which reduces to the obvious inequality 
be(b + c)(b — c)? + ca(e+.a)(c — a)? + ab(a + b)(a — b)? > 0. 


The proof is completed. Equality occurs if and only if a=b=c. 
3. 


a2 +B 4 2\7/ 
ab + be + =) 


a boe 
+-+-23 
boc oa 
Proof: 
Let a+ b+c¢= 3u, ab+ac + be = 3v? ( where v > 0 ), abe = w? and 


B a? + 6? + c2 


abtaetbe | 
Then p> 1, uw = HY? and 
a bee a+b? +c? 19 
+-+->8 rae 26> 3p’ o 
b cae (St) Dae eet 


°S S (ab + ac) > 6p?w? + S (ab —ac)s 


cyc cyc 
& 9uv? — 3w? > 6p?w? + (a — b)(a — c)(b—c). 


But 9uv? — 3w? > 6p?w? is true because 


(a — b)?(a — c)?(b—c)? > 0 6 w® — 2(3uv? — 2u3)w? + 4v® — 3u?u4* < 0, 
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which gives 
w? < 3uv? — 2u? + 2./(u2 — v?)3. 


Thus, we need to prove here that. 


3uv” > (1 + 2p”) (3uv? — 2u? + 2./(u? — v?)3). 


But 
3uv? > (1 + 2p) (Buv? — 2u? + 2,/(u2 — v?)3) © 
2(p* + 2) Ge 
<> 3> (14+ 2p’) [3 +2 a 
= 20 ( 3 9(p? + 2) 


* — 3p — p* + 2p +1) > 0, 


<> (p — 1)?(2p° + p? +p 


which is obvious. Hence, enough to prove that 


9uv? — 3w? > 6p?w? + \/(a — b)2(a — c)2(b — 2. 


But 


Quv? — 3w? > 6p?w? + \/(a — b)2(a— c)2(b—0)?2? © 
& (3uv? — (1 + 2p*)w)? > 3(—w® + 2(3uv? — 2u3)w? — 4u® + 3u?u4) 


& (1+ p? + p*)w® — 3(2uv? — u? + uv?p”)w? + 30° > 0S 


349 349 
& (1+ p? + p*)w® — 3(2 2 = +p? Ets +309 >0s 
349 
& (1+ p? + p*)w® — (4+ 3p? p®)/ 2 = v>w? + 3v® > 0. 


For t > 1 we obtain: 


4+ 3p? — p? <0 p > 3.356... 


Id est, for p > 3.357 the original inequality is proved. 
Let 1 < p < 3.357. Thus, it remains to prove that 


2 
3412 
(« + 3p? py fee 12(1+ p? + p*) <0, 


which is equivalent to 


(p — 1)?(p" — 4p® — 2p* + 8p? — 8p — 4) < 0, 


which is true for all 
1<p< 3.357. 


4. 
Let a,b,c >0,. Setting 


a bee ab+ be + ca 
M= io 7 “SS L— 
mar| (F42+5 3) 3( te) 


Prove that 


Solution: 
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First Ineq : 


GP a +5(ft+e+5 3) 
nn or aan) 3 \b 
Proof: Let 
Sema 
bo coa 


Hence,X > 3,LHS > 3X? 
1 1 
KP Ss Nh NB) 
SoS + 3( ) 
<> X?>3X4 X7-6X49 
<> 3X > 9 


That is true. 


Second Ineq : 
a? b? Ce a b c 4 ajel@ _ b)? 
3(a? + b? + c?) 


4 
IV 


Proof : Notice that 


B(a2 +02 + 2) ~ 2+ (a2 +B) +B?) 


cyc 


Dn Cie <¥ 4(a—b)? _ iss; 8ab 
ae 3(a? 


Now it suffices to prove that 


Using AM-GM 


2 (a? +b? 4ab 2 a 
> 
5 ( B +s) 25 (4/9) 
1 (a? a a 
> 
5 (Fe +2V/5) =F 
5. 


If a, b, c are positive real numbers, then 


a ; Cc 


b 
a+ VJ(at+2)(a+2c) b+ V/(b+2)(b+2a) c+ (c+ 2a)(c + 2) 


Solution: 


Now we prove this ineq: 


at (at Bat de) ~ a+b) | A(a + c) 


= (2a+b+c)(a+ V(a+t 2b)(a + 2c)) > 4(a + b)(a +c) 


Denote 
at+b ate 
= 2%. = 


Notice that x+y > 2 


Rewrite: 


229 


3 
<-. 
— 4 


2 1 : 
& (a a ears aty—14+/Qr—NQy Tiras 


Notice : 
ety-1l+V/(2e-1)Qy-1)>a+y 
(2x —1)(Qy-1) >1S22y>at+y 
2(a+ b)(a+c) > a(2a+b+c) Sab+ac+ 2bc > 0 
which is true . 
So this ineq is true. Similarly, add these ineqs , we have Q.E.D 


316. 
Problem Let a,b,c > 0 such that a+b+c= 1. Prove that 


Vaz+abe Vb? +abe Vc? +abe 1 
c+ab a+ bce b+ca ~ 2 /abc 


Solution 
Note that 


3 Va? + abc yee a(c+a)(a +b) 


c+ab (b+c)(c+a) 


Therefore our inequality is equivalent to 


9 Va? + abc a wee) 


c+ab (b+c)(c+a) 


By AM-GM, 
y /a(c + a)(a+t b) Z a+b+e 
(b+c)\(c+a) ~ 2 /abe 


S| a(a +b) bc(e + a)(a +b) < 
ge a(c + a)(a-+ b) eerie 
(b+c)(c+a) ~ 2 abe 

S/ a(a +b) be(c + a)(at+b) < s(atb tc)(a+ b)(b+c)(c+a) 


which was what We wanted. HM Another one with square-roots and fractions. 
317. 
Let a,b,c > 0. Prove that 


2a 2b 2c a bec 
+ <4/3(—-+-+- 
b+e cta a+b boc oa 
From Cauchy-Schwarz inequality We have 


/ So fala + b)(c +a) a) (S> a? +355 bc) 
x a <[s 


J(a+b)(b+c)(c+a) (a+ b)(b+e)(c+a) 


Therefore it remains to show that 


2abc (~ a) es ete 3 be) <3 ~ ab?) (~~ a7b+ S- ab? + 2abc) 


(a+b+c)(a+b)(b+c)\(c+a) 


Nl rR 


Solution 
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Let p = >> ab, q = >> ab”. Then this is equivalent to 


2abe(a + b + c)® + 2abe(p + ¢ + 3abc) < 3q(p + ¢ + 2abc) 


S 2abe 5 > a® + 6abc(p + ¢ + 2abc) + 2abc(p + q + Babe) < 3q(p+q + 2abc) 


S 2abe S > a® + 8abcp + 8abcq + 18(abc)? < 3pq + 3q? + 6abcq 


So 2abeS— a? + 8abcp + 2abeq + 18(abc)”? < a a®b? + Babe > a® + 9(abc)? + 3q? 
& 8abcp + 2abcq + 9(abe)? <3 S- a3b? + abe \~ a? + 3¢q7 


Now verify that 


q? > 8abep & S-a2b* > abe ab & S~v(ab—c?)? > 0 


which is obviously true. Thus q? > 3abcp and q? > 3abcq (the latter follows directly from 
AM-GM), which imply 3q? > 8abcp + abcq. Therefore it remains to show that 


abcq + 9(abc)? < 3 S- a°b? + abe) > a? 


which follows from adding the following inequalities, of which the former follows from AM- 


GM and the latter from Rearrangement: 
35° ab? > 9(abe)abe S a? > abcq 


Hence We are done. Q.E.D Mf in the Solutions to the last few problems, one may rise the 
question: why do We break up the square-roots in that specific way? For example in the 
fourth problem one could apply AM-GM for be and (c+a)(a+b) instead of b(c+a)andc(a+b). 
Here are our thoughts on this: while trying to get a stronger bound, it’s always worth it 
to end up with a form which is much less, as less as possible, than the upper bound of the 
problem (especially in these sort of cases while using AM-GM or Cauchy-Schwarz). Hence 
in accordance with the majorization inequality, We try to derive an expression where the 
degrees of the terms minorize as much as possible. For example, if We used AM-GM for 4bc 
and (c+a)(a+b) i’d get [2,0,0] and [1, 1,0] terms. But if We use it on b(c+a) and c(a+b) 
We get all {1,1,0] terms, which in the long run could possibly be useful. The same idea goes 
for the other problems as ill.. 


318. 
1) if a,b,c > 0. show that : 


SD ecard 
b? + bc+c? ~ atbt+e 


good prob: now by cs : 


2 
S> a(v? +be+ ey: ae aa 2 eS a) 


it’s enough to show that: 


(ee a)” 3 5 3 
> > 
D (e? hee C) 2 = => az 3abc 
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Q.E.D 
2) 
Given a,b,c>0. Prove that: 


az2+b2 423 


3(a® + B® + c®) + 2abe > 114] ( 7 


Solution: 
at+b+c=2, ab+be+ca=y, abe=z 
The inequality is equivalent to 


3 x2 —2y\? 
3x° — 9ry + 11z > 11 3 


2 9y\3 
f(z) = 303 — 9ey + 112-11 (< 5 “) 


f"(z) =0 


which means f(z) gets its maximum and minimum values when two of {a, b,c} are equal or 


one of them is zero. By homogeneity there are two cases: 


1)c=0 
Sar Le) Cage ee Oe 
2 3V3 
2)b=c=1 
249\3 
3(a° +2) +2a > 11 (* a ) 


(a — 1)?(122a* + 24407 — 36a? + 656a + 4) > 0 


it is easy to show that 122a* + 244a? — 36a? + 656a + 4 > 0 for all a > 0 and the Solution 
is done. 
319. 


Let a,b and c ate non-negative numbers such that ab + ac+ bc # 0. Prove that: 


a b c 1 
| > 
4b? + be + 4c? ip ae et age abe Ge LG 


Solution: 
1) 
Using Cauchy Schwarts, We need prove: 


(a? +b? +¢7)7(a+b+¢)> 45° ab?(a +b) +abeS~ a? 
<=>.5 a+ > ab(a® + b°) + 2abe S > ab > 25° ab? (a +b) + abe S © a? 
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Using Schur which degree 5, We have: 


S- a? +abeS > aS S- ab(a® + b?) 


So, We only need to prove: 


S- ab(a® + b*) + abe S~ ab > S- a’b?(a +b) +.abeS~ a’ 


<=> [aba +b) ~ S*(a—b)? > 0 


Easily to see that Sb, Sc,Sa+ Sb > 0. We have done 
2) 


3 3 3)2 
LHS > (a? + b° +c?) 
4° a3b3(a + b) + abc) at 


We need to prove that: 
(a? + be + 3)"(a +b+c)> 45° a°b?(a +b) + abe) > a‘ 
it equivalent to: 
S- a+ yS ab(a? + b°) + 2abe 5 > ab? > 2 S- a®b?(a +b) + abe )~ at 
<=> S\(a-0) Ga +b — 3 — 2(a +.b)?abe + 4ab(a + b)(a? + ab + b°)) 
it’s very easily to prove that. 
S.3 5p; Sp +S, > O0ifa>b>c 


We have done. 


320: 


, if a,b,c be nonnegative real numbers such that a+b+c=83, then 


1 1 1 3 
So 
Gane” Gene (c+a)?+6~ 10 


Solution: 


1 3 1 1 1 
= Tea ie 
See ee 10” 35(¢ )) 208 


cyc 


(a — 1)?(5 — 2a) 
seat 
oe = 6ueis = 


Thus, our inequality is proven for max{a, b,c} < 2.5. 
Let 2.5 <a< 3. Hence, 0 <b+c< 0.5. But 


( 1 ye 6(a? — 6x +7) 


aot) Gee 


Hence, 


1 2 1 
pais (B55. SE a2—6a+15 _ 


cyc 
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2 1 8 1 


(2)? 6 52415 | @ basis @+batas ’ a —bati 


id est, it remains to prove that 


8 4 1 Ss 3 
a2+6a+33 a?—6a+15~ 10 


which is equivalent to (a — 1)?(3 — a)(a +5) > 0, which is true for 2.5 < a < 3. Done! 


321. 
This is the strongest of this form 


a 1 
> 
»: 463 + abe + 4c3 ~ a? + b? + c? 
Solution: 


By the way, the following reasoning 


3 a = 9 a*(ka+ b+)? . 
4b3 + abe + 4c3 (4b3a + a2bc + 4c3a)(ka + b+ 0)? ~ 


cyc cyc 


7 (So(ka? + 2ab))* 
— $0 (4b3a + a2bc + 4c3.a)(ka + b +c)? 


gives a wrong inequality 


(So(ka? + 2ab))* a 1 
¥> (4034 + a2be + 4c8a)(ka +b4+ 0)? ~ a2 +0724? 


for all real k. 


You can try to use Cauchy Schwarz like this, arqady. 


(Cares) (PA): (oss). 


322. 
, The following inequality is true too. Let a,b and c are non-negative numbers such that 
ab + ac+ bc £ 0. Prove that 


a? b? ro 


> 
2b3 — abc + 2c3 %; 2a? — abc + 2c3 i 2a3 — abc + 2b? — 


1 


where all denominators are positive. 


Solution: 


3 3 3)2 
LHS > (a’ + b° +c’) 
45> a3b3 — abc(a? + 63 4 c3) 
We need to prove that: 


Se a® + abc(a® + b® +c?) > 2 > ab? 
by Schur and AM-GM ineq, We get: 


LHS > S_ab(at + 64) > 2S 383 
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We have done! 


Also by 
S- a® + abc(a® +b? +c?) > 2 S- ab? 
We have : 
a B® +c? > Babe 
So We have to prove that: 
ys a® + 3a2b?c? > 2 S- ab? 
Puting a? = x and cyclic We have Schur for n = 3 So 
S- arse he S by a‘b? 
sym 
So We now have to prove that: 
Sa Soa 
sym 


which is Muirhead for the triples (4,2,0) > (3,3, 0)...... 


323. 
For all a,b,c be nonnegative real numbers, We have 
ers b tie c 2(a? + b? +c?) 1 i 1 a 
a2+2be b24+2ca Cc? +2ab7~ (a+b4+c)? \at+b b+e cta 
Solution: 
We have ap 
a a c 
< ill-k It 

a? +2be ~ ab+bce+ca Mea teaily) 

and 


ia yo a(b +c) 2(ab + bc + ca) 
(Cauchy Schwarz) Hence, it suffices to prove that 


1. (vat+vb+ Ve? _ (Vva+vb+ Vo? 
Lipa = 


atbte —(W+P4+e)(Yat vot ve) 
ab+be+ca~ (a+b+c)?(ab+ be 4+ ca) 


o] 


or 


(Jat vb+ Ve)?(a? +B? +0?) > (atb+o)*. 


Luckily, this is Holder inequality, and so it is valid 


We need prove that: 


| 1 1 1 )e a+b+c 


(atb+c)? \a+b' b+e' cta/ ~ ab+bet+ac 


Using Cauchy Schwarts, We only need to prove: 
2(a” +b? +. c?\(ab+ be + ca) > (a+b+c). S- ab(a + b) 


<=> S- ab(a—b)? > 0 
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) 


(obviously trues) 


We have: 


Pee eth e. 
ab + be + ac 


We need prove that: 
PAT ls a ert ey ea CS | a+b+c 
(a+b+c)? ~ ab+ be + ac 


a+b’ b+c cta i) 


Let: p=a+b+c=1;q =ab+be+ac < 337 = abe So 


2(1-2g)(1+9) 51 
ae 9 


(x) <=> 


<=> q—-2q° —4q? +r >0 


Case 1: 


So: 


1 1 
oe dg hE Sg == 4q(— — 
q— 2q° — 4g +r > 2q(F — 9) + 4a 


We have done! Case 2: i 
> > 
3 = qa 


We have: 


So: 


9(q —2q7 — 4g? +r) > 9q + 4g — 1 — 189? — 4g? = (1 — 129? — 109)(3q— 1) > 0 


it’s true because 


1 i ts i 

nae 
324, 
if a,b,c be sidelengths of a triangle, then 

GSS a4 b c jeer ator? 
Vote Veta vVatbd— a+b24+ce2 2 
Solution: 
By cauchy-swarchz.We have: 
a b Cc 
LHS’ < b 
S (a+ cea cta cae 
We need prove that: 
3(a3 +b? +c3) atb+c a b c 
2 b4 
a? + b? + c? 2 2 (a+ Nee pay Gag 
We have: 
a b c 1 3(a3 + b? + c?) 
+ + <st 
b+e ct+ta atb~ 2 (a+b+4+c)(a? +b? 4c?) 

Remark: 


1) if a,b,c be sidelengths of a triangle, then 


Or AD ky oe dh 3(a? + b3 +c?) 
(a+b+c)(a? +b? 4 c?) 


< 
b+e cta a+b7 2 


236 


2), if a,b,c be sidelengths of a triangle, then 


a b c 7 a+b+c3 
+ ! <at 
b+e ct+ta a+b~ 6 (a+b+c)(ab+ be + ca) 


3), if a,b,c be nonnegative real numbers, then 


On, 5 SNe 5 3(a® + b? + c3) 
b+ce\cta atb~ 4° 4(a+b+c)(ab + be + ca) 
325. 
Let a,b,c > 0;a+b+c=1. Prove that: 
at be | 9abc a 9 
b+e | 4(ab+bce+ac) ~ 4 
Solution: 
1) 
We have: 
a+ bc (a+ b)(a+c) 1 9 (a+ b)(b+c)(c+a) 
ey A Ee tae bh aa = 
b+e De b+e ker ON Feyle+ay(D | (+o?) — 4 ab + be + ca 
9 (at+b)(b+c)(c+a) 
4 (ab+be+ca)(a+b+c) 
and: 
9 abc a) abc 
4'ab+be+ca 4 (ab+be+ca)(at+b+c) 
Q.ED 
2) 
Setting: 
ee ee ee ee oe 
meee &STS GFP OER (e+aPz # 
So: 
x a 
fae 
Because: 
a+b+e=1=>abe< — 
inequality 
<=> ry + abc( )> Z 
ea ter ig ee 
x 9 
> ay4 > 
ee a rei Leer 
aan e eh es 9 
ge a a 
Q.ED 
326. 


Let a,b,c be nonnegative real numbers such that maz(a, b,c) < 4min(a, b,c). Prove that 
2(a+b+c)(ab+ be + ca)? > Yabc(a? + b? + c? +. ab + be + ca) 


Solution: 


With: 


lige 4ab+4ac—5be  , — 4ab+4bce—5ac _ 4bc + 4ac — 5ab 


36bc(ab + be +ac)’””  36ac(ab + be + ac)’ . 36ab(ab + be + ac) 
*a>b>c=>a<4e 


Ab(c — a)? + 2ca(2c + 2a — b) 


=> S, > 0;5, > 0;5,+ S. = 
Rae us 36abc(ab + be + ac) 


>0 


Your Solution is corect. in our Solution, We have (assuma > b > c): 


Sq > Sp > S-andS, + S, = 4a(b— c)? + 2be(2b + 2c — a) > 0 


Equality holds for a = b=c or a = 4b = 4c 
Q.E.D 

327. 

Given that a,b,c > 0. Prove that; 


a a b . c °C 3@ +P +2) 
b+ce) § \cta) ° \atb) = 4(ab+be+ ca) 


suppose that a > 6b > c, by arrangement inequality We have 


Solution: 


a \2 b 5 C \2 
tae 1 aaa? aap 
1 1 1 1 
> 2 b2 2 2 2 2 
2 3(4 ag | star Biel re mee 
then it’s only to prove that 
1 1 9 
b+b a4 ‘ 21> 
(ab + be + ca)[(=——)? + (——)? + (512 4 


which is obvious now 


it equivalent to 


By AM-GM 


a 9 
se (b+)? = 4(a + b+ c) 


We only need to prove 


9abc 2 
aebine | ae so) 


4 
# Yabe+4 7 — tah +b +08 > 3)? bold +0) 
Cc 


By AM-GM 


S- at eth t+e 
b+c~ 2 


it suffices to show that 


a? +b? +3 + 3abe > ab(a +b) + bc(b + c) + ca(c + a) 
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it’s Schur! 


328. 


Let a,b,c be nonnegative real number, no two of which are zero. Prove that 


a(2a—b—c) , b(2b—c—a) | c(2c—a—b) | 2(a? + b? +c?) 


(a) 


(b+ c)? (c+ a)? (a + b)? ~ ab+be+ca 
(0) ala—b— ¢). -blb-e—¢@) . -elc— a=) ra 3 S 3(a? + b? +c?) 
(b+c)? © (c+a)? © (a+b)? 2 ~ A(ab + be + ca) 
329. 
Let be a,b,c > 0 such that ab + bc + ca = 1. Show that : 
a " b c 1 
at+Ve?4+1 b+VA41 ct+Ve+17 
Solution: 
Because 
a? +1=a? +be+ab+ca > 2aVbe+ ab+ca=a(Vvb+ Ve? 
hence 
a a 
—————————— — Ey = 
DE reer <2 Ey 
Q.E.D 
330. 
1) Prove that for all a, b,c be nonnegative real numbers, We have 
a ee 5 2(a+b+o)? a? b , C 
b+ecta atb~ 3abt+be+ca \2atb+ec  2+et+a %zw+athb 


2) For all a, b,c be nonnegative real numbers. Prove that 


ai bt e ab + bc + ca a? b3 3 
| + ! > + + 
(b+c)? (c+a)? (a+b)? 4 b+ce c+ta a+tb 


3) Let a,b,c be sidelengths of a triangle. Prove that 


1 BY el ashen 1h 1 1 
> + b* 4 t 
e a2 + be — ri ©) ab+be+ca  abb+bce2 4+ ca 


cyc 
4) if a,b,c be sidelengths of a triangle. Prove that 


ee ee ee CEE 1 1 1 
az+be be+ca c+ab~ 3(a2 +b? +c?) \(atb)? 


5)Let a,b,c be nonnegative real numbers. Prove that 


afat+b)(a+c) | bbb+e)(b+a) , ce+a)(c+b) (a+b+c)4 
(b+ c)3 (c+ a) (a+b)®  ~ 6(ab+ bce + ca)? 


6), Let a,b,c be nonnegative real numbers. Prove that 


IV 


1 4 
DD ren (re eee (a+ b)(b+ c)(c+a) 


cyc 
331. 
Let a,b,c be non-negative real numbers such that a+b+c= 3. Prove that 


a b Cc 


>1 
qulohe:  beden  eae dab a 
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Solution: 


a b i > +S a? _ (a+b+c)? 
a+2be ° b+2ca ' c+2ab aa + 2abe ~ a? + b? + c? + babe 
from am-gm 

(a+b+c)(ab + bc + ca) > 9abc, soab + bc + ca > 3abc 


(a+b+c)? ana b? + c? + Gabe 


| 
: a+ +e + babe ~ ate +c + babe 


Q.E.D 
332. 
Let a,b,c be non-negative real numbers such that a+b+c= 3. Prove that 


a ds b df Cc Z 
2a+be 2b+ca 2c+ab— 


Solution: 


a 2a 
<1 <2 
ree oe : @ Se raaa 


cyclic cyclic 


— DO so) Pe 


cyclic 


by Cauchy-Schwarz ; 


= (ab + bc + ca) 
= + eo = “ Re = — 6abc + a2b? + b2c? + c?2a? 


cyclic 


a7b? + b?c? + ca? + 2abc(a + b +c) 


= = 1 
Gabe + a2b? + b2c? + ca? 
Q.ED 
. 333. 
Let a,b,c > 0, > aT = 2. Prove: 
3 
ab+be+ac< 5 
Solution: 
1 4 ae ae oe a? i b2 oe 
ig? be ae l+a2 614085142 
by cauchy: 


a? b? Cc 3 


741404142741 > (a+b+c)? b 
(a* + c ee ine Tee @ c)’ => = > (ab+bc+ca) 


334. 
Let be a,b,c € (0,00) such that ab + bc + ca = 1. Show that : 


9a7b?2c? + abe(\/1 +02 + V1 +b? + V1+c2) <1 


Solution: 


We have: 1 + a? = (a+ b)(a +c), by AM-GM We have 


2 
(ab + bc + ca)? + 3 (ab + be+ ca)” =1 


WlrR 


LSH < 9ab.be.ca + abc(a+b+b+e4+c+4+4a) < 
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Q.E.D 
335. 
Let a, b,c be the side lengths of a triangle. Prove that 


3/a2 + b2 3/b2 + c2 3/c2 + a? 2a 2b 2c 
! a > ! + 
2c? 2a? 2b? b+ce cta atb 
336. 


for all a,b,c > 0 We have following inequality 


a 4 b os c 22 +) 1 Z 1 rs 1 
t Cc 
bre cta atb—3" (a+b)? (b+c)? (ce+a)? 


337. 
Let a,b,c > 0. Prove the following inequality: 


ay ee ea cree 1 1 1 
Be. ea Gab a (a+b)? ° (b+)? © 


Solution: 


ab + ac — 2bc 
> 
oS (+02 > 0 


a>b>c, ab+ac-— 2bc > be + ba — 2ca > ca + ch — 2ab 
1 s 1 < 1 
+o? = (+a — top 


Applying Chebyshev inequality. 
338. 
Let a,b,c > 0. Prove the following inequality: 


2 | | 1 | 1 | 1 
Kae ene aaa) OP TO Geet ED? 


339. 


, Prove that for all a,b,c be nonnegative real numbers, We have 


b 
OL + SE + abe > a%(b-40) + 0%(e+a) + 2(a+b) + 2abe ( aaa — ) 
b+e cta at+b 


Solution: 


it’s equivalent to 


which is obviously true. 
340. 
, 1) Prove that for all a, b,c be nonnegative real numbers, We have 


b+c-a cta-—b a+b-—c 1 
+ | = 
5a2+4be 5b2+4ca 5c? +4ab ~ at+bt+e 
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2), For a,b,c be nonnegative real numbers, We have 


. 1 1 V2 2 
+ + > + 
Vat+tbe Vbet+ca Ve+ab” Va?t+b?+2 Vab+be+ca 


it J2 
Diets a 


cyc cyc 


340. 


Let a,b,c be nonnegative real numbers. Prove that 


v2 
Er mae tres 


cyc cyc 


Solution: 


By the Cauchy schwarz inequality, We have 


(Szere) <(Cepess) ERS) 


= 20a a(b+e) | 
~ (a+b)(b+e)(e+a) (x a2 +be | 3) 


it suffices to show that 


ap erg (bee +s) o(S SS) 


Sy. aes Pe ee aap he 


a? + bc ~ (a+ b)(b+c)(c +a) a 
a(b+c) yo at — > a?b? 1 1 
Da mae [2 Gane toeraa oe" e)(e ol Gee ) Tiyee5) 2° 


Due to symmetry, We may assume a > b > c, since a—c > ¢(b—c). it suffices to show that 


1 1 1 1 
>0b 
“(aentasocrs) (asa aoancixa} 
& c(a? — b*)[(a — b)? + ab + be + ca] > 0 


which is trivial. Equality holds if and only if a= b=c. 


341. Let a,b,c be non-negative real numbers. Prove that 


a b c a b , c 


+ = 
b+e cta atb™~ Var+3be Vb?+3ca Ve2+3ab 


Solution: 


After using Cauchy Schwarz, We can see that the inequality follows from 


a a(b+c) 
> eigen 
Sige Ze Bima, 
that is ; ea 
~ + bc — b*? — c*) >0, 
(b + c)(a? + 3bc) 
or 


> we c) — a(b? + c3) she 


Without loss of generality, We can assume that a > b > c, then 
a®(b+c)—a(h +) >0> (a+b) —c(a® +5°), 


and 
1 1 1 


GLO aah) — (pare se 


it follows that 
a3(b +c) — a(b? +c?) KS a3(b +c) — a(b? + c3) 


(b+ c)?(a2+3bc) ~ (c+ a)?(b?+3ca) ” 
oe c3(a + b) — c(a? + 8?) = c3(a + b) — c(a? +b?) 

(a+ b)?(c? +3ab) ~ (c+a)?(b? + 3ca) 
Therefore 


F(b+0) —alb +3) _ Da(b+0)— a6 +0) 
oS (b+ c)?(a? + 3bc) < (c + a)?(b? + 3ca) 


Our Solution is completed. 


infact, We have the following inequality for all a,b,c > 0 


(a+b+c)? a 5 b ne c 
2(ab + be + ca) ~ Va? +3be Vb24+3ca Vc? + 3ab 


342. 
Let equation: 
(a + 1).Ina — «.In(a +1) = 0. 


Prove that this equation have only one root. 


Solution: 


f(x) = (x + 1)Inx - xln(x + 1) 


+1 x 
Me) =1 x Mee 
PAG) ag a 
Setting : 
x 
t= 1 
e+1 
g(x) =Int+—-t 
; i 1 
=-=— 1 vi 
g (x) ie <O0Vtie R 
=> g(z) 2 91) =9 
=> fi(z) 20 
=>. 
But We have : 
fC.) =..>0 
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343. 


, For positive a,b and c such that a+ b+ c= 3. Prove that: 
2 b2 2 


a Cc 


Sofb2 base Wee = 


Solution: 


2 4 2)2 
ee eee Ss 
2a + b? 2a3 + ab? ~ 2>> a? + >> a2b? 


So We must prove that 


Scat + So a?b? >2S-aPor $7 at +350 a?0? > 2S a®btare 


and We think the last inequality is true 


Of course the last is was true Wink .Because : 


<=> S/(a—0)* >0 


2 4 


24 p24 ay 
S- ae - - a > (a + +cC ) > 1 
a + 2b? a? + 2a2b? ~ (a3 + 6° + c3) + 2(a2b? + b?c? + c?a?) 
So it’s enough to prove that : 
at+bh¢h >t P+ osxattbh+c)>(@+U+e)(a+bt+oc) 
which reduces to : 


2° o> So (a%b + ab’) 


which is just Muirhead.Or you can also prove this last inequality by AM-GM. 


344. 
Let a,b,c > 0 and abc = 1. Prove that 
ar b ce a b Cc 


14 20b 14 2be thet RES, ae bE  breek” awl 


Solution: 
Because 
abc = 1 
We Setting: 
pe yee! 
y Zz x 


We have to prove that: 


cyc 
Uz Lz 
(e+y+z2) dG = 
pe U (2a +2) ~ os Y 
ee Qu2z v2 ) Lz 
ae YR + 2a) Pet 2a)" ~ ey 
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By Cauchy 


x 2. (2Qe-y) 2uz 
k— > - Z 
y y y 
9x? y(2x + z) Qxry 
(ees) 2 be Zz Orie Zz 
2 
z 2 ss 06s Ca pes a 
y Woe) Ty z y 
ae 2 2 250 
UZ 20° 2% LZ 20rz 2x LZ 
> a NS SS EX 
2 y? * erm * Perey = 9y 92 oe 


Let me try another Solution MSetting : 


a De year) 


xy 
RHS = si 
G+yt+zZz 
By cauchy-schwarz, We can prove 


xy? 


SS & 
(x-+y+z)LHS = (35 2arz + 27) ep Oe 


Now, We need to prove : 
LY 9 vy 
(S a >(e+y+2)(> oe 
ry 
= ) —. > 
<=> . Z2Ut+yt+zZ 


Which is obvious true by Am-Gm 


345. 
Let a,b,c be positive real numbers such that a + b+ c= 3. Prove that 
a b ; Cc Hs 1 
2b+1 ° 2+1 ° 2a+1~ abe 
Solution: 
1) 
* Lemma : 


Let a,b,c > 0 such that a+ b+c=3 We have: 
act Cb+b?c<4-— abc 
it is easy to prove if We assume that 
a(a— b)(c—b) <0. 
Now We are coming back above inequality: 


* Let a,b,c be positive real numbers such that a+ 6+ c= 3. Prove that 


a 4. b rn c 2 1 
2b+1 2%+1 2a+17 abe 
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Expanding and numeratoring We have the inequality is equivalent to: 
7+ dabe 5 > ab +4 S- ab > 2 y a*b? + 13abe + 4abe(a?e + €7b + bc) 
Applying above lemma, We only need prove that: 
7+4abeS~ab+4)— ab > 25 ab? + 13abe + dabe(4 — abc) 


Now,We will solve it easily by p,q, r technique. in fact, We put g = ab+ bc+ca,r = abc and 
note that q < 3. The inequality is equivalent to: 


f(r) = 4r? + (4q — 17)r — 2g? + 4q +7 


Using Schur’s inequality We have: 
12q — 27 
9 
Now, We will use derivative method to prove that f(r) > 0. 


qd 
ros 
ee 


eThefirstcase : 4g + 8r — 17 > Othen 


oq *") 94(3 — q)? 


J"(r) = 4+ 8r 1730+ flr) =F > )= >0 


e The second case: 4q + 8r — 17 < 0 then 


a _ B= 9(2¢q+ 21) 


f'(r) =4q + 8r-17 <0 f(r) > F ( >0,v0<q<3 


3 9 
2) 
% Lemma: 
a+b+c=3,a,b,c>0 
then : 


a’b+ bet a+ abe < 4 (it can prove by Am-Gm) 
Expanding the ineq : 
4." a*c)abe + 4abe + (S- a*)abe < 4 S- ab + 7 
LHS < 20abe + (S° a” )abe — 4a7b? 
We need to prove: 
2Wabe + (S > a?)abe < 4(a7b?e? +1) +45 > ab +3 


Easy to prove : 
a*b?c? +1 > 2abcand : S- ab > 3abc 


The ineq become: 
3> (- a”)abe 
But : 
9LHS = ox a”)[3(a +b + c)abe] < OF a”)(ab + be + ca)? < 27 


Another Solution(but similar) Wink 
2abe 
= < 
Se a 
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<=>0 are >So a’e-2 
= 2b4+1 7 


By cauchy-schwarz , We can prove: 


(Yo a*c)? 
fa 2(9> a)abe + Yo a?e 


So ,We need to prove : 
o> ae > (S¢ a”c — 2)(6abe + oy ac) 
<=> S- a*c + babe > 3abe(S~ a’c) 
<=> 6abc > (3abc — OD ac) 
<=> 5abe + 3a7b?c? > (Babe — 1(d¢ a’c + abc) 
Why the above lemma , We can prove : 
RHS < 12abe — 4 


LHS = d5abe + 3(a7b?c? +1) + 1-4 > 12abe—4 


Q.E.D 
346. 
, Let a,b,c be positive real numbers such that a+ b+ c= 3. Prove that 
a ’ b Co xg 1 
2b+1 ' 2c+1 ' 2a+1~ abe 
* 
1 i 1 ce 1 e 1 
a(2ab+1)  6(2be +1) c(2ca+1) ~ a?b?c? 
* 
1 Zz a i b 4. c 1 
37 (b+2)? (c+2)? (a4+2)? ~ 3abc 
* 
1 e 1 eR 1 & 1 é 1 
37 a(ab+2)?)  b(be +2)? — c(ca +2)? ~ 3a?b?c? 
347. 


Let a,b,c > 0 such that a+ b6+c=1. Prove that 
(st | [ette, /ete es 
a+2c b+ 2a c+ 2b 
Solution: 


Setting :~ =a+2b;y=b+2c5z2 =c+ 2a;z,y,2€ (0; 2 
Assume that :a+b+ce=1=>a+y+2=3 


<=> is 23 


[S| 2?(2— 2) |LHS? > (2+y +2) 


We need to prove: 


(a +y+z)? > 3[2(a@+ y+ z)(2? +y? + 27) — 32° — 3y? — 327] 
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<=> 4S a8 —35  ay(e+y) + 6xyz > 0 


it’s easier than schur. 


ety +2243 > 2a? +y? + 27) 


<> (142° -— 227 +2-1)+ (1479 — 277 +y-1)+(14+22 — 22? +2-1)20 


<> a(@—1)? +y(y-—1)? + 2(z-1)7 50 


348. 
1) 
a+ 2b b+ 2c c+2a 
Pak > 
y ee ee eee 
2) 
a+ 2b b+ 2c c+2a 
t t >3; > 
(ie (one 1/5128 > s:¥ia,0,e2 0 
348. 


Let a,b,c be nonnegative real numbers. Prove that 


a+ 2b 3b 2c 3. ¢+2a 33 
EH Oh so. ge De 8 hee oy ee = 


Solution: 
assume c = min(a,b,c) and set c+1=2z,a+1l=z2+m,b4+1=2+4n with m,n>0 


Setting c=a+1,y=b+1,z=c+1, then the inequality becomes 
yo es 
z+2y 


So (a + 2y)(22 + 2) (22 + y) > 3(2a + y)(2y + z)(2z2 +2) 


7 x + 2z)(2Qx? + 5axy + 2y”) > 3(9ayz +4 xy +2 xy? 
y y y ¥ y 
2S a8 +95 ay +6) ay? + 20ryz > 39ry2+45 > a?yt+2) xy’) 


oo a +3ayz>3So2°y 


By Schur’s inequality, We get 


se + 32ryz > Soe yt> ay? 
it suffices to prove that, 
ye + So ay? ze 2S ay 
So S- a(x — y)? >0 


which is true. 


349. 
And general problems: 


at%Mt+k | b+2%t+k | ct+2atk 


"e+2+k ° at2c+k  b+2at+k 


for 


k>0 
atmb+n b+me+n c+mat+n 
2, + 2 
+mb+n a+tme+tn b+mat+n 
for 
m,n > 0 
Solution: 
1/ Setting x =a4 kK y=b | b= | x the inequality becomes 


+2 
Lor 
z+2y 
it is the previous. 


nr 
m+1? 


«+ our 
2s 23 
Zz +7 OUr 


2/ Setting r=a+ —"1,y=b4 mez =et the inequality beomces 


m+ 


This inequality is not always true. 


350. 
Prove if a,b,c > 0; abc = 1 then 
a+e+c3 a? Vabc(a + b +c) 
V 3abc Vb+e V2 


Solution: 
Assume that :abc = 1 
*: 5 
2 2 
3 3 3 24 a 2a 
a+b? +c > a“Va= > 
Done 
* 
a? 1 3/3 
3 > a >(at+tb+c —— > 
Sac: oe [eer ( 2(a+b+c) 
351. 
Let a,b,c > 0 and abc = 1. Prove that 
e+P+e-3> > — 22 
= b+c 2 
Solution: 
The inequality is equivalent to 
S" Se(a — 6)? > 0 
with ; 
Sg=at+b+e >0 


(a+ b)(a+c) 


similar with S,,5, We get the same result.so the inequality has been proved. 


3. 43 3 = a 2a a 3 
a~+0° +c > a/at Vb+e/e ) Te ) bre ) Rae 85 
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By the hypothesis, We have 


ae a S a 
a pe =e 4) Gre) >a =) a ae: 
352. 
This inequality is true ,but very easy: 
3 
3.734 3 
aS 
a+bh+e ee 
2LHS > 35a? 23) lava = 3)! T= 2 2RHS 

=>done By schur 

a® +b? +c? + 3abe > S~ abla + b) 

eS PP LOLS yo say” c 
_ co b+e 
353. 
Let a,b,c > 0 such that abc = 1. Prove that 
1 1 
S- + = 
(lta)? 1+b+c+a 

Solution: 
Easy expand 

<=>? —2qp+p®—5p—3>0 

A! =p? +3+5p—p? = —(p—3)(1+p)? <0 
354. 
Let a,b,c > 0. Prove that: 
1 1 ; 1 1 
5(a2 + 62) —ab | 5(b? +c?) —be | 5(ce2 +a2)— ca ~ a +2742 


Solution: 


. We need prove 
5c? + ab 


—.—_.—— >2 
as 5(a? + 6?) — ab — 
Using Cauchy Schwarz,We have: 
5c? + ab (550 a? + >> ab)? (1) 
5(a? + 6?) — ab ~ S> (5(a? + 67) — ab) (5c? + ab) 


Setting g = ab+ bc+ca,r = abc,p=a+b+c=1. We have 


= (5S a? + S~ ab)? >> (5( 
(5 — 9q)? 
 (q—1)(3q—-1) = 0 


(a? + b?) — ab)(5c? + ab) 


2(—108r + 39q? + 5q) 


355. 


, Let a,b,c > 0 such that ab + bc 4 


+ ca = 3. Prove that 


3/(a + b)(b+c)(e+ 


a) > 2(Va+b4+ Vb+e+4+ Veta) > 6V2 


250 


Solution: 


* First, We prove the left ineq. Setting :~ = ab;y = be;}z =ca=>a4+y+2=3 


By cauchy-schwarz , We need to prove : 


Wet+y(ytz)\(2+2) > 8(at+yt z)(cyt+ yz+ 2x) (Right) 


%, Next, We prove the right ineq : 
By Am-Gm, We need to prove 


(a+ b)(b+c)(c+a) >8 


<=> 3(a+b+c) — abc > 8(Rightbecauseab + bc + ca = 3) 


356. 
, Let a,b,c > 0 such that a? + b? + c? = 3. Prove that: 


Let be c = Min(a, b,c) then c € [0, 1]. We have: 


2(2—a)(2—b) = 8—4(a+b)+2ab = 8—4(a+b)+(a+b)?—a?—b? = (at+b—2)?4+4—a?—b? > cP 41 


fl = 2-6) (—S*) 


fo =03¢e= 2c I Hence, Ming() = Min (0). f00.(3) ) = 52 


Thus 


The equality holds if and only if a = 3, b= 3, c= $ or any cyclic permutations. 


357. 
Let a,b,c > 0 such that a? + b? + c? = 3. Prove that 


9 a 
< 
2(a+b+c) 5 rar 


Solution: 


We have 


2 2 
ire re cease 
b+e ab+ac ~ 2(ab+ bc + ac) 
then in view the problem : 
+h +e =3-—> 5s? =29+3 


We obsever 
s° +5? +27 > 9s? 


<=> (3 —s)(9+3s — 2s”) >0 


We have 
a+b 18 
ear 
Cc a+b+c 
358. 
Let a,b,c > 0 such that a? + b? + c? + d? = 1. Prove that 


ab + cd)(ac + bd) 
4 


ima Haoanas! 
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By CBS 


J/ (a? + b?)(c2 + d*) > ac + bd 
We have 


2(1—a)(1—d) (a+ d-1P +P? 4+2SRP +e? 


I —-<Miad See 


21-b)1-c)>e°+@ 
J (a? + d2)(b2 + c?) > (ab + cd) 
s/ (a? + d?)(b2 + 2) > (ac + bd) 


359., Let AB is a triangle have A; B;C < 90 Prove that. 
tan? A + 3tan?B + 15tan?C > 36 


Let tanA = 32;tanB = 2y;tanC = z(a2;y; z > 0) Solution: 


by AM - GM: 
3x? + Ay? + 5c? > 12 ¥/xSy8z10 
3a + 2y +2 > 60/x3y2z 
——— > (32? + 4y? + 5z7)(3a + 2y +z) > T2ayz 
——— > 3(3a? + 4y? + 52”) > 36 
Q.ED 
360. 


if x,y, z are three nonnegative reals, then prove that 


S\ Veta) (ety) 2etytzt v3: yet cat ay, 


cyc 


where the >> 
Applying the Conway substitution theorem (http://www.mathlinks.ro / Forum /viewtopic.php?t=2958 


cye Sign means cyclic summation. 

post 3) to the reals x, y, z (in the role of u,v, w), We see that, since the numbers y + z, z+ 
z,co+yand yz+ 2x + xy are all nonnegative, We can conclude that there exists a triangle 
ABC with sidelengths a = BC = /y+z,b=CA=VJ/2z+4+12,c = AB = /xFy and area 
S= sVyz + 22+ ry. 


Now 


o) 


So Ve4+2) (e+y) =) ) Ve+a- VeFy => b-c=be+ cat ab; 


mtyte=s(yt2)t(z+2)4 (ety) 


1 


= 5 (va Fe)’ + (vz42) + (VEFD)’) 


1 
=5 (+b +c’); 
1 
V3- yz + 20 + ay = 23+ oVyz Fae + ay = 2V3- S. 


Hence, the inequality in question, 


Di VEt+a)@+y) zetytzt V3-Vyz Fee Fay, 
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becomes 
1 
be+ca+ab>— 


i) 


Multiplication by 2 transforms this into 


(a? +0? +c?) +2V3-S. 


2 (be + ca + ab) > (a? +0? +c?) +4V3-S, 


or, equivalently, 


Using the notation 


this rewrites as 

(+0? +c?)-Q>4v3-S, 
what is equivalent to 

a2 +b? +27 >4/3-S+Q. 


But this is the ill-known Hadwiger-Finsler inequality 


So V@t+aety) 2etytet V3(ayt+az+yz)e 


cyc 


2(aty+2—VB(ay+az +92) — >> (Veta vzF9) 20. 


cyc 
But 
2(e+yte- V3(ay + 22 + 92)) ~\ (vzFa- Veta) = 
cyc 
=o (@-y)? : : 
ai ctyt2+/3(ry+2z+ yz) (Jz+a+Vz4y) 
(x — y)? (2+2VEF ae +9) — /3(ay + az+ v2)) 
cye (e+yte+ V3(ey + xz + y2)) (Jz+at+VzFy) 
_ a\2 | 427 +aytaz+yz 
(a y) (< y 2\/(z+a)(z+y)+1/3(aytaz+yz) 0 
eye (e+yte+ V3(ay + 22 + 92)) (JzFa+Vz+y) 7 
361. 
Prove if a,b,c > + such that > /a < 3 then 
So Va? +3>a+b+ce43 
Solution: 


1 
Va? +3—- 1)> denot - 
a? + (@+1l> fiw enotea > 5 
1 
Va +32 a—Va+ Qwitha.7 
Va2+3>a—-Va+2 


<-> (4a-—1)(a-—1)7 >0 
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362. 
Let a,b,c > 0 such that a+b+c=1 Prove that 


Solution: 


b)b 
1< ye ares = aie —a’b* + a°c — a*be) > 0, which obviously true. 


Bee erie ea a 2 ye 


2-95 St? ss 


Q.E.D 
363. 
Let ABC is a triangle. Prove that 


2 cos2 oe 9 


Gane sin§ sin® B sing 


Solution: 
>Yy5 b +c 
because Lip 
a Cc 
> eames 
Sear 
BY CBS 


Let c=p-—a>0:y=p-—b>0;z2=p—c>0 We have 
z YtzZz ytZ 
a b+e 
— > 
a Sree Pe 
a a b+e b+e 
ye io, Se0n 


Q.E.D 
364. 
Prove that the sides a,b,c of any triangle suck that a? + b? + c? =3 satisfy the inequality 


Caste! 
az+b+e 


Solution: 


LHS < yet Soe) _ atb+c+ 2ab + 2be + 2ca ae 
~  (a+b+4+c) 3 + 2ab + 2be + 2ca 
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365. 
Prove if a,b,c > 0 then 


SJ(atb)(b+e)Va—b+e> 4(atb+e)V( a+b+c)(a—b+c)(at+b—c) 
Solution: 
b+c-a=27,a+c-—b=y',a+b-—c=27 


We want to prove 


S- a(2y? + 27 + @7)(227 + y* + 27) > l6ryz(x? + y* + 2”) 


So o(2y?+2?-+2°) (22? +y? +27) = S- a((x*-+y?2z7)+(2y*+2y7z7)+(22442y?27)+(3272y?+327 2? 


S° (82% yz + dye za + 4z3 xy) = 16ryz(x? + y? + 27) 


The inequality is equivalent to 


(a+b)(b+¢) oe 
Br camer CET) > 4(a+b+c) 


From AM-GM We get 


(a+b)(b+c) > 2(a + b)(b+c) z (a+ b)(b+c) 
J(b+e—a)(c+a-—b) b+c—at+c+a-—b Cc 
Therefore it remains to show that 
y POTS s Kato+e) (1) 


Since the sequences {+, 7, +} and{(c+a)(a+b), (a+b)(b+c), (b+c)(c+a)} are oppositely 


sorted, from Rearrangement We get 


~ (a+ b)(b4 + b)( ore) ca 
ds = b = 
S see =atbte+s 


Therefore it remains to show that 
ca 
s ie >Satbt+e 


which follows from Rearrangement 


ca ca 
ye ae S- = =atbte 

366. 

Let a,b,c > 0 such that a? + b? + c? = 3. Prove that 


\> = a+b 
Vrap=ae- 
a wb i/a* + b4 + c4 
> 
eee a wa 


2 
(2 4 7 4 ©)? (a2b? 4 Be? + 2a) > (a2 +0 4+.2)3 
c a 


P2: if a,b,c > 0 then 


By Holder ,We have 
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)= 


and 


(ore rey ear tee er 
(a2b2 + b2c? + c2a?)? > 27(a" +6" +c") 


Let 2? = -a+b4+c6 0.0.8. then a = vie .... By P2 We have done 


367. 
Prove if a,b,c > 0 then 
a? b e 373 


t = 
as ae a+ ~ 22/2? +P +2 


Solution: 
We assume a? + b? + c? = 3 then the inequality becomes 
a? + b? oa . 3 
B+ c&+a> ai+b3 ~ 2 


Note that for a,b,c > 0 and a+6+c=3 then 
a2b+b2c+cia< 3 


By the Cauchy Schwarz We get 


a? a: b? ie c (a2 +02 +2)” £08 
B+ 8+a a+b ~ a2b8 +> 5a3b? ~ 6 2 


Let a? + b? +c? = 3. Then We need to prove that 
pee 
b+ c3 7 2 


But 5 : 
Ye el ae ae Sar ee: 
b3 + 63 b3a? + a2 ~ S*(a3b? + ac?) 


cyc cyc 


id est, it remains to prove that 


So (a0? + ac”) <6. 


cyc 
But 

So (a2b? + ae?) < 6 5° a3(3 —a”) < 6S 

cyc cyc 

@ S (a — 30° +2) >0eS (a? 3a° +2+42(a? -1))>0¢ 
cyc cyc 
@ Sa?(a+2)(a—1)? > 0. 
cyc 

368. 


, Let a,b,c > 0 such that ab+ bc + ca = 1. Find min: 


2 b2 2 
Mes ta Hehe Ae) 
b Cc a 


Solution: 

We can solve it by the lenma: 
ee eee a (a? +b? +c?)(a+b+c) 
b Cc a ab+ be + ca 
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369. 
Let a,b,c > 0 abc = 1. Prove that 


(a+ b)(b+c)\(c+a)+7> 5(a+b+4+c) 


Solution: 


= (a+b+c)(ab+be+ca)+6> 5(a+b+c) 


= ab+be+ ca + ———— > 
a+b+c 


setting 


F (a,b,c) = ab+ be + ca + ——_—_ 
a+b+e 


F(a,b,c) — F(a, Vbe, Voc) = (Wb — Ve)? (a — frac6(a + b + c)(a + 2Vbc)) 


assume 


a = max(a,b,c) > F(a,b,c) > F(a, Vbc, V'bc) 


thus, We need prove 
FOE CANS Ss 


(a+ b)(b+c)\(c+a)+7> 5(a+b+4+c) 


<> (a+b+c)(5—ab—be- ca) < 6. 
oh, after an hour for it, We have an interesting Solution Very Happy with: 
(a+ b)(b+c)(c+a) =(a+b+4+c)(ab+ be + ca) — abc 


and continue with AM-GM 
Similar to it, We have: 


(a+ b)(b+c)(c+a)+3n—8>n(a+b+c)(n > 3) 


370. 
Let a,b > 0. Prove that 


a b 
+ >1 

Vaz+3e Vb? +3a2 ~ 
Solution: 
By Holder 

a b ae nat cee 
Farce + Jereae) (ale? +90") + 00? + 30) 2 (a + 8)? = 

= aa? + 302) +000? + 302), 
Q.E.D 
371. 


Let a,b,c > 0 such that a? + b? + c? = 3. Prove that 
a(at+b)+h(b+c)+ce(c+a)>6 


Solution: 
We have 
(a+b+e)(a? +b? +c*) > (+0? 4+’)? 
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and 
3(a%c + b8a + c8c) < (a? +b? + c?)? 
QED. 


372. 
Let a,b,c > 0. Prove that 


Vyeres yhp 


ill, you can easily prove by AM-GM that: 


So it suffices to show that: 


which is a known Vasc inequality. 


373. 
1)Find the best positive constant & such that the following inequality’s right 


ab be ca 


<1 
ab+k(k—a) be+k(k—b)  catk(k—c) — 


for all positive numbers a,b,c such that a? + 6? +c? = 1. is k= 2/8 


2) Let a,b,c be positive number such that a + b+ c= 1. Prove that 


3) 
b(b+e—2a) | cc+a—2b) | ala+b— 2c) ei) 
3ab+2b+¢ | 3bc+2c+a | 3ca+2a+b — 

4) 
ab be ca 1 


t < 
3ab+2b+c 3be+2c+a 3ca+2a+b7 4 
5) Let a,b,c be positive numbers such that a + b+ c= 1. Prove that 


ab bc z ca et 
3ab+2b+c | 3bce+2ce+a  3ca+2a+b- 4 


6) Let x,y,z be positive numbers such that 2? + y? + 27 = 6 and A, B,C are three angles 


of an acute triangle. Prove that 


1 
al 
> 1+ yzcosA + xyz?cosAcosB —~ 


cyc 


7) Let a,b,c be positive number such that ~{> + a; + qf = 1. Prove that 


a 


2a—1 as 2b-—1 a 2c—1 
1+2a+4ab 142b4+4be 1+4+2c+4ca — 


8) Let a,b, c be positive numbers. Prove that 


1 1 1 (a + 2b)? 2. Ose de\r het 2a)? 
ce’ — a2 +b(c+a) ' +c(at+b) | c?+a(b+c) 
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Solution: 


b 0b a? Ab? a+2b? 
— = -)= —= > Or 
LHS 5 Core) 5 tr >5 RHS 


a2 bc + ba a? + be + ba 
cyc cyc cyc 

374. 
Let a,b,c be positive numbers. Prove that 

a® ; b? ro b+e : ca? 

a+ BP +2° A@4+a27 2 | +e? 
Solution: 
a® b? oa atbt+e 
+ > 
a+b? b+) c+a? 2 


and an inequality very strong 


ot oe i e _ 3(a? + b? + c?) 
ath +2 A442 — 2 
a® ab? ab? 1 


it remains to prove 
atb+e a b+e ca? 


2 ~ 2 | +a? 
which is equivalent to ac? + a® > 2ca? which is true by AM-GM 


375. 
Let x,y,z > —1. Prove that 


14+ 2? 14+y7? 142? 
ltyt2z? ltz4+a? ltaty? 


Solution: 
Asa< dee We have 


2 2 
ltyt 2? (1+ y?) + 2(1 + 22) 


Denoting 1 + 2? =a and so on We have to prove that 


but Cauchy tells us 


and as 
(Soa) > 3(ab + be + ca) = S | a(2b + c) 


We have the result. 


376. 
Solve the equation: 


J/13x2 + 82 +54 +/29x? — 242 +5 = 2,/122? + 4 — 1 
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squaring both sides of your equation and simplifying We get 
2/1322 + 8x + 5v/29x2 — 24r +5 = 6x? +322 — 14 


squaring again and factoring We have 
16(232? + 122 — 6)(2r — 1)? =0 
2 


The only Solution which fulfills our equation is 7 = 
J/13x? + 82 +5 + +/29x? — 247 +5 = 2,/1222 + de — 1 


/ (Ba + 2)? + (Qa — 1)? + \/(5x — 2)? + (2x — 1)? = \/(8a)? — (4x — 2)? 


Note that: 
/ (3a + 2)? + (Qa — 1)? > [3a 4 2| 
J (Sa — 2)? + (2a — 1)? > |5a — 2| 
V (8x)? — (4a — 2)? < [82 
Therefore: 
J/ (3a + 2)2 + (2a — 1)2+4/(5a — 2)? + (Qe — 1)? > |3242|+|5a2—2| > |(32+2)+(52—2)| = |8a| > 
with equality occuring when 
2 2 1 
(2% —1)° = (44 — 2)° =0=> t= 35} 
377, 
Let ABC be an acute triangle. Prove that 
cos* 4 cos* 8 cos*S oo A B A B Cc 
sine A ane sin® 2 4cos 5 cos 5 cos 5 (cos 5 + cos 5 + cos 5) 
Solution: 
Let b+ c-—a=2,a+c—b=yanda+b—c=z. Hence, 
~ cost 4 ~ A B 
2 2 
S- sora > 45° cos 7 008 F 008 5 S 
cyc 2 cyc 
(1 A Pasa)’ 
2be +c a? a2 + c2 — b? a? +b? — 
= —__,,_+ > 1 14 14 
S yb ( a 2bc ) ( 2ac ) ( 2ab ) 
cyc A- ge cyc 
es: b+c-—a) Sp nna Ce a) 
a bc(a + b— c)(at+c-—b) ae abcv/ be 
ras b+c-—a)? {5 Use Vi ae 
oa bc(a + b— c)(at+c-—b) ae abcy/be 
(y + z)2? S Sy Ar? yz 
P (x +y)(a + 2) 


> 
parr 
cyc cyc 
4x yz 
(x + y)(x + 2) 


= So (2*y + #°z) > Qryz ye 
cyc 


cyc 


260 


(8x)? — (4a — 


which is true because 
x (a? y + 23z) > Qryz(z@ +y +2) 


cyc 


and 


s 1 = « “Ly ytz 16x? yz 
otytzy (a+y)(at+z) Aatyt+z)\ (a+y)\(et+z)(yt 2)? 


8x7yZz _ 8xryz 
ay, (cty+z)(xt+y)(et z)(y+ 2) loess — 


cyc 


id est, your inequality is proven. 


378. 
Let a,b,c be positive number such that a + b+ c= abc. Prove that 
3V3 Z bc ca ab 2 at+b+e 
4 ~a(1+bc) | b(1+ca) ° c(1+ab) — 4 
Solution: 
use the inequality: 
= SS 
x+y vc sYy 
We obtain: 
Abc 2 bc be 
2a+b+ece7 a+b ate 
4dac ca ac 
< af 
2b+ate a+b b+t+e 


4ab ab ab 
< + 
2c+at+b~”~ b+e ate 


From Titu’s lemma, We have: 


3 OBS os e. Vab)?—__ () vab)? is 3V3abe  3V3 


ctabe~ atb+c+3abe 4abe ~ Aabc 4 
379. 
, Let a,b,c be positive number. Prove that 
ss > 
an at + ans 2 
Solution: 
or equivalently: 
a 3 
P —= —————— > os 
Va? + 24be ~ 5 


Then Hélder gives us: 


3 
(= a? + mat) P?> ps : 
eye cyc 


25 (= : >9 bs a? + mate) 


cyc cyc 


so it suffices to prove 
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which is obvious upon expanding 


Another Solution: 


2 4 
a a 1 
» au ~ \ ape ~ . ae 
qe 


We consider the function ; 


/ 2202 
1 + 24a fre 


f(a) 20 


f(x) = 


So 
f(a) + $00) + F(o) > 3f(B*) 
So the ‘ 


354240762? 
per (a+b+c)§ 


LHS >3)5_ 


So We have to prove that: 


1 1 
» 36 «24a? b2c2 2 5 =? (a + b+ c)® > 36 G22? 
tt Catbrey> 


which is true . 


380. 


, Let a,b,c be positive number such that a+b+c= 1. Find the minimum of 


p= a b ; c 
~14P42° 14240 1402+? 


Solution: 


bu Cauchy-Schwarz, 
S=P(atb+e+> abla+d)) >(e+b+cr=1 
by Schur We can prove that, 


S/ ab(a +b) < a? +? +03 + Babe < a? + 88 +. + Gabe 


#4) abla+b) <a +8 +435 ° ab(a+b) + babe = (a+b+cP=1 


1 
b b)<- 
= S° abla + a, 
then 
p(i+7)2821 


and finally 


P 4 
me 5 


381. 


, Let a,b,c be satisfying - 


V2 
a* + b* + c* + 4a7b*c? = 2(a7b? + b2c? + c7a”) 


<a,b,c <1 and 
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Prove that 


at 
S- > Aabc(a + b+ c) 
a 1—-—a? 


Solution: 

As a?b? + b?c? + c2a? > abc(a +b +c) We can even prove the more stronger inequality still 
holds: 

if 4 < a,b,c < 1 such that 


dabe = 2(ab + bc 


con) 

Q 
we 

[=] 


Then 


l-a 1-06 1 


2labc(a + b+ c) 
8(a? +b + b+ be + ca) > 
e cole ‘ (a) 2 3b + bc + ca) — a? — b? — ce? 


if a,b,c are the sidelengths of a triangle. 


382. 
Let a,b,c € Ry and 


cyc 
Prove that ; 
ss 
a 
cyc 
Solution: 
We have r 
5 Soa+ > 2 {soWehave ) | a >3 
but i 
9 1 a*+a*—1 
pT ee ae 
where ‘4 , 
a~+a*—1 
f(a) 4 S- a3 + a 
but 


(6a* + 3a? + 1) 
a3(a2 + 1)3 


f@s= 


< Oforeverya > 0 


so We have Dep r 
Y fla) < 3f(— J) $ 3f() = 5 


a 


so We have 


383. 


Let a,b and c are non-negative numbers such that ab + ac + bc = 3. Prove that: 


1) a? +0? +c? + 3abe > 6 
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Solution: 


Using Schur’s inequality 


A(ab + be + ca)(a +b +c) —9abe < (a +b+c)? 


Then 9ab 
(a+b+c)? > 12— —“* and 
atb+e 
% 9abc 
LHS = (a+b+c)* — 6+ 3abe > 6 - ———_ + 3abe > RHS 
at+b+ce 
because 


(a+b+c)? > 3(ab+be + ca) 
2) at +b4 + ct + 15abe > 18 


assume that: a+b+c=p,ab+be+ca=q,abc=r so q=3 and We have to prove that: 


2 EO 
p> 2 2—P*) 
~ 15+ 4p 


casel:i fp? > 12 the ineq is true 

case2: ifp? < 12 

remember this schur ineq 

(p? — 3)(12 — p”) 


r= 
2 6p 


We will prove that 
(p* — 3)(12—p*) . p*(12—p*) 
6p — 15+4p 


which is equivalent to (p — 3)(2p? — 9p — 15) < 0 (which is obvious true for all < p < V/12). 


384. 
Let ABC be an acute triangle. Prove that: 


cos A+ cos B+ cosC < Vsin? A+ sin? B + sin? C 


Solution: 
Let 
bc 


ee AN baa) (ease) 


So We have to prove that: 


/2)_ abla +b) + 6abe > S> abla +) 


which is equivalent to: 


cosA + cosB + cosC < \/3— (cos?A + cos?B + cos?C) 


(cosA + cosB + cosC)? + (cos*A + cos*B + cos*C) < 3 


By Cauchy,We have 


4 
(cosA + cosB + cosC)? + (cos? A + cos*B + cos*C) < 3 (cos A + cos”B + cos*C) 
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it remains to prove 


cos? A + cos? B + cos?C < 


me] Oo 


it’s obvious..... 


385. 
Let a,b,c > 0 satisfy a+ b6+c= 1. Prove that 
1 
2 72/72 4 2) 2 2 
+ b*)(b* 4 < 

(P+P\P +A +0) <= 
Solution: 
let 


fla,b,e) = (V+ PP +e)\(e +47) 


letc = maz(a, b,c); We have 


(which is equivalent) 


ab(—4abc? + ab + ab® — 4a?c? — 4b*c? — 2c*) <0 


We will prove that 
f(a + 6,0, ce) = f(l—e,0,c) < 


Nl eRe 


which is equivalent to 


1 
39 * (6c! 32c? + 20c? — 4c — 1))(—1 + 2c)? < 0 
remember that 


16c* — 32c* + 20c” — 4c — 1 = 4(2c? — 2c 4 )(2c? — 26+ 


for every c € [0,1]. 


386. 
Let a,b,c > 0 such that 4abe = a+ b+c+1. Prove that 


pe ges phage 24 42 
ee ee -< tee EE > 2(ab+ bc + ca) 
a c 


Solution: 


By AM-GWM’s inequality,We have: 


LHS > 2be | 2ca : 2ab = 2 (ab)? + (be)? + (ca)2) 
a 


But ; 
(ab)? + (be)? + (ca)? > 38 + be + ea)? 
2 
=> LHS = Babe + be+ ca)? 
Thus, it is enough to prove 
2 
=— (ab + be + ca)? > 2(ab + bc + ca) 
3abe 


= ab+bc+ca > 3abc. 
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indeed, from the condition, by AM - GM, We obtain: 
dabe =atb+c+1>4WVabe = abe>1 


=>a+b+c> 4abc — 1 > 3abc 


But 
(ab + be + ca)? > 3abc(a + b +c) > 9a7b?c? => ab + be + ca > Babe. 


The result is lead as follow. 


387. 
Let a,b,c be positive real numbers,prove that 


(4) 20 Ge) (9) 


Solution: 
a+b a (cty)y +z)(2 +2) — 8ryz 
Se) ee) er ee 
<=> ) jalb MEK oro) 29 
Q.ED 
388. 


Let be x,y,z € Ry. Show that : 


(«2 +2) (+2) (+3) > V(et+y)(yt2)(z+2) 


Solution: 


Because 


We have 


Similarly We obtains 


3 3 3 1 1 1 1 
2 bess 2 = 2 Ze) Ss a 2 = 2 at 2 ci 
(+2) (+8) (+8) 25ya (+4) (+) (49) 
So ineq at first equivalent to: 
[[ 4? + =s[[(+y) 


Then apply Cauchy-Shwar We have 
(40° + 1) (1+4y’) > 4(a+y)" 


similarly and multiply We have finished. 
389. 
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Let x,y,z be the non-negative real number satisfying (x7 + y+ 2)? +2y+yz+ zx = 2. Prove 


that 
r+y ytz z+2@ 5, 3v2 


f2tay+l Jzr+tyz+1 Jyrt+ze+1 2 


Solution: 
We can let a= a2+y,b=yt+2,c=2+2 then We have ab+ bc+ ca = 2 and We have to 
prove that: 
a 3 
> =(1 
2s Va? + 3bc — 2 ) 


cyc 


Just use Holder, let the LHS be S, then by Holder 
S?(S° a(a? + 3be)) > (a+b +0)? 


So We have to show 
4(at+b+c)® > 9(a? + b8 +c + 9abc) 


which is obvious by Muirhead. We will must prove that: 


2(ab(a + b) + be(b +c) + ca(c +.a)) > a? +b? +c? + 9abe 


<=> (3c -—a — b)(a — 6)? + (3a — b—c)(b — c)? + (36 — a —c)(c— a)? > 0(«) 


Suppose a > b >> c We have: 


3b-—a—c> 3b—c— (b+c) = 2(b—c) > 0,,(c— a)” > (a—b)? + (b—c)” 


then 


but: 
ct+tytez 2 (do ary)? 
yz yiery? 


remember that: j 
Die +y)? < set yt) 
) 


e+y+2 3 Olay)? 3 Olay)? 
* — * 
~ wyZz 4 (Qa)? 4 xyz(at+ytz) 


390. 
1) For any triangle with sides a, b,c. Prove that 


a*b(a — b) + b?c(b— ce) + Pa(c — a) > 0 


Solution: 


Leta=a2+y,b=y+2,c=2+4+42; after expanding,We need to prove that: 


Yomy > (a@+yt+ z)xyz 


cyc 


2) For all positive real numbers a,b and c 
2a(b +c) te 2b(c + a) é 2c(a + b) e a+b+c 
(a+ b)(a+c) (b+ c)(b+a) (c+ta)(c+b)~ Wabe 
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LAS <3< RHS 


391. 
Given a,b,c > 0 satisfy a+ b+ c= 6. Prove that: 


(11 + a?)(11 + b?)(11 +c?) + 120abe > 4320 


Equality occurs when (a, b,c) = (1, 2,3). 


Solution: 


LHS — RHS = 11(ab+6c+ca—11)? + (abe— 6)? +121(a+b+c¢)? — 36 > 4356 — 36 = 4320 


Equality occurs if fa+b+c=6,ab+bc+ca = 11 and abc = bora = 1,b = 2,c 


symmetric permutation. 


a&+h4+cé ab + bc + ac 
+9 2 
abc a? + b? + c? 


LHS — RHS =(S_a?—S_ab)\()_ - = <a) >0 


it is instantly solved by SOS 


(a+ b+ c)(a? +b? +c?) — 9abe 
>0 
2abc(a? + b? + c?) = 


392., let a,b,c be positive numbers such that: abe = a+ b+ c+ 2. Prove that 


sae | 
be—-2(—-4+ -4+-)>5 
one Cn ae 


Solution: 


We need to prove that: 
eg Oe Se 
abc 


(S > a+ 2)? —2(> © ab) > 50> a + 2) 
Si’? >S-at6 


abe =a+b+c+2thenS a> 6 


So(@? +4) >> 04a 
35 a> 18 


remember that: 


QED 
393. Let x,y,z > 0 and S> x? + 2xyz = 1. Prove that: 


Bryz <2 S- xy? 


Solution: 


/ ab ca / ab aa a s 
Let x = (ate) (b4e)? Y= (e¥b)(a46)? = (ate) (bFe) This ineq becomes: 


a 3 
s eee 2 
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3 or any 


394. 
, 1)Prove that in any triangle ABC exists the relation 


b+c-a a 
4/————_ +2. —— >6 
a + Soa 
Solution: 
the inequality 
b+c-a ~b+c—a 
= ,/ ————— > 2 en 
% oe a = b+e 


Remember that: 
(b+c) >2Vb+c—ax Va 


so We get: 
/b+ce-—a pelea a 
a ~ b+e 


2) Let a,b,c be the length of the sides of triangle ABC. S is the area of ABC and 0 <a< 


b <c. Prove that: v( b) 
2 G=ofe-ay) > 48 


Solution: 
use Cauchy, and this inequality: 


4 
abe a Va Ue ee 


And We will prove this inequality: 


i boo ae pe Sa 
a 


b—c)*(c—a)? 3 


395. 
Let. a, b,c be the lengths of the sides of triangle ABC and R is the circumradius ang r is the 


inradius of triangle ABC. Prove this inq 
2r 


(a+b+c)? 
>A 
2(ab + bc + ca) — (a2 +6? +c?) RT 


t is really a complicated Solution and of course it is not necessary for this one Razz 


(a+b—c)(a+c—b)(b+c—a) SA 


(a+b+c)? ; 
2(ab + be + ca) — (a2 +b? +c?) © abe 


Let a+b-—c=2,b+c-—a=y,c+a—b=z the inequality is equivalent to: 


(e+ytz) | 8aryz 

sytyete2n © (e@t+y)(ytz)(2t+a) ~ 
ety? +2 8xryz >9 
aytyet+zn (@t+y)ytz)\(z+2) ~ 


396. 
, Let be a,b,c > 0. Prove that : 


a($42 “) 2ab + 2be + 2ca 


a+b+c = 
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Solution: 


Cc 


+-4 =24 


a 


Jz (a+b+c)? 


—~ ab+be+ca 
a? +b? +c? 


ete+te | 


LHS > 64 +2 > 11 
me ab + be + ca \ eee a? + b? oe)? 
From Cauchy 
ab ie = (a+b+c)? 
bc. a ab+be+ca’ 
Let «=a? +b? +c?,y =ab+bc+ca. Then it remains to show that 
2 2 
SUGAR AU) 20s ag 
y Me 
which in turn is equivalent to 
(x — y)(3a — 2y) > 0 
which is obviously true since x > y. 
For your ineq,We can prove easily. For example: 
b 2(ab+b 2(a2 +67 +c? 2(ab+b 
gee se is 
boc a a? +b?+¢ ab + be + ca a? +b? +c 
a bc. 8(ab+bce+ca) _ 17 
t-+-4 > 
b c a 3(a2+b? +c?) ~ 3 


397. 

Let a,b,c > 0. Prove that 

Va? + be | 
b+e ~— 


3/2 
5} 


De 


Solution: 


With this one, use Holder ineq, We need to prove: 


(St a? +57 ab)? > > (a? + be)2(b + 6)2(1) 


And pqr works here, of course, not so nice (notice that the equality of (1) occurs when 


a=b=cora=b;c=0. 
398. 
, Let a,b,c € [0,1]. Prove that 
a 5 
= t < 
Pres Wee 5 
Solution: 
Assumea>b>c 
a b+e a 
= < ——_— be < be +1= 
AOE G aie (oie ee r 
bc? + bc + 1 
po Ee) ap ess 
1+ bc 


(Because a, b,c € [0, 1]. 
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399. 
, Let a,b,c € R such that abc = 1. Find max : 


1 
P= rad 


Solution: 


We have ; 
yi 
a+b+4+1 
with a,b,c > 0 such that abc = 1 and 


4 & 1 62 
a+b+47~ a+b+1 


400. 
Let x,y,z be positive real numbers such that x? + y? + 2? > 12. Find the minimum of: 


6 6 6 


ax y z 
syt2V1+23 yz t2Q2V1+a2 9 ert 2/1 +y 


Solution: 
We have 
2/14+a3 <a742 
then, use CS 
=> min = 96/5 
401. 


Let a,b,c > 0. Prove that 
] [(@* + 70? + 10) > 216(a +b +-c)° 


Solution: 
We have 
(a? + 2)(B? + 2)(c? + 2) > 3(a +64)? 


and our ineq: 


(a? + 5)(B? + 5)(c? +5) > 72(a+b+c) 


C-S lemma 
a* + 7a? + 10 > 6(a? +2) 


(a? + 2)(b° + 2)(c? + 2) > (atb+c)* 
it’s very easy C-S. 


342. 
Let a,b,c be positive numbers such that a+b+c = 3. Prove that 


12 


b —————— > 
. OF ape ae 


abc > (b+ c—a)(c+a—b)(a+b—-c) 


and then We have : 
abc > 3 S- be — 3 
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12 ab + be + ca 3 
>4 >42-3= 
ae ab+be+ca — ( 3 iota. 32 a8 


402. 
if a,b,c are non-negative numbers, prove that 


(a? + ab + b?)(b? + bc + c?)(c? + ca +a”) > (ab+ be + ca)?. 


Because We have 


2 
a? +ab+b? > See) 
4 
i 2 2 2 
(a? + ab +0?) (8 + be +c) (2 +ca +a?) > 27 (a +b) os (c+a) 
i 
> (at bte)’ (abt be + ca)’ > (ab + be + ca) 
403. 


Let a,b,c > 0 anda+6+c=3. Prove that 
4>a7b+b?c+cCa+abe 


Solution: 
WLOG a+b+c=3 

if{p, a7} = {a,b,c},p2q2r 
then as 


pq 2 pr = qr", 
1 
a°b+b?c+c7a+abe = a(ab)+b(be)+c(ca)+b(ac) < p(pq)+2q(pr)+r(qr) = 5 (24) (Pp+r)(p+r) 


1 Ca rr) t tT) e 2 
2 3 2 


=4. 


404. 
Prove that for all positive real numbres a, b,c 


(a? + 2)(b? + 2)(c? + 2) > 9(ab + ac + bc) 


Solution: 


WLOG (a— 1)(b—1) > 0 We have 


(a7 +14+1)(14+0?4+1)> (14+1+41)(a? +b? + 1)(byTchebyche f’ sinequality.) 


and 
(a? +07 +1)(1+1+4+c’) > (at+b+c)? > 3(ab + be + ca) 
405. 
, Let a,b,c > 0 and abc < 1. Find minimum of 
a be 42 ca ab 
~ @bt+atc | Patb?e | at cb 
be ac ab b+e a+b ate 1 9 
> 
Zb+o) b?(a +c) CEL he a ab ac Laie ts) 
406. 
Let xz, y,z > 0 and zyz = 1. Prove that 
2 2 2 
x | Yy a Ree 3 
deseo DA pas 2 


Solution: 


by CS We have 


1l+y ae ea l+a7 34+2a+y+2 
since for X = 2+ y+2z We have 2X? — 3X —9> 0forX > 3. 


2 2 2 2 
x y tae (a+y+z) >3 


We can use Cauchy- Schwartz to solve this problem: We have 


2 
OPS NEN 


IT+y 4 


x 


407. 
Va, b,c,d > 0 and a,b,c,d € R and a? + b? +c? +d? = 1. Prove that 


Hawtin ooaaS aed 
Note that 
(1—a)(1— 6) >cd 
Since oe > cd, it suffices to prove that 


2.98 Sigh 42 
(1—a)(1 yore 1 we) 


1 a+b 
2 2 
<> 2-2(a+b) + 2ab > 1- (a? +37) 


— 1-(a+b)+ab> 


&> 1—2(a+6)+2ab + (a? +67) > 0 
<> 1-2(a+b)+ (a+b)? >0 
<> [(a+b)-1? >0 
Similarly, (1 — c)(1 — d) > ab. 


408. 
Let a,b,c be positive real number. Prove that 


: a3 aa’ b3 ned 3 er 
ae + (b--6)8 bab Re)* er lbs oe 


2 


Solution: 


4 a? a 
= 
a®§+ (b+) ~ a@4+0?+e 


We could use the same tehnic as in here. So , from Holder We have : 


3 
(Cyeceep) (Cae to +07) zero 


it is enough to prove that 


(a+b+c)* > SY ala? + (b+0)*) = (a+b+e)()_ a? + abc) 
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409. 


Let a,b,c and x,y, z be non-negative numbers such thata+b+c=a2+y 


ax(a +a) + by(b+ y) + cz(c+ z) > 3(abe + ryz). 


Solution: 
Apply CBS 
(2a + by + c7z)(yz+2e4+ ry) > zyz(at+b+c) 
But 
(a+b4+cl =(a4+y4+2) > 3(a2y + yz 4+ 22) 
therefore 
a’z + by 4+ c2z > 3xyz 
Similarly 


ax” + by* + cz? > 3abc 
Adding up these inequalities yields the desired rezult. 
450. 
Let. a, b,c be positive real number. Prove that: 


a b Cc 
} | >1 
Vas +26abe 4/03 + 26abe— We3. +. 26 abe 


Solution: 
By Holder We have 


7 4 
(x ia) (© a (a® + 26abc) ) > (© a) 
So it is enough to show that 
(© a) > > a (a? + 26abc) 


e4 (© ab (a? +0°)) +6( a°?) > Mabe (a+ b+ c) 


which is true. 


451 
, Let a,b,c be positive real numbers such that a+ 6+ c= 1. Prove that 


a(a + be) volb+ea) | ele tab) _ 1 


b+ ca c+ab at+be ~ 2V/abe 
Solution: 
\/a(a + bc) 
LHS < 
pare ae 2V abc 
but 


z. Prove that 


S> Va(at be) < V(atb+c)(at+b+e+ ab+ be + ca) < 2(B-C-s) 


so We get 


\/a(a + bc) 2 1 
Vabe ~ Vabe 
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by AM-GM We have : 


pee! a(a + bc) at+a+t+obe 


b+ ca <5 b+ ca 
and We have : 
peau ~ 2a + be 3 2a + be 
b+ca b(a+b+c)+ca (a+ b)(b+c) 


now the inequality become : 


(a+ b)(a+c)(b+c) 


S "(2a + be)(a Ec) s oTabe 


452. 


Prove that for all non-negative real numbers a,b,c We have 


a* + b4 + ct 2(ab + bc + ca) 


a2b2 + b2c? + c2a? 23. 


a2 +b? +c% — 


Solution: 


Standard Vornicu-Schur will do: using 


a? + y? +2? —ay—yz—-2zn=) (2-y)(e- 2) 
cycl 


the inequality is equivalent to 


x(a — b)(a—c)+y(b—c)(b—a) + z(c—a)(c—b) > 0 


where 
_ (a+b)(a+c) 2 


~ 2b? +R224+Ca a+P+2 


(and similarly for y and z). Note that 
(a? + ab + be + ca)(a? + b? +c?) > (ab + be + ca)(a? + 67 +c”) 


> a3 (b+) +.a(b® + c*) + be(b? + c?) > 2(a7b? + Be? +c? 07) 


by the AM-GM inequality so that x,y,z > 0. And clearly, « > y if We assume a> b> c. 


Suppose that c = min{a;b;c} We can rewrite this inequality : 


(a +b)? 2 : (a+c)(b+c) 2 
2 pe ee pee +(a—c)( Nae 4 pe a ea ee 


(a—b)”| 


From c = min{a; b;c},We have 


2 
a+b) 2 ny 
a2b? + b2c2 + c2a2 a? +02 +2 — 
and 
(a+c)(b+c) 2 5% 
a2b? + b2c2 + c2a2 a? +02 +2 — 
Here is another Solution with AM-GM 
We have that 
a* +b* +4 ab + bc + ca P (at + b* + c*)(ab+ be + ca)? 
Peet Re Pe 7) Se © RS (2+ P24 2a) (2+P4+e)2 
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]>0 


So We have to show that 


(a* + b4 + c*)(ab + be + ca)” > (0707 +. 0?C? + 207) (a? +0? +c)? 


which is equivalent to 


So (abe? (a — b)(a? — b°)) + abc(a® +B? +e? 


4538, 
Let a,b,c be real numbers. Prove that: 


a? +b? +? — ab— be — ca > 3(a — b)(a— c) 


the inequality becomes 


Se — ab—ac+ bc) > 3(a— b)(b—c) 


Sita — b)(a—c) > 3(a — b)(b—c) 


(a— b)(a—c) + (c—al(e 


b) > 4(a — b)(b—c) 


(a—c)(a—b—c+b) > 4(a— b)(b—-c) 


(a—b+b—c)? > 4(a—b)(b—c) 


it’s quivalent to (2 + y)? > 4ay which is true for all reals number 2, y. 


454. 


% Let a,b,c, d are real number such that. ad — bc = V3. Prove that: 


Cte e+e fact bdS3 


Proff: 
We will prove that: 


a +0?+24+d? +ac4+ bd > (ad — be)V3 


ec dV3 


d 


cV3 


<=> } 
Ca an 


ee Ceres 


5) 2 


455, For any three positive reals a,b,c. Prove the inequality 


a’? + be e+ca ce+ab 


b+ce  cta 


Solution: 


it’s equivalent to; 


a+ab+tac+be b?+ab+ac+be 


a+b — 


c +ab+ac+t be 


ee 


b+e ate 


(a+b)(atc) , (a+b)(bt+c) , 


(a+c)(b+c) 


a+b 


(+oq (ate) 


(a + b) 


2 (a+b) 


Let a+b=2,a+c=y,b+c=z We have to show that 


x vA 
wy | ye 
z av 
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Lz 
Nae 


equivalent to; 
(xy)? + (yz)? + (wz)? > ayz(x + y+ 2) 


With true by Am-Gm 


a*+be b%+ca  c? +ab (b? — c?)? + (c? — a”)? + (a? — b)? 
ae (a+b+ce)= 
2(b+ c)(c+a)(a+b) 


b+ec cta a+b 
456. 
Let a+b+c=1,a,b,c > 0. Prove that 


a b Ee Cc >/é 
Woe Jate vVatb” V2 


Solution: 


Another way: 


(a+b+c)? 1 


2 
a a 
— = > = 
Bie aar ie GI (aVb+e+b/at+c+cVb+a 


So now We try to solve that: 


1 ii 
> 
avVb+ct+tb/atet+tevb+a~ V2 


Equivalent to 


2 
(avb+ct+bVate+evb+a< V2 


By Cauchy Schwarz We have: 


(aVb +c+bVate+cevb+a = JVavab + ac + Vbvbc + ab + Vevac t+ be < 


VJ (2((a + b +. c)((ab + be + ca) = \/2(ab + be + ca) = \/2(ab + be + ca) 


Since ‘ . 
1 
(ab + bc+ ca < (at+o+o* _1 
3 3 
So We have: 
2 
(aVb+ct+b/atet+evb+a< V2 
a 1 1 1 3V3 3 
wi a => = 
ype tad ee 3 /2(a+b+4+c) 2 
457. 


Assume that a,b,c are positive reals satisfying a+b+c> $+ b + €. Prove that 


arc a3 bea je Ob S 3 
b(at+c) cla+b) a(b+c)~ 2 
Solution: 


first use holder or the general of cauchy We have: 


arc ba cb Ge Libs Ae 
2a + 2b + 2c)(> +-+-)> b+c)° 
Ges wnt aes)! nee Mr eae oe a 
so: 
ac ba, eb a+b+c 
bate) | ca+b) ° a(b+c) — 2 


but We also have: 


Bea 
Cc a 
458. 


Let a,b,c be positive real numbers. Prove the inequality 


1 i 1 1 = 3 
a(b+1)  b(e+1) c(a+1)~ 1+ abc 


Solution: 


1 1 i 
(14 ob) (oy tS “ra} +3 


_ l+abe+a+ab ' 1+abce+ 6+ be 1+abe+c+ca 


a+ab b+ be c+ca 
alt Gs bb CRE Det). ele) ath 1) 
~~ ab+abe+b' cate pad eee a+l1 
> 3 +3WVabc > 6. 


3 
abc 


The inequality is equivalent to 


yi ease 


Gas), arab) 


cyc 


This ineq is right .( wsingAMg M3times). 


We have 


l+abe  1+a+ab+abce i= l+a Fe ce) i 
atab a+ab ~ a(1+b) 1+b ; 


Hence, rewrite the inequality in the form: 


l+a_ , W(1 +0) 1+b c(1 +a) l+ce a(1 +b) 
a(1 + 6) 


ih >6 
1+b b(1 + c) l+e c(1 + a) l+a ~ 


ab(b + 1)(ca — 1)? + bc(e + 1)(ab — 1)? + ca(a + 1)(be — 1)? > Owhichistrue 
1 1 1 


= & S (be? + be)(ab— 1)? > 0. 
abt)’ We+l) | ca+l) ~ 1+abe 2 c + be)(ab— 1)? > 
1+ abc _ l+a+tabtabe l+a_, b(L +e) 
a(b+1) — a(b+ 1) a(t +b) © 146 


So 


se l+a pO) ye 
a(1 + 6) 1+b 


true by Am - Gm 
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Solution: 


2 
[2 4 2 Qiaea 2 [2 552 
( = i - va) SoS." zt + xy >2 yt" = 


2 2 


2 
ae + a2 + 2 2 + 2 
(c+y)? > u +0y-+2y/eu > -(y > + va) > 


2 


2 2 2 42 
pes ty + vmy> EY) < ae oy 
x A 
y / 5! + fry 
x+y 2Qxy [x? + y? 
PF 4 fey < 
2 : ~ e+y 2 
2 2 2 _ 2 ors 2 
y 4/2 aa > yay+ tH e wy = woe 
x x x 
y 2(4/ tu + /2Y) ¥y 
2 2 2 2 
Sart+y- . zt — fry > 06 (Vvr—- Vy)? c= a Jzy) > 0S 


(va — Vu)*(va + V9) 


2(4/ $+ ay) 


(x —y)? >0 


2 
>06 V2(a24+y?)-ax-y>0s 


& (va — Vy)? 


460, find the minimal of expression P 


at VEE) 
pay = Vem 


a? +b? = a? + 8.(b7/8) > 9(a?.b'6 /88)1/9 
and 
a + 3(a.b® /8*)!/9 > 4(a.b?/8)1/8 
461, For all nonnegative real numbers a, b and c, no two of which are zero, 


1 1 1 = (a+b+c)* 
(a+b)? ° (b+c)2 ' (e+a)? ~ 4(a? +b? + c?)(ab + be + ca)? 


This inequality follows from 


1 i 1 i 1 re a b % Cc : 
(b+c)? ° (c+a)? ° (a+b?) — \b+e° cta’ atb 


(a? +b? +c?) ( 


and 
a b ae (a+b+c) 


oe ora ‘a+b — 2(ab+be+ ca)’ 


462. 
, , For all nonnegative real numbers a,b and c. prove: 


2 1 
Dat 2 MEO ean tet) 


Solution: 


But what about the following: 


1 1 1 3(a+b+c)? ( 1 1 ) 


(a+b)? ' Ca era: ~ 8(ab + bc + ca) pike ety ae 
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463. 


, For all nonnegative real numbers a,b and c, no two of which are zero, 


1 1 


1 x 3\/3abc(a + b+c)(a+b+c)? 


(a+b)? 


"Oroe rae 


it’s obviously trues because of Am-Gm, We have: 


(S> a + 5° ab)?.S> ab< 108witha+b+e=3 


TDs ab 


4(ab + be + ca)3 


Replacing a, b, cby = respectively, We have to prove that 


a’b’e 


252 


3,/3(ab + be + ca)(ab + be + ca)? 


ib 


A(a + b+ c)3 


Now, using Cauchy Schwarz inequality, We hav 


(ab + be + ca)? 


a?b? (ab + be + ca)? 
Gro = GroP +++ etae 


it suffices to prove that, 


(ab + be + ca)? 


2(a? + b? + c? + ab + be + ca) 


_ 3,/3(ab + be + ca)(ab + bc + ca)? 


2(a? + b? +c? + ab+be+ca) ~ 


or equivalently, 


A4(a + b+ c)3 


2(a+b+c)? > 3\/3(ab + bc + ca)(a? + b? +c? +. ab+ be + ca) 


that is 


A(a+b+c)® > 27(ab+ be + ca) (a? +b? + c? + ab + be + ca)? 


By AM-GM, We see that 


27(ab + be + ca)(a? +b? +c? + ab+ be + ca)? < 


5 (2ab + be + ca) + (a? +b? +c? + ab + bc + ca) + (a? +B? ab + bc 4 ca))° 
4(a+b+c)® 
464. 
1 : 1 | 1 . 1 , 2 
2a7+be 2b?+ca 20? +ab~ abt+be+ca a? +b?+¢e 


1st Solution. (also in pvthuan’s book, page 62) 


By Cauchy inequality, 


S (b+ ¢)?(2a? + bc) > 


cyc 


it remains to show that 


1 


cyc 


> 
2a? + be — 


Sb + c)?(2a? + be) < 4(a? + b? + c”)(ab + be + ca) 


cyc 


which is easy. 
465. 


Let a,b,c > 0 such that a+ b+ c= 3abc. Prove that 


1 3 
Deak 
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Solution: Set: 


1 1 1 
a=-3b=-j3c=-j;2yt+tyzt+2r=3 
x y Zz 
LHS = ry ove 8 
ut+y 2 2 


275, Prove if a,b,c > 0 such that a? + b? +c? =3 then 


3 
et Ss 
ca 
The condition of this ineq didn’t show a* — b4 + b? > 0. But if at — b+ + b? > O(and others 


expression) , We can prove M 
(a? +0? + C)LHS? > (a? +6? +7)? = 27 
=> LHS >3 


466. 


Prove that if a,b,c are nonnegative real numbers, We have 


a q a es 2abe 
a2 4+2b2 " V b2 + 2c? C+ 2a? — (a3 + b8 + c3) 


Solution: 


[etd + Herd, era) » gi 2abc 
a? + 2b? b? + 2c? c? + 2a? —~ e+bh+c3 
By Am-Gm ,We need to prove : 

(a? +b? +.c*)? > abc(a? + b? +c”)? 


it can prove by Am-Gm 


»| abc(a+b)(b+c)(c+a) i 8a2b?c? 
LHS > 34); 528 ara 


a? + 2b?)(b? + 2c?) (c? + a? (b? + 2c?) (c? + a?) 


So We need to prove: 
(a? +b? + c*)9 > abc(a? +b? + c*)9 


But 
a? +b? +c? > 3abe 
and 
3(a? +b? +c*) > (oe? +67 +)* 
467. 


, Let a,b,c be positive reall number satisfyin abc = a+b+c. Prove the following inequality 


a, b . ¢ < 3v3 
l+a? 1467 14+c2 7 4 


Solution: 
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Setting : 


1 
a=—3b=-;e=—-=>ayt+yzt+2r=1 
wv y 
By Am-Gm ,We can prove : 
2 2 
+“ > iV 0 
goo Se V3 Oe 
So We need to prove: 
x 53 
V3+a° 4 
By oie ye 
—" ¥34+a7 4 


But it’s true by Am-Gm. 


468. 
Let a,b,c > 0, ab+ bc+ ca = 3. Prove that : 


a b Cc 


+ >1 
V5b+4c Vde+4a V5a+4b 


Solution: 


27LHS? = |S a(5b + 4c)| LHS? > (a+b+c)° 


We need to prove: 
(a+b+c)? > 9(ab + be + ca) 


But it’s true by Am-Gm Smile. 


469. 
Given a,b,c > 0. Prove that: 


Solution: 


Then We have : xyz = 1 and: 


Ley Be 
= > 3y4/s(-+—-4+- 
(eortyte> slabs +5) 


& (e@ty+z)* > 27(xy? + y2” + 2x”) 


But We have a inequality : 
27 (xy? + yz? + 247) < A(x + y +z)? —27 
Therefore We have only prove that : 


(o@+y+2)* > 4(e+y+z)? = 27 


it’s right Wink . 


Suppose 
abc = 1; Puta = wpe c= eS 
x 
This inequality become: 


(+a? 4+ Bye > Waeyz(x®y? + y®z? + 2%x3)(x) 


Put m = 2°,n = y?,p = 23, (*) become: 


(m+n+p)'2> 3'2mnp(m2n + n2p + p?m)? (**) 
Using yhe ill-known result: 
27(m?n + n2p+ p?mt+mnp) > 4m+n+p)? 


and AM-GM inequality, We have (*«). 


470, For positive number x, y, z such that x + y+ z= 1. Prove that 


ry YZ ZX e V2 


Vary + yz Vyz + 2x Vex + xy 2 


3 Ly (ry + az + yz)? 
spe LY Fez + ZV (ey + y2z)(@ Fy + 2)? 


3 xy 7 (xy + az + yz)? e - 2u(ay + xz + yz) 
spe ty az t yz V (ry + yz\(a+y tz)? ~ \) os (wt 2a ty +2)? 
We have to prove that 

= 2x 2 (a+y+z)? 


E+eZ 7 ry+xz+ yz 


L+z 
cyc 
wt eye? Z lytA 
7 2 ~gttaz ' ytay 2+ yz 
but. We have that 
lytA z (x2 + y? + 22) . a2 4 y2 + 2 
etaez  ytay 2+yz w+yr?+e2+aytaztyz — 2 


o+y Ax?y 207y 
ae ie -¥(4 ita} Goer 


Remain to prove that 


Qan7y 1 
25 
24 (et yat2) ~2 


But 


» GE pee = ; = 7 4e7y(y +2) <(et+y(et+2)(yt2ylet+yt2z) 


cyc cyc 
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= So (2*y + 23z — 22°") > 0. 


cyc 
471. 
Let a,b,c > 0 such that a+ b+ c= 3. Prove that: 


abe +a7b+ b?e+Ca<4 


Solution: 


Because 


a7b+b?ce4+ ca < . (a+b+c)* —abc 
472, Let a+b+c+d=4 and a,b,c,d > 0. Prove that 
abe + b?cd + c7da + dab < 4 
it is necessary to prove, that, 
(a+b+c+d)* > 64(a7be + b?cd + c7da + dab) 


if a = min{a, b,c,d} and b=a+a,c=a+y,d=a+z then it is killing. But it is very ugly. 


Let p,g,7,s =a,b,c,d and p>q>r 2s. Then by rearrangement inequality, 


a”be + b?cd + c*da + d?ab = a(abc) + b(bed) + (eda) + d(dab) 


< p(pqr) + q(pas) + r(prs) + s(ars) = (pq +rs)(pr + qs) 


< ( ? = F((r+s\(q+r)) 
(= 
=A, 


paqt+rs+pr+qs 
2 


Equality holds == gq=r=1andp+s = 2. So equality holds if two of them are equal 
to 1. Applying this, We can get the equality conditions (a,b,c, d) = (1,1,1,1),(2,1,1,0) or 
any cyclic forms. 


And by this idea, We can solve that 
2 2 2 a, 
a“b+bc+ca< g7iatote= 1 
which was from Canada. if {p,q,r} = {a,b,c},p => q 21, then as pq > pr > qr, 


a°b + be + ca = a(ab) + b(be) + c(ca) < p(pq) + a(pr) + r(qr) 


? = 5 (2a)(p + r)(p-+r) 


< ofa ae 


= q(p? +pr+r?) <q(p+r) 


)3 


473. 
Let a,b,c > —1. Prove that: 


Solution: 


We have : a,b,c > —1 therefore 


1+b4+e,lt+et+a’,1l+a+h'>0 


So 
b?+1< 2b 
=> 21+b+c?) < (1+b?) +2(1+c’) 
2(1+c+a’) < (1+?) 4+2(1 +a?) 
21+a+b?) < (1+e7) +2(14+07) 
So, 


1+a? 22 Qa? 
a = 
Dap perms 
where « =1+a?,y=1+6?,z=1+c?. Clearly x,y,z > 0. Other, by Cauchy-Schwarzt We 


have : 


> 
xy +2xz ~ 3(aytyz+ 24) ~ 


2 cafe 2 


474, Let x,y,z > 0 be such that x? + y? + 2? = 1. Prove that 


Ss op oS Ea ID 


< 
~l+ay ltaz 14+2y7 


Firstly, We prove that: 
(a+b+c)? < 2(1 + bc)?(1) 


indeed, We have : 
(1)  2(ab + be + ca) < 14 4be + 267c? & 2a(b+c) <a? + (b+)? + 207? 
& (b+c¢—a)? + 2b°c? > 0(true) 
Therefore, 


| 


1+bc ica 1+ab~— CLbEE (GEE be 
Other, We have : 


a b Cc Y J/2a 2b V/2c 3 


21 2 42 
atabe<ap 204) _y (a—1) (a@+2) — 


therefore, 


a b c 9 2 2 
> b = 1 
1+bce 1+ca teaeaee Ee 


We are done 


a is b Cc 
~14+be 1+ca 1+ ab 


sone? = (So vavire: ee) <(Sste] (Ta) 


cyc 


3 ao. (a+b+c)? 
1+6c~ a+b+c+3abe — 


cyc 
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p—p-3r>0 


475, Let a,b,c > 0 satisfying }> a? = 1. Prove that: 


S- ee a 
1+bc — 
a a a 
> ——e SS Se 
> ae > b2+c? 3 1—a? 
cyc 1 + be cyc Ly 2 cyc 1+ 2 
2a 1 1 a(a + 2)(a—1)? 
=14 : =14 St, 
y (5 5 (« 3)) ye 333-02) = 


See OY ieee = ori sae 
And 1<Yia<v3 
2 SG G2 1 (S0a)?-6) at+5<08(S a-1)()_ a—5) <0, Right 
+ (Qa)? 
by cauchy 


1+bce — a+B +84 > a3bc a? + 63 + 3 + abc 


it remains to show that 


9 a (a? + b? + c?)? 1 


1 
a? +b? +c? + abe — 


which is obviously true from 
(a? +62 +0)? > (a? +B? +3 + abe)? 


( by muirhead , AM-GM) 


(a? +2)° > (a? +a+2)? > ala? +1)? 


But after cancelling the degree 6 term the right side has larger degree so it is incorrect. Try 
again you should look yourself After expanding 


L.H.S = a® + 6a* + 12a? + 8 > 2a” + 4a* + 2a? + 10a? + 2a + ThyAM — GM 


and 


2a° + 4a* + 203 + 10a? + 2a +7 > a? + 2a* +a = a(a? +1)? 


476, Let a,b,c > 0. Prove that: 


Solution : We have : 


a* +ab+b* =(a+b+c)? — (ab+be+ca) —(a+b+c)e 


b+be+c =(a+b+c)? —(ab+be+ca)—(at+b+c)b 


e+cata’® =(a+b+ce) — (ab+be+ca)—(a+b+c)a 


Suppose a+b+c= 1. We have : 


OP D5 btw an? 


286 


4 1-—4(ab+ bc + ca) + 9Yabc > 0 


+ (a+b+c)? —4(ab+be+ca)(at+b+c) +9abc > 0 


+a? +6? + + 3abe > a(6? + c*) + 0(e* + 07) + cla? +b?) 


it is true because it is inequality ’s Schur. We are done. 


Try 
2 
at a? + ab + b? ee (3c + a + b)?(a? + ab + b?) 
S 25(a+b+c)? 
— SS(8e+ a+ b)2(a2 + ab + b?) 
We show 


25(a+b+c)? 4 
So (3c + a + b)2(a? + ab + b?) ~ 


pgr technique works here. We put a+b+c=1,)>ab=q,abc =r. The ineq becomes 


@(3q— 1)? + 9r +1—4¢ 


after expanding Very Happy And it is obivious since 9r + 1—4gq > O(schur ineq) The equality 
holds when a= 0,b=c 


1 
3a b C. 


477, Solve the equation 


Solution: 


Let a= Vx —1,b= Vx +1. Then b? — a? = 2. There fore : 
b? — a? =2 
2(a + b) = 9a? 


b? = a7 +2 
2b = 9a® — 2a 


b? =a? +2 
o 
81a® — 36a* — 8 = 0 


be =a?+2 
o> 


a 
sa 3 
2b = 9a? — 2a 
mn 5 
L=- 
3 
A78. 
, Let a,b,c be nonnegative real numbers such that a + 6 +c = 1. Prove that 


S¢ av/ 8b? + 0? <1 
S/ av/ 4b? + 0? a 
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Note that 


3b 
3b+e- = > V 8b2 + c? 


2b+c¢ 


Hence, it suffices to show that 


(Sa)? = Valss-+e- ") 


<= Babe) > a Soa 2S" ab>0 


The Cauchy Schwarz inequality gives us 


1 3 
» > 
2b+c7 at+bt+e 


9ab 
ee Le 2) /ab>0 


° Sa? + 3abc > S- bc(b + c) 


it suffices to show that 


which is true by Schur. 


A479. 
Let a,b,c > 0.Prove that: 


Sav 4b? + c2 < 


ae) 


Solution 


Using two lemma. 


1) 2b+e 2bc(2b + c) > /IPre 


4b? + 3bc + c2 — 


2b+c 27 
2)8 = 
) aa Re —~atb+e 
480, 
Let a,b,c,d >0a?+b?+c? 4d? =4. Prove that: 


Qh? ee a? <8 


Solution: 


Squaring the both sides We need to prove that: 
(a3 +8 +3 + 3)? < (a? +R 424 a)3. 
Using CBS We infer that: 
(P@+R+0+) <(@?+P+c4+d’)(at*+b' +04 4d) 
So We need only to prove that: 
atthttedt<(24+P4+E4@) 


We have : 
vt+et+e4+d=4 


0<a,b,c,d<2 
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0< a <2? 0 < 0° < 2b 046 < 2c" 0 < a? < 20? 


O< 4+ +40 <2? +hP+24+a@)=8 


481, 
Let x,y,z > 0. Prove that : 


3(v/ a(x + y)(x t J y(y ta)+Vz(zt+a)(z+y))? <4(etytz) 


Solution: 


By Cauchy-Schwarz ineq , We have : 
LHS < 3(a+y+2)()_ 2? +yz+ za + zy) 
Then We prove that : 
A(z+ytz)>3[(atytz+arytyzt 22] 


4 > (e-y)? 


482 
, Prove that for any reals x,y, z which satisfy condition x? + y? + z? = 2 We have 


xutytz)<ayz+2 


Solution: 
We have : 
Q=a7% +y24 27 > 2yzoryz <1 


By Bunhiacopsky We have : 


[z(1 — yz) ty +2]? < |e? + (y+ 2)7][(1 — yz)? +1] < (2+ 2yz)(y?z? — yz +1) < 


(becauseyz < 1) There fore: 
lc t+tytz—a2ryz| <2 


or 


etytz<242yz 


483. 


, For all nonnegative real numbers a, b and c, no two of which are zero, 


a(b+c)(a?— be) | b(e + a)(b? — ca) 
a? + bc b? + ca 


c(a + b)(c? — ab) 3G 
c + ab — 


Solution: 


c(a2 — 62)? + b4(c2 — a2)? + A(a? — 2)? _, 
(a? + bc)(b? + ca) (c? + ab) = 
Setting A = LHS, then We see that 


_wrav(btec) b+ce (b+ c) = 
A= re Late? > pee Le 


4 


a3(b+c) a(b+c) 1 a(b + c)(a? — be) 
DG a? + be x 2 oe a? + be a 
which shows that A > 0. 
484. 


, For any positive real numbers a,b and c 


2 


A 


(Seo + PRS Sc [ar vir) (E+ 545) 


Solution: 
From Cauchy We have 


oe 


Now all We have to prove is 


which is equivalent 


which is Vornicu Schur. 
From this idea We should square the inequality and then use that 


ab(c + a)(c + b) 
(a? + bc)(b? + ca) — 


for example .Then you will have to prove that 


(a+ ard , Grate | CHale+)) rive, 
SL 


a? + be b? + ca c? + ab 


Solution:2 


We have the inequality is equivalent to 


(Vee) <(Ev9) (C5) 


oD Se an (ee _— 


We can easily prove that 


oy ab(a + c)(b+ c) <3 
(a? + bc)(b? + ca) 
So, it suffices to prove that 


“Dore tes (Eva) (OX) 


To prove this ineq, We only need to prove that 


a+b  c(a+b) is 
Jab c2 +ab - 
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But this is trivial, because 


— acne 1= (+) ( =<5) 12 ab ( : 7 ) evel. 


We are done. 


485. 
, For any positive real numbers a, 6 and c, 


a(b+e) | (eta) | cat) — bprelarbre es 


a? + be b? + ca c+ab~ 2 b 


Solution: 


The inequality is equivalent to 


a(b+c)? | ab(b + c)(c+ a) 15: i b+e 
ay (a2 + bc)? | AD Gas we en s 2 ue oy a ) 


Notice that 
(a? + bc)(b* + ca) — ab(b + c)(e +a) = cla + b)(a — by? 


then 


ab(b + c)(c +a) 
2». (a? + bc) (b? + ca) < 6(1) 


Other hand, 


a?(b+c)? a(b+c)? 1 boc 
eI Bes ee = 
Ss (a? + bce)? — » 4a?bc 4 Ds € < b 2) 


From (1) and (2) We have done! Besides, by the sam ways, We have a nice Solution for an 


pre <~E9(E x) 
486, 


Let a,b,c > 0 and abc = 1. Prove that 


old problem: 


Solution: 


b -—1 >3 
4 (at+bt+e > near 
By Am-Gm , We can prove : 
9 
LHS > b — 1) ———_ 
>(atbt+e a tb+e) 


So We need to prove this ineq : 
3(a+b+c—1)>2(a+b+c) 


<=>a+t+b+c>3 


301, Let a,b,c be nonnegative real numbers. Prove that 
3 ab + be + ca a b Cc 3 
me < +4/ < 
J2 az#t+b2?+c—~ Vat+b b+e cta™~ V2 
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IA 


ee a = (a+b+c)(ab + bc + ca) 9 
os aah SG) aaa) Gh aaa a abe ~ 2 
487, 


Given a,b,c > 0 and a+6+c=8. Prove that: 
268 + 12a7b?c? > ab(a — b)? + be(b — c)? + ca(c — a)” 


Solution: 
By "pqr" 
4 
& 12(r—1)? + 50 — 40)? >0 
488. 
Given a,b,c > 0 satisfy a+b+c=<3. Prove that 


ab be ca 9abe _ 21 
+ = 
4 — 4 


Below is our first attempt, which is indirect but fairly short: Rewrite the inequality as 


1 1 1 9 21 
a2 b2' c2 | 4 dabe 


Put 2 =a-',y=b-landz =c"!. Then ry + yz + zx@ = 3xyz and the inequality becomes 
A(x? + y? + 27) 49> Tay + yz + 22) 


or after homogenizing 


1 2 
phe) > 15(xy + yz + zx) 


4 + 2)? 
(x+yt+2z) Day hae eee 


Without loss of generality, assume x+y +z = 1. Put ry +yz+2z2 = (1—q’)/3. Then as in 


it remains to show that 


(O52) re (Carta : (58) 


or 


But this is reduced to 
¢(1+4)?(1 — 39)" > 0 


489. 
, Using Cauchy Schwarts and Am-Gm, We will need to prove: 
a*+*+b4 = 2(ab+ be + ca)? 5 
De Poe! g@akPaa = (a+b+c) 


First squaring 

a* + 4 a2b? 

S 1 4 > a)? 
Does + $2 > / (a? +b) (B? + ce) OF, ) 


Then use 
(a? + b?)(b? +¢7) < (a? + 2b? +) 
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and Cauchy Schwartz. The ineq turns into the form nguoivn gave. 


3 (a? + b? ue cb)?(a — b)? >0 
a? + b? 
450. 
, Let a,b,c be positive numbers such that: a + 6+ c= 1. Prove that: 
a, b ol 5, 36(a? +b? +c") 
P+b e+e a@+a™ abt+be+cat5 


We can prove your problem by one result of hungkhtn and vacs is if a+b+c=1,a,6,c be 
positive numbers then 


4 
a7b + b?c +a + abe < a7 


uses cauchuy-schawrs We have: 


S ae (a+b+c) 5, 36(a? +b? +¢*) 
b?+6 7 Siab+ >> ba ~ ab+bce+cat+5 


let g = S¢ ab,r = abc We have 
36S" a?(S_ ab? + S- ab) > 365 a?(5 — abe + J ab) >Seab+5 


4 
<=> q+5 > 36(1—29)(55 —r +4)(1) 
becase . 
1—2q>1- 3 >0 


so uses schur third degree We have 

1 — 4q 
pp eecaaaiat: f 
eS; 


r 
supposing 


4 4gq—-1 


l)<c= > 1-2 
(1) <=> ¢+5 > 36( oz 5 


+ q) <=> (1 —3q)(40q + 13) > 0 


equality when a=b=c= 3. 


2) 


t T > T T 
b?+b c+e atta 4\b ec a) abt+be+catd5 


How about the stronger, Toan Smile 


a De dn Hb 3 € b =) 36(a? + b? + c?) 


ab Cy 30(a? + b? + c?) 
b cc a 3(a+b4+c)? +ab+bce4+ ca 


We use the lemma: 

7 ( b =) ss ge) 
(a+b+c) 

451. 

, Let be a,b,c > 0. Show that : 


(a+b4 o(F4; =) Sg oi wae ceo) 


Solution: 
<=> S.(a—6)? + S,(6—c)? + S,(a—c¢)? > 0 
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With: 


g.= 1 2 
“ab ab + be + ca’ 
Assume: 
a>b>e. 
So: Sq; Sp > 0 — easyRazz 
We have: 


a?(b+c) +c?(a+b) — 2abe 
>0 
abc(ab + be + ca) a 
306, if x,y, z are reals and a2? + y? + z? = 2. Prove that 


Sa+So= 


etytz<axryz+2 


WLOG «<y<z> cay <1. By Cauchy-Schwartz 


(ayz—(xtytz))? = (2(ay-1)-a—y)? < (2?+(a+y)’)((ey-1)?+1) = (2+2ay)(2—2ay+(xy)”) = 4—2(2y)?(1-ay) : 
452 


.For any positive reals a,b,c such that }>a =1 


a b Cc 3 
b+ bc4 | | > | 
(ab + be ca(Ss ae apa) = qholds 


Solution: 


by AM-GM;Schwarz;Holder ineqlities, We obtain: 
a a a 
ee == > 
Pe cee 
a 33 733 a 
oy oi) eer ee 
a V33 Ja _3yna 3 
> ' ae > 
aay 4 a ee 2 eae ea can 
453. 
, Let a,b,c > 0. Prove that 


a \3 9abe 
ya ererd a byG--o) \(e+ a) =» Deer 


q= ryt ye+2z,pH=xU+yt+Z,r = ryz 


Solution: 


a \3 9abe 
Dae) ¥ (a ppyecdeey \(e+ a) ED Der 


<=> p? + 12r + 3pr > 16p 
<=> p? + (8r — 16)p+ 12r > 0 
f(p) = p® + (8r — 16)p + 12r 
f'(p) = 3p” + 3r — 16 
f'(p) =0 <=> p= (16 — 3r)/3 > 13/3 
=> f'(p) > Owithp € [3; 4] 
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=> Minf(p) = minf (3) 


ifp>=4 
We have 3 
ee ae 
~ 4p+9 
454. 


For a,b,c > 0 and ab+ bc + ca = 3. Prove that : 


(a — b)? + (b-—c)? + (c—a)? = a+b?c? b+ca? c+a?b? 


3+ 
2 ~ b+eE c+a a+b ~ 
By cauchy-swarchz: 
a+b?c?  b+ca? c+ arb? (a+b+c)? b?c? ena b?c? 
b+e eta a+b ~ 2(ab+ bc+ ca) b+e~ 2 b+e 


By Am-Gm We have: 


a7b? a+b 
> b= 
DN re kerio da 
By Am-Gm and Cauchy Schwarts, We can prove easily the stronger: 


5(a27 +b? +c?) 1 re a+b? 64+? c+a?b? 


6 27 b+e cta a+b 


The first, using our old result: 


a2 +b?+¢? 1 a 
Bare oe eet ay ae 
eterno a SS b+e 


Besides, by CS and Am-Gm: 


a’b? a2b2 te ab a+b? +c? 
22. <4/—.(q@2 + b2 2)2. baer 
os (Dewy sop SV at se era 2 


Add 2 inequalities, We have our stronger 


455. 
, Let x,y,z be postive real numbers such that xyz =x +y+2z2+4+2. Prove that: 


2/eyt+ (yet Vza)<rt+y+z2+6 


Solution: 


The inequality is enquivalent to: 


(So) Vay -(@t+y+z)<atytztbor)) Ve< /Aet+y+z+3) 


Denote 
b+e cta at+b 
= _ oe 


a oie c 
Therefore, We just need to prove: 


yy Se ote 4 a)= prordrot+t+ y= lioroe+t +4 


But this is obviously true due to Cauchy-Schwartz, which ends our Solution. 
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457. 
, Given a, b,c are prositive real numbers a? + b? + c? = 1. Find max of P: 


ab be ca 


P= 
(ee Tee 1+ 62 


Solution: 
We think it trues by AM-GM: 


ab ab 1 ae b? 
< < 
ye etP Te <) Tae = id (Gye +R) 


anh also true by cauchy Schwarz: 

ab (a+b)? 1 a? b? 
ae 24 24h 42 ay. 242 4 ht tec2) — ae Ip + ap) 
ax#+c%+b%+¢ A(a? + c2? +b? +c?) ~ 4 az+c2 +b 


Q.E.D 
458. 
, Let a,b,c > 0 and 
a ee Ses i 
a Bb Be 7 8b BES ge= 
Prove that 
1 1 1 
ae ma ee. 
Solution: 
Setting : 
1 1 1 1 1 1 
=24F-1; =2 : =2z+3(2,y,z>0 
ge OR oe a Oe ae 
1 1 1 
=> tpta Maer 3yt de) +(@ y)? + (y—z)? +27 >0 


Then We have done Mr. it holds when 7 = y = z = 0 


1 1 
1: = = 
>a 3b aie 3 


We have 
1 


ive, At us Poe Pe 2h 1 1 1 Eek Pac ao = 1 
( | )+5( ) > 3(4 2b Je )24.6( 22 =)" +5(5 )? > 34645 = 14. 
Cc 


a2 poe = (a 1 92? 3 3 


459. 
Let x,y,z > 0. Prove that : 


4b? 9c? 9c? 


(Valet y(a+2)+ Voy t2yyta) + Ve2+a)(2+y)) <4(e+y tz) 
By Cauchy-Schwarz ineq , We have : 
LHS < 3(e@+y+z)(> 2? +yz+2xu4+ xy) 


Then We prove that : 


A(atyt2z)? > 3[(@+y+ 2)? + ay t+ yz + za] 


+S (e-yP 20 


460, 
Let a,b,c be positive real numbers such that a+ b+ c= 3. Prove that 


Os ra 
8 (2+ 5+) +92 100 +8 +2) 
a b ¢ 
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Equality holds for a = 2,b=c= s- 


Solution: 
Setting: 
p <_< t? 
a+b+c=p=3;ab+be+ca= 3 sabe=r 
9—¢? ‘ 
468 + 27 — 10(2t° + 9) > 0(8 > t > 0) 
We have this ineq : 
ey 
ae (3 —t) (3+ 2t) | 
a 27 
Then the ineq becomes one varible . 
461. 
Given that a,b,c > 0. Prove that, 
1 1 1 a? + 674 ¢ 
+ b+ : 5 
2 ®) (5+; =)2 ab peer cas 
Find the maximal k, roof: 
so that the following inequality holds: 
Ts «2 den a2 +b? 4+ 
of Ee es iP Se fe 
(a+b+c) € a ~) >k paceoea 9-—k 
We can find, k = 4 is best constant. . 
Simple calcultation, We will set 
1 1 
a=-,b=-,c= 
a c 


then our inequality becomes 


1 *) 4(a7b? + bc? + 7a?) | 
b ce} 


(a+b+c) eee 

. a abc(a + b+) 

(ab + be + ca)(a +b +c)? > 4(a2b? + b?c? 4 ca”) + 5abe(a + b+ c) 
ab(a — b)? + be(b — c)? + ca(e— a)? > 0 


This Solution also shows that the best constant is k = 4. So, your statement is valid, shaam. 


We can also prove it by Muirhead inequality: Our inequality is equivolent to 


(a +b+c)(ab + ac +4 bc)? > 4abc(a? + b? +c?) + 5abc(ab + ac + be) 


So S 5 a8b? +5 S- ac+S- abe > 25° abe+5 S- a*b?c 


sym cyclic sym sym cyclic 


So ye a°b? > ye a®be 


sym sym 


which is right by Muirhead inequality. 


it is only the following indentity Mr. Green 


which is the strongest 3-variables inequatily 


We can also solve it easily by SOS with 
1 2 


Sa= is 
: be ab+bc+ca 
2 2 2 ie 2 
42 be +e L5= 42 b+c) 
ab + be + ac ab + be + ac 
Ah be os i. ab (a+b)? (a+b+c)? 
Lb 4 3= = _ 2\= >4 
e rem eae 0S es ) y ab —s ab + bc +. ac 
How about 
(a+b —2c)?(b+¢— 2a)?(e+a— 2b)? > 0 
Because: 


= So (at? + atc? + 2a3b7¢ + 2a3bc*) > S (20383 + 2a*be + 2a7b*c?) 


cyc cyc 
462., 
Given a,b,c > 0. Prove that: 
an aces (a+b+c)? 
b+e  cta’ a+b~ 2(ab+ bc + ca) 

Solution: 
it follows that ‘ 5 - 

a“+b*+e <2 a | b | Cc 1 

ab + be + ca b+e ct+ta a+b 


And We can deduce our inequality to 


a® b? fou abc 


a b C es 
Gees Glas Gre GEnGs dere 2a( oo ere ee 1) 


2a 2b 2c 
be Y eta?” a+b? 


Setting x 


then wy+yz+ zx +ayz = 4 and our inequality becomes 


gy? +22 +ayz > de +y+2-—2)? 


Now, We denote p= 2+y+2,¢=ay+yz24+Z4,r = xyz, then q+r = 4 and our inequality 
is equivalent to 
p® — 3pq + 4r > A(p — 2) 
p? — 3p(4—r) +4r > 4(p — 2)? 
(p — 4)(p* + 4) + (3p +4)r > 0 
if p > 4, it is trivial. if 4 > p > 3, applying Schur’s inequality, We obtain r > p(4q—p*) 


(4q — p?) 


Gg. a lence 
4=qtr>qt2 9 


it follows that 
p> + 36 
= 4p +9 


and We obtain 
p> +36 p(16— p”) 
4p+9  4p4+9 
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We have to prove 
p(16 — p”) 
4p +9 


p(p + 4)(3p + 4) — (4p + 9)(p? + 4) > 0 


(p — 4)(p* + 4) + (3p + 4) - 


oe =p = 36 > 0 
(p — 3)(12 + 4p — p”) > 0 


which is obviously true because 4 > p > 3. 


0 and its 


This completes our Solution. Equality holds if and only if a=b=cora=6,c 
cyclic permutations. 463. 
Given a,b,c > 0. Prove that: 
a \3 b \3 C 3 5abe a? +b? +c? 
> 

aa, v aaa) v aa ai (a+b)(b+c)(c+a) ~ ab+bc+ca 
Solution: 
The following inequality is stronger than it 

a \° be ey" 9abc > 4 25 bt 
b+e) § \cta) ° \atb) © (at+b\(b+e\(e+a)~ b+ce' cta’ at+d 


used a nice lenma: 


3 ai, a+b 4abc 
b+ce~ ab+be+ca (a+b)(b+c)(c+a) 


After expand, it’s become: 


abc(a? tb? + ¢2 — ab — be ca) > 0 


And We think it’s an useful lenma because notice that it’s stronger than: 
‘Sh ai. (a+b+c)? 
b+e 2(ab+ be + ca) 


We dont need to expand here, nguoWe vn. We rewrite it as follow: 


ala(b + c) + bc] 2.32, 2, 4abc(ab+ bc + ca) 
SE EL Sesh 
ae ee eee 


dabc(ab + bc + ca) 
(a+ b)(b+e)(e+a) 


1 A(ab + bc + ca) 
DY are = (a+ b)(b+c)(c+a) 


which is obviously true by Cauchy Schwarz because 


1 
24472) 2 24421 2 
ai+b°+e +abe —— Path tet 
b+e~ 


1 9 
De are 
b+e~ 2(a+b+c) 


and 
4(ab + bc + ca) 9 


(a+ b)(b+c)(e+a) ~ 2(a+b+4+c) 


We meant: 


yi Ge a? +b? +c? re 4abc 
b+e7 ab+be+ca (atb)(b+c)(c+a) 
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(a+b+c)(a? +b? +c?)—abe _ a+b? +e? 
(a+ b)(b+c)(c+a) ~ ab+ bc+ ca 


( 
<=> (a+b+c) (a?+b?+c")(ab+be+ca)—abe ) > ab > [(a+b+c)(ab+be+ca)—abc|(a? +b? +c") 


<=> abc(a? +b? +c — ab— be — ca) > 0 


Q.E.D 
464. 


Let a,b,c be nonnegative real numbers, not all are zero. Prove that 


a ; b a c se ab+be+ca _, 
ahh ve betta -efati 3. ee fe — 


Equality holds if and only if (a,b,c) ~ (1,1, 1), (2,1, 0), (1,0, 0) Solution: 
Because 


a a = 6ca 
atb+e at+b+7ce (a+b+c)(at+b+7c)’ 


it suffices to prove that, 


ca (a+b+c)(ab + be + ca) 
Se > 
a+b+7c 9(a? + b? + c?) 


ifa =b=0orb=c=0orc=a =), the inequality becomes equality. For a+b >0,b+c> 
0,c+a> 0, applying the Cauchy Schwarz inequality, We get 


Ss ca “ (ab + be + ca)? 
a+b+7c~ Yica(at+b+7c) 


The inequality is reduced to 
9(ab + be + ca)(a? +b? +0?) > (atdb+ (7>> ab + S- ab? + 3abc), 
or 


Soa b+45_ ab? —45S¢ 0b? > abe Ya, 
S > abla — 2b)? > abe \~ a. 


Applying the Cauchy Schwarz inequality again, We get 


bs ab(a — 20)?| (~ c) > [s- Vabc(a — 2b)| oo abc(a +b +c)’, 


that is 


hence 
S- ab(a — 2b)? > abe \~ a 


and our Solution is completed. 


465. 
, Let a,b,c > 0. Prove that 


1 1 1 4 1 1 oi 
cers OSs erate lo cea Maes is oC as ek 
a b c 3 a b e¢ 


its easy 


(a 


1 
wb 


After summing We will get: 
1 1 1 4 i eee Er | 
Gea SOS sie eh) di DaGas — aae 
a b c 3 a be 
466. 


, Let a,b,c > 0. Prove that 


1 1 1 3t+at+bt+e 


| 


G+ Vabe * G+ Veep * + Jee? = A taa+h0+0 
(1+ Vab)? < (1+.a)(1+)) 


1 | 1 | 1 is 3 1 £ 3+a+b+c 
(l+Vab)? (1+ vVbc)? (1+ Vea)? ~ — (1+a)(1+b)  (1+a)(1+6)(1+¢) 
467. 
, Let p,qg,r be positive numbers. Prove or disprove 


18 
9+ptqtr< V6(—p?+q? +r?) + 15(p+q+r) + 18+ ——— 
p+aqtrs V6(p? + @ +r?) +15(p+q +7) arse gee 
Solution: 
Let ; 
p+q+r=aandp +4? +r? = bthenb > —, 


The inequality is equivalent after squaring to: 
6b(a? + 6a +9) + 27a + 81 > a* + 9a? + 54a? 
replacing b by = in the LHS it suffices to prove that: 
a‘ + 3a? + 27a + 81 > 36a? 


which is clearly true by AM-GM. 
468. 
, if a,b, c are three positive numbers such that abe = 1. Let S = a? +6? +c?, 9’ = ab+be+ca. 


Prove or disprove 
(S’ + 1)(S’ + 12) < 2(9 + 3)(S +2) 


We know that S > S’, then replacing S by S’ in the RHS it suffices to prove that S’ > 3 
which is clearly true by AM-GM whith abc = 1. 


327, if a,b,c > 1. Prove or disprove 


3(Va—1+Vb—-1+vb—-1) <atbt+et+ V3(atbt+e 9) < Se yerrPre 


Solution: 
(*) We will prove first that 


3(/a —14+ Vb—14 Vb—-1) <a+b4+c4 V3(a+b4+c-—3) 
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By AM-GM We have: 


(Va—14+ Vb—14+ Vb—1) < /3((a—1) + (6-1) + (c— 1) = V3(a+b4+c— 3)(1) 


also We have that: 


a=(@—1)+1>2va—1 


similarly for b and c,then adding cyclically the three inequalities We have: 


atb+c>2AVva—14+ Vb—1+ Vb— 1)(2) 


adding the inequalities (1) and (2) We get the desired result. 
(*) Let us prove now that 


it’s easy to see from AM-GM that: 


3B op + 62 + c2 > Sa +b+c) 


it suffices to prove that: 


3 
glatbtczatrb+ret V3(a+b+c-—3) 
which is equivalent to: 
(a+b+c-—6)?>0 


469. 
, Let a,b,c € R.Prove 


3(atb+c) < /25(a? + b2 + c2) + 2(ab + be + ca) < 3\/3(a? + b? +c?) 


Prove of LHS 


Solution: The inequality is equivalent to 
Oa+b+c)? < 24(a? +02? +7) +(at+b+c)?. 


& (at+b+c) < 3(a? +0? 4+’) 
Prove of RHS 
The inequality is equivalent to 


24(a? +b? +c?) + (a+b+c)? < 27(a? +b? +’). 


& (a+b+c)? < 3(a? +0? +c’) 
470, 


Let x,y be two positive numbers such that xy = 1. Prove or disprove 


(Va + /y)(a + y)(a? + y?) 


Yet Vi a 
We have: : ‘ 
Ja+ p> AW 5 ye 9 
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But (x + y)(a? + y*) > 4, then We have Q.E.D 


your inequality is true because it is equivalent to 


(2 + 1)(a? + 1)(x4 + 1) es 
xt (\/@ +1) 


and this is equivalent to 


This true by AM-GM, since 


7: 3 2 
ao+a2 — TS em 
pnd 6 5 4 
xr +a _ +1 > Wy5 
We have: . ; 
4 4, 
pty> WEtvD? , E+ YD 
2 8 
And 


(Ve+ Vy)(a +y*) 24 
Then,We have. Equality holds when x = y = 1. 


A71. 
Let a,b,c > 0 .Prove that: 


(Vr+ Vy)(u t+ y)(@? +’) 
(Wa + Wy)" Jat 


| va 


Solution: 


a? 
LHS > y withay =a‘ 
So,We only prove that: 
a®(a? +1) > 2a® <=> a®(a— 1)? > 0 

Which is obvious true. Equality holds when x = y = 1 472. 
, Let. a,b,c > 0 such that a+ + b*4 + c4 = 3. Prove that 

a® —b 

> 
b+e ~ 


cyc 


Solution: 
ineq 
<=> Soa — b)(a+b)(a+c) >0 


<=> Soa+y) a‘ (b+) +abce(a? +b? +c”) —(a+b+c)(ab+be+ ca) —(a?b+b?c+c7a) > 0 


<=> (a*+b4+c*)(a+b+c)+abc(a? +b? +c?) —(a+b+e)(ab+be+ca)—(a2b+b?c+e7a) > 0)1) 


We have: 
+0 + >a7b+b?c+cCa 
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We need prove that: 


LHS(1) > (a*+b*+c*)(at+b+c)+abc(a? +0? +c”) — [a3 +6? +c2 +(a+b+c)(abt+be+ca)] > 0 


<=> (a+b+c—abc)(a* +64 +ct-—a?-—b-—c?) >0 


it’s always true because a* + b4 + c+ =3 
473. 
, Prove that for all positive numbers p, q 


as (52%) 


Solution: 
Since 
p+q > Vpa(p+9), 
adding 2pq both sides, We have 
(p+ 4q)* = Vpalp + 2V/pq + 9)(p + 9)" = Va VP + V9)? 
The given inequality is equivalent to 


p+q > pgp +4) 
squaring this We get 
pi +q'—p*q— pq? > 0 
this is true because it is equivalent with 


(p—9)?(p? +pq+@’) > 0. 


very easy, this is our Solution, 


Fa) = (54) = 


ver va 
ATA, 
Let u,v € Rt. Prove that 
ieaigal ts Woy l+ut+v 
+v Juv 


Solution: 


We have to prove that: 


but 


so We will prove the stronger: 


wu? + vu? + 2uv + 2(ut+v) > 4u/v + 4u/Su 


but: 


wtututu>d 4ujv;v? tutu + > 40Vu 
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adding these ineqs 


2) First, We need to prove: 
wt? > JSuv(utv). 


Proving above inequality: 
By c-s inequality, 


UtvU 


2uw+v7)>(utvP owt? > (u+v) Sw tv? > JSuv(utv) 


Hence, adding up u + v, We have 


w+ourtuty > (fuvt+l1)\(utv) os = (1+u)4 : (l+v) > J/uv+1e2+u+v> 
ut+uv Ut vV 
v u 
Vv 1+ 14 14 
ee ar asreas ») 
Add both sides — (l+u)+ - (l+v)} = l+utu > Juvt+ Yogi 2,/v[By am-gm] 
utv ut+v utvu utv 


1 
wipes ET sp gv EE 
,/ Uv UtvU 
which is equivalent to 
i gvut ve . lfuto 
U+tu SVATIO 


The equality is u=v=1 


475. 
Let a,b € (0, 1]. Prove that 


Ja+b+1 


Solution: 


Applying AM-GM: 


(a + b)?* + (a +b)?” 5 At(ab)* + 4°(a +b)? 
Ja+b = Ja+b 


LHS = 


2° QP 2? 26 a 
= 5p -(ab)" + 5a (ab)” > 2.4/2 (abe.2. (aby = 2(ab) “= 


Since a,b € (0;1] => (ab) € (0; 1)(1) And We have: 


From (1) and (2) 


a+b b 
a 


=> (ab)? > (ab)t+@ = 2(ab) > > 2(ab)t*+* = LHS > RHS 


We think this inequality is very iak, equality holds when a = b= 1. 
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476. 


For any positive real numbers a,b and c, prove that 


2 2 2 2, 72 2 
Mee ET ANE fap danpit  Oe b* +c”) 
b Cc a a+b+e 
Solution: 
a? 3(a? + b? + c?) 
y —-+b-— 2a) >2 b 
(5 i ae at+b+e " c) 


a—)? a— )? 
oy! b 22) SO 


cyc sym 
1 D 
2 
> 
pa eee 


Easy to see that We only need to check the case a > b > c. So S, > 0, Sq > 0. Easy to prove 
Sq + 254,55. + 25, > 0 


Notive that if S,+5,+5,. > 0then We can assume that S,+5, > 0. Let x =a—b,y = b-—c 
then 


Soa? + Say” + Sala +y)? = (Sq + Spy? + 25,0y + (Sp + Se)z? 


Because 
A! = S? — (Sp + Sa)(Sp + Sc) = —(SaSp + SpSe + ScSa) < 0 


So We are done. But this case is little using 


We enough to prove Sg +5, +S. >0and SS, + SaS- + S,S. > 0. But 


1 1 1 
Sat S,+S.=-+=+ s > OandS,$, + SaSo+ Sp5.>0= 
a b ec atb+e 


ea? +b? + — a*b—a2c— b?a— b’c — Ca — c7b + Babe > 0, 


which obvuously true. 


ATT, 


if a1, @2,...,@n are nonnegative numbers such that aj + a2 +... +a? =n, then 


Solution: 


2 2 2 2 
ay as a Ons (a, +++-+4,) 
2a af + a3 a? +a? ~ na? + (aj+---+a?2) 


Adding this and similar inequalities, the result follows. Variation on the same theme: if 


1, 22, ...,@n, are nonnegative numbers such that a? + a2 +...+a2 =n, then 


2 


ag+n—1~ (a, +--+ +4n)? 
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478, 
Prove that for all positive real numbers a, b and c, 


be a ca Sy ab 2 1 Riel a b me: 
az+be be%+ca c?+ab7 2k4+1 


where k=1/2. 


Solution: 


rewrite the inequality as 


2bc 1 2a 
1)< ——-1 
> (are eee Cee ) 


cycl 


1 (a — b) 
*DeiKS +i 4+ O+S 


We have 
See ty Sree ots) ae =e c) 
oe a2+be re a? + be Fe ean ae 


Thus the original inequality is equivalent to 


2 2 (2k + 1)(c* — ab) 
d(a-6) (ww eee) 


cycl 


For 0 < k < i, it suffices to show that 


> 2) 
(a? + bc)(b? + ca) > ab(a + c)(b +c) 
345, Let a,b,c be positive real number. Prove that 


a b Cc 9 
Barb OOO  Oiper aera) Cerarhiare 3 


(a+b+c)[ 


Leta+b=2z,a+c=yand b+c=-z. Hence, 
a b c 9 


ert Gee re CULEOGEE) Cera nGE) 8 


(ctytz)\(ytz—-2) . 9 esd 1 1 9 
= u(y +z) >5e Lett (- aa) 25° 


cyc cyc 


oo 0S; seraern) 2° 


cyc 


which obviously true. 


Since the inequality is homogenuous We suppose a+b+c=1 and the inequality is equiva- 


9 
ier 


Now considering the function f : (0,1)— > R,f(#) = 7s (f is convex) from Jensen’s 


lent to: 


inequality We have : 
a a+b+e 1 9 
5 —,=) > 3. sed aici ye ave) Ween 
1-@ fa) > 3-5 ( 3 ) 3-1(5) 8 
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Leta+b+c=3 


. pe a b a Gg 3 
WE SS Gage Gage.” Fae & 
We have 
a 5a 1 
> 
9—a2~ 32 32 
this ineq 
(a — 1)?(5a4+ 9) ae 
<=>  32(9—a2) = Oitistrue 
So 
a b . «¢ = 5(at+b+c) 3 3 
9—-a2 ' 9-2 | 9-2 = 32 32.8 
346, if a,b,c are positive prove that 
a b ue Cc = 9 
(Qa+b+c)\(b+c)  (b+at+c\(at+c)  (2e+at+b)(at+b) ~ 8(atb+c) 


Leta+b+c=1 
=> (1) <=> So a/(1 —a’*)>9/8 <=> N° a?/(a — a?) > 9/8 
We know that 
at /by + a3 /be + a3/b3 > (a, + ag + a3)?/(by + bz +3) => 


N° a?/(a — a8) > 1/(1— a3 — 88 — c*) > 9/8 
Becous (a® + b? + c3)/3 > ((a+.b + c)/3)3 


Here is another Solution 


a 1 1 1 
Ds Gah 7 Dim tire < 


1 1 1 1 1 1 9 
= a 
Ape: Diewl Da se 


where the first inequality follows from the ill-known fact 
1 1 1 

oe aes 

ae ee 


(put x=b+c, y=c+a and z=a-+b) and the second from CBS inequality. 


A479. 
, For any positive real numbers a, 6 and c, 
ab? bc? ca? 3 a? +b? 4+? 
+ ee 
c(ec+a) a(a+b) b(b+c)~ 2 a+t+bte 


Solution: 


This inequality, We can prove just use the followings 


3 
DI? +62 Z(a+b+c+ ab + be + ca) Va, b,c > 0,abc = 1 


(a+b+c)? > 3(ab+4+ be + ca) Va, b,c >0 
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Now, Let We post our Solution for it 
Lemma. if x,y,z > 0 such that xyz = 1 then 


3 
ety +2°+6> s(c+y+2+ay + yz t 22) 


We can prove it by mixing variable method. 
Back to the original problem 


Setting a = 1, b= e Z= 4 then the inequality becomes 


2 24,2 
caer 


y2(z+2) ~— 2xyz >> xy 


2 2 2,2 
ey o+y i > 8Q2 ey) 2) 
y y(z + 2) 2ayz >) xy 
Using the above lemma, We get 


Vsesrtt-s 


ty 


and the Cauchy Schwarz inequality gives us 


it suffices to show that 


Brie t+y? (ia)? 300 27y?)(o 2) 
5 xy OPO eh Qryz >> ry 


which is true. 


480, 
Prove that, for any positive real numbers a,b and c, 
Pe ete? Qe pee Pe ig eta 
aztbe b?+ca c2?+ab 7 ab + be + ca 
Solution: 
b? + ¢? . a2 +b? +e ~ a 
Dr wrarvte S a2 + bc DL ae 
cyc cy cyc 
GPS oO an a - (a+b+c)? 
a2+be' B+ca c+ab~ 2(ab+be+ ca) 
Note that, ; ? 52 ‘ i 
~ Re ~ + C ™ 2be 
»S D _ ae ae ate, 
a? + be a? + be a? + be 
cycl cycl cycl 
b+ 2 Az 
= ~~ +2 1- 
Saeed (- at) 
cycl cycl 
ae. 42 
= oe Wed a, 
ee + be Sans 
cycl cycl 
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481. 
Let a,b,c > .Prove that: 


3 b-4 b4 (6 
V Vi 


cycl 
Solution: 
| | 2 
SPY per aca ase 
a b 
then We used Cauchy 
b+c,,c+a c c Cus 
=(14 14 >(1+— = 
(FF) = 04 D042 4+) 


1st Solution: Chebyshev and Cauchy 

2nd Solution: Holder and AM-GM 

Very nice inequality We will follow the second hint Razz (We like Holder) By holder We 
have 


(Ss ber ey a(b +. c)?)) > 8(a+b+c)° 


cycl 


After some trivial munipulation We have to prove that 
4(a + b+ c)(ab+ bc + ca) > 3° (a (b+c)?) 


which is equivalent to 


S (ab + b?a) > Gabe 
which is a plain AM-GM QED 


WLOG a>b>cthena+b>a+c>b+cand 


alr 


2 a 


ole 
ale 


so by Chebyshev 


vy testy ywre 


This way do you use Chebychev? 


b+c 
ey - eae” 


cycl cycl 


482, 


For positive reals a,b,c. Prove that 
(a? + ab +b?) (0? + be +. 7)(c? + ca +. a2) < (((b + 0)(c +.a)(a + b)) 3 — (abc) 3)%. 


Solution: 


Rewrite the inequality as 


3 
_ 3/ (a? +ab + b?)(b? + be + c?)(c? + ca + a?) (a +b)?(b+c)?(c +a)? 
a a2b2c2 = a2b2c2 


310 


By Holder inequality, 


3 
a? + ab + b? a? + ab+ 6? (a+b)? 
3 eee se nS 
aa a <[] (1+ ab ) Us 


cycl cycl 


Nice. in fact, our Solution uses the similar method. 


[[(e? + ab + 0?) = [] (a +0)? — ab) < (RS), since [] (pi — a) < ([] pi)? -— T] a)?)° 
holds by Holder. 

483, 

For positive reals a,b,c prove that 


4(a + b+ c)(be + ca + ab) 
(6+ oP + (e+ ay + (a+ bp 


< ((2a + b)(2b + c)(2¢ +.a))?. 


Solution: 


((a+b+c)(be+catab))? = ((a+b)(b+c)(ct+a)+abc)? < ((a+b)3+a3)((b+e)3 +b?) ((cta)>+c?) 
= (2a + b)(2b + c)(2c + a)(a? + ab + b”)(B? +. be + c*)(c? + ca + a7) 
so We need to show that 
8(a? + ab + b*)(b? + be +c) (c? + ca +a?) < (a? +6? +0? +.bc+ ca + ab)? 


484. 


Let x,y,z be positive real numbers. Prove that 
Ts Oe ze 3/2 
ety yt2 Nob eo” 9 


tag - V2wt De +2) + Vue + ae Fy) + Ve FUT) 
V(e+ yy + (z+ 2) 


< [oats tne eld talle tyre tete+s) 
@+HO+ (e+e) 


Solution: 


js Gree tas 
@+y)u+D +a) 


= |e z)\(z +a) + xyz 
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485. 


, Let a,b,c be positive real numbers. Prove that: 
is + be a V5 eg. VS + ab = 9V abe 
b? 4+? C+a' Vatte?~atbte 
Solution: 


By the AM-GM inequality, 


a(b? +c”) + b(c? +.a*) + c(a2 +b?) — a(b? +c?) 3/ abc(b? + c?) 


= tb+e> 
a? + bc a? + be 23 a? + be 
Hence 
a? + be 3(a? + b? +c? + ab + bc + ca) 9 
abc(b? +c?) ~ a(b? +c?) + B(c? + a?) + c(a? +b?) ~ at+b+e 


where We use the fact 


(at+b+c)(@+P+e+abtbet+ca)—35 ald? +0?) = a(a—b)(a—c) > 0 


cycl cycl 


486. 


, Let a,b,c be positive real numbers. Prove that: 
a? +08 +c + ab? + be* + ca? > 2(a7b + b?c + c7a) 
Solution: 
a +03 +c? +ab? + be? + ca? = ala? +07) +010? +.) +e(e +47) S> 2(a7b + b%c+ Ca) 
a? + ab? > 2a7b 


by AM-GM, and i’re done. 


a 
ww 
fod 
ow 
oO 
oo 
g 
o 
bo 
= 
1) 


ca? > 2,/(a +b + c)(a3b? + b3c? + c3a?) 


A487. 
Let a,b,c be positive. Prove that 


eT EGE Lhe fa? + b? + c? 
Se — — a + C ; 
b c a ab+bc+ ca 


Solution: 


By Cauchy inequality, 


2 
Yo (e+0)? 0 = > (a? +6 +c +ab+bc+ ca)? 


cycl cycl 


it suffices to show that 


(a? +b? 4+ c%? +ab+bce+ ca)? > (a+b+c) aire £7 We +4)? 
= ab + be + ca 


Since 


2 2 2 sie sf a+b+c 2 
ai +b +c +ab+bc+ca> 3 (4 tb+c)" > Mase 2 e 


312 


2 
a? +07 +c? +ab+bc+ca> 


2s at+tb+e 


b(c +a)? 


3 ( 


at+b+c) 


~ 2(ab + be + ca) 
a+b+e 


2 
2,72, 2 L \2 2 
ai +b°+c+ab+bce+ca> g(a+b tc)" > Oab-+ be+ ca) y b(c + a) 


it remains to prove 


a2 


2 


b2 


Cc 


ab+ be+ ca > 2(ab+ be+ ca) 


ab 
which is true by the AM-GM inequality. 


be 


= 2\/(a? + b? + c2)(ab + be + ca) 


Here is another Solution We found .Hope to like it 


By Cauchy Swartz 


ca 


(a? bP ee?) 


ee 


So it suffices to prove that 


a2b + b2e4+ c2a 


(a? +b? + c”)3(ab + be + ca) > (a7b + B?e+c7%a)?(a+b+c)" 


By Vasc’s inequality 


(a? +b? +7)? > 3(a3b + b° + 3a) 


and 


3(a? +b? +c") > (a+b+e)? 


So it remains to show that 


(a°b + b®c + c8a)(ab + be + ca) > (ab 4 Be4 Ca)? 


which is true by Cauchy -Swartz inequality . 


488. 


, Prove that for all positive real numbers a,b and c. Prove that 


Solution: 


by cross-multiplication We get 


= (a+b+c)(a? +b? +c?) 
ab + be + ca 


alt Neer HE >So +S > 0'b+ 5 ae 


or equivalently 


S- atc? > ys a®b?c 


which is true by Muirhead (or alternatively notice that 


ae bea? = 207676 


from AM-GM and We are done). 


489, 


Let x,y, 2 positive real numbers such that x? + y? + 22 = 1. Prove that 


4 
xyz + sf 229? > gv tye(e ty + 2) 
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Solution: 


if a,b and ¢ are positive reals such that a~? + b~? + c~? = 1, then 


4 
1+Va?4+b?+c> gVab+ be + ca 


Homogenizing: 


4 
14+ V(a2 + 6? + c?2)(a-? + b-2 + c-2) > 3 V (ab + bc + ca)(a~? + b-? + c~?) 


Without loss of generality, assume a+b+c=1. Note that 


By Cauchy-Schwarz inequality, 


V@+P +A tte = | (3-0) Se => (F-«) 


cycl 


2 ae a 2—.b+¢ 
Zeon = 1 
3 (a+ +o(2+5+5) 3 OS = 


it remains to show that 


b 
ys oo > 2,/(ab + be + ca)(a-? + b-2 4+ c-2) 


cycl 


which is not hard !! 


490. 
Let a,b,c are non-negative. Prove that 
at b4 ct 


1 
Ss 34 23 3 
b+e ate ee ee) 


Solution: 
Suppose a > b >c> 0. Then: 


a* > b* > ctand ! > : = 
b+e7  cta~ a+b 


Use Chebushev’s inequality with 2 pairs of number (a*, b4, c* and (a as as) We have: 


at b4 3 1 1 1 1 
Sate +e +e 1 
b+e cta Pat ar : coro ct+a fag 


Use inequality 


1 9 
+=+=> 
1 aa) MRI AR a) fl 2 
We have: 
1 s Ds ot od Ss 9 2) 
att bke ota Wae+b+e) 
From (1),(2): 


at bt oi 3 a4+b44+c¢ 


Fee! ace ahs 2: epee h ae 
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a PAD eet 


a 2 
Because 1 
a* +b? +4 > ge tb +e)(atb+e) 
Use F F 
ars (b+c) ee 

b+c 4 =A 

6a® + b? > ab(a + b) 
491. 


Let a,b,c > 0. Prove that: 


b+e ate atb” 2 4a24+b?4+c? 
Solution: 


Use Cauchy: 


(>: =) (Ze'e+0) > (a? +b? +c)? 


cyc cyc 


The remaining inequality is 


2 +b 4+8)(? +0 +c) >3 (= a*(b+ ») 


cyc 


which is very nice. We have 


So at(o+ c) = (a® +b? +c?) (ab + bc + ca) — abc(a? + b? + c?) 


cyc 


and 
a? +b? +c? — 3abe = (a +b +c) (a? +b? +c? — ab — be — ca) 


so it factors! Mr. Green it’s now equivalent to 
(a? +0? +c? — ab— be — ca) (3(a° +0° +°) — (a +0? +.c?)(a+b+0)) >0 


which is easy enough. 


492, 
For any three positive reals a,b,c We have 


2 2 2 2 72 
a +b +c 2 b 
a+b+c a+b 


Solution: 


ga th +e aes az +02 +c? a? + b? 
at+b+c atb at+b+e tb 


= te (E(e- ab) -¥ (@-04)) 
SC 


_ 1 (a — b)” ab 
~ atbte ye renee ~ 


and thus 


24 p2 4 p2 2 2 
a“ +b° +c 2s 5 b 
a+b+c a+b 


Solution complete. 


ill a little over two years later 
why harazis stronger? 
The first is 
a? +b?+c? _ ,/[](a? +6?) 
a+b+c ~ \V J](a+6) 


So the second is stronger because: 


2 2 
P+P4+e | Ue y 4f IIe? +8) 
a+b+c ~— 3 — Ve [[ (a+b) 


az#+0274+ 2 plas az +62 + 2 az + 2 
a+b+c a a+tb+ce a+b 


a+b 
es Cie ea) 


Q.E.D 
498, 
Let a,b,c be non-negative real numbers with sum 2. Prove that 


JVa+b—2ab4+ Vb+c¢— 2bc+ Veo+a— 2ca > 2. 


Solution: 


We may write the inequality in the form 


a+b b+e cta ~ 
= Sao: 
/ 5 ab+/ 5 be | 5 ca > V2 


Squaring both sides of the inequality gives 


atb-+e~(ab+ be+ ea) +2y/ (22! ape be) 


ay (SG* en) (SG a) +29 (Ft) (Gt en) 22 


which reads as follows after some simple manupilations 


UE) GE) Gt ee) ee Se) (EGP oe) 2 lebron. 


Put 


Notice that 
a+b 1 


ee 
By Cauchy Schwarz inequality, We have 


pan b)(b +5 Veala + 5)(6 + 6) 


2 


Now the rest is no problem We think because 


|(a—b)(b-e)| +|(b-e) (c—a)| +| (ca) (ab) | + V'cala + b)(c + b)+ abla + ¢)(b + c)+v/be(b 4 


So the art of problem solving is to get a problem no problem. 
By Cauchy Schwarz, 
(a+c)(a+b) > (a+ Voc)?. 


Thus, it is sufficient to prove that 


oe |(a — b)(b—c)| +ab + be + ca + Vabe(Va + Vb + Ve) > 2(ab + be + ca). 


cyclic 


Note that 


a’? +0? +c? —ab—be-—ca< S- \(a — b)(b—)]. 


cyclic 


To finish the Solution, We show that 


a2 +0? + + Vabe(Va+ Vb + Ve) > 2(ab + be + ca), 


494. 


, For any positive real numbers a,b and c, 


afat+c) | b(b+a) | c(c+b) - 3(a? + b? + c?) 


Rioree) eea) a(a+b)~ ab+be+ca 


Your way is very complicated.our Solution is very simple. 


Hence, We have: 


afatc) _ b(b+a) , c(e+b) (a(a+c) + b(b+a)+c(c 


+b))? 


b(b+c) | 


Now,We will prove: 
a? +b? +c? 


—~ ab+be+ca 


We have; 


(KP+Hay? [Ye Lad 
(35 ab)? + abe a ~ ° (Sab)? + 4S ab)? 


this inequality is proved! 


a(a+c) b(b+a) , c(e+b) (a(a+c) + b(b+4+ a) 


c(e+a) a(a+b) < ab(a + c)(b+ a) + bc(b+ a)(c +a) + ca(c+ b)(a+ b) 


b))? 


+ c(c 


=A 


b(b+c¢) | c(c +a) a(a+b) = (Cauchy) ab(a + c)(b+ a) + bc(b+a)(c+ a) +ca(c+b)(a+b) 


(>, a? + >> ab)? Soa? So ab 


Soa? Sab 


= = m-Gm 4 2 uir 4 
(35 ab)? + abe 5a —A™S™) “(55 ab)? + abe a —OBEAD “OS ab)? + Eo ad)? 


e@tP+e) gy alate) | Wb+a) , ele+8) 


- 3(a? + b? + c?) 


~—  abt+be+ca ’ b(bb+c) | cc+a) ala+b) ~ 
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ab+ be+ ca 


a) > 2(ab+bc+c 


495. 
, if a,b,c are non-negative numbers, no two of which are zero, then 
a? Be ag 3(a? +b? +c?) 
+ << 
a+b b+e cta™~ 2(a+b+c) 


Solution: 


this follows trivially from 


a+b B+ eta? _ 3(a? +b? +c?) 
+ < 
a+b b+e cta~ a+b+e 


We think the ineq Vacs post is true because it is a problem of Vu Dinh Quy our friend. You 


can solve it by using 


a2 b2 C2 b2 fond az 


E25. We Aaa Geb) ee ea 


496. 
Given some nonnegative numbers. Prove the following inequality: 
e+e  P+e c? + a? 2 3(a? + b? + c?) 
Ja4+20+¢ ° +2+a BGe+Va+b— 5 . 
Solution: 
We have 5(0? 
+C 
b 
py ener ( +9) 
->* c(b — a) + 3(b— cc)? 
rs a+ 2b+ 2c 
Cc 
2 eT (a + 2b + 2c)(b + 2c + 2a) 
and 


_ 22 Ly Aye ND 
2\/3(a? + 6? +c?) — 2(a+b+ 0c) = 9 {a CE TASS eS) 
\/3(a2 + b? +c?) +a+b+e 


The given inequality is thus equivant to 2(b —c)? + y(c— a)? + z(a— b)? > 0 where 


3 c 2 
 @+2a+2b (a+ 26+ 2c)(b+ 2c + 2a) /3(a? +b? +c?) +atbt+e 


(and similarly for x and y). But z > 0 since 


1 - c 
c+2a+2b ~ (a+ 2b+ 2c)(b + 2c 4+ 2a) 


and 
2 1 2 


> > 
c+2a+2b 7 at+b+c™ \/3(a2 +b? +c?) +a+b+e 


(and similarly for x and y). 


497. 


For positive real numbers a,b and c, 


b(a? + b 
S- gblar she) > \/3abc(ab? + bc? + ca?) 
cycl b+e 
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Solution: 


By the ill-known inequality (2 + y + z)? > 3(ay + yz + 22) it suffices to prove that 


245 b? + 
> («a na =) > abe(ab? + be? + ca?) 
b+e cta 


or equivalently 


SS b(a? + bc) (b? + ca) 


> b2 be? 2 
(b+ c)(c+a) eer, Fanmer ree 


cycl 


Note that (a? + bc)(b? + ca) — ab(a + c)(b+c) = c(a+b)(a— b)? > 0, that is, 


(a? + bc)(b? + ca) 
tora =") 


Hence 
b(a? + bc)(b? + ca) 


(atc)(b+c) — 


Adding this and similar inequalities, the conclusion follows. 


ab? 


Apropos: (*) implies trivially 


(a? + abc) (b? + abc) 
i GEobee oo 


and so 


> ab+bce+ca 


= (a? abc)(b? + abc) 
a (a+c)(b+c) 


This together with a ill-known inequality by Cezar Lupu yields 


3 b 
yj PRE Sy hp Oe 
b+e 


cycl 


in similar manner, We also have 


V ae +abe~ a 
cycl 


3 b+e a 1 1 ; 1 
@+be~ Ja’ Ve" Ve 


cycl 
498. 
, Given some nonnegative numbers. Prove the following inequality: 
a? +b? £ Pe Oe a2 3(a? + b? + c?) 
2a+2b+e  2%+2c+a 2+2atb— i) , 
Solution: 
We have 


zs +0) 


=) b(c — a) + c(b— a) + 3(b—c)? 
ie 


cycl 
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2 3 e 
=D (a-) (so GETTER) 


cycl 


and 


— b)2 + (b- 0)? + (e-a)? 
2 PtP EA —2at+b+0) -2% )? + (b—c)? + (c-a) 
3(@2 +02 +c?)+a+b+e 


The given inequality is thus equivant to 2(b —c)? + y(c— a)? + z(a— b)? > 0 where 


3 c 2 
— c+2a4+2b- (a+2b4+2c)(b+2c+2a) \/3(@2+P+2)+a+bt+e 


(and similarly for x and y). But z > 0 since 


1 c 
> 
c+2a+2b ~ (a+ 2b+ 2c)(b + 2c + 2a) 


and 
2 1 


y 
= = 
c+2a+2b~ a+b+c” ,/3(a? +b? +c?) +a+b+e 


(and similarly for x and y). 


499. 


For any positive real numbers a,b and c, prove that 


gstes yore (ete othe 
ate b+a' Vct+b— WYabe 


Solution: 
By Holder’s: 


LHS* <8) Vato) a = 943) fo, 
sym 


cyc cyc 


(at+b+c)3 fa+b 
>9+3 ; 
abc * ay ate 


sym 


We are now to prove that: 


And We also have: 


2 2 
2(a+b+c)3 55 a+b van (OF b he) Oe) or 6 Ln abe) ks 
9abc 


ate 9Jabc = 


(6-0)? 
on Vat bVate(Vatb+Vate) 


But: 


2 
(7a+b+0)Vatb¥ate(Va+b+ vate) > Yabc. 


PLY Las = 


cyc cyc 


wea ( (era) + (99) + Fa) (Cass) + (ae) +( 


1 
> 1.7 b- = LHS. 
2d ee ey, 
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wl 


IV 


500. 
, Actually, the following stronger result holds 


yet? ets ye a+b+c 
t t < 
atc b+a c+b7~  Wabce 


Solution: 


Let’s Holder it agian! 


3 
eth Pts ets 
at+e b+a c+b 
1 


1 1 
< o(a+5-+0)( + ) 
a4 b+e cta 


b 
1 1 1 
< b —+i+4+ 
3(a + +o (24742) 
The rest is: 
b 3 1 11 
(ead re) >3(atb+e)(—+—-+-—-] —> (@+b+.c)? = 3(ab+be+ ca). 
abe a b ee 
501. 


Let a,b,c be real positive numbers. Prove that 


(a?—ab+b*)(b?—be+c*)+(b?—be+c?) (c? —ca-+a?)+(c?—ca+a”)(a?—ab-+b?) > a7b?+b?c?+c7a". 


it’s true for all reals a, b and c. 
Solution: 


this ineq is equivalent to 


S-((a— 5)? + ab)((a— 0)? + ac) > So a0? 


cyc cyc 


& S- 2(a — b)?(a — c)? + 2ac(a — b)? + 2ab(a — c)? > Nae (a —b)? 


cyc cyc 


# S “(a -)?(a—c)? + (a — b)?(b— ¢)? + 2ac(a — b)? + 2be(a — b)? — (a — b)? > 0 


cyc 


S$ (a—b)*((a— c)? + (b— c)? + 2ac + 2be — c?) > 0 


cyc 


@ S\(a—b)? (a +b? +7) >0 
cyc 
502. 


Prove that for all positive reals a,b,c We have: 


1) + | >? | | 


actce | ba+a2 | ch+b2 = ree ha ab 
2) 


ab+b? be+ce cata? ( a b c ) 


at Z b4 ct e&&+b+3 
az+ab+b2 b+be+c et+ecata? 7 atbte 


Solution: 


1)Applying AM-GM, We obtain: 


ab+b? — b(a+b) Abe os b 
(a+b)\(at+c)~ ct+a’ 


act+c c(at+c) 
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Take sum of three inequalities, 


4bc a 
LH ——__— > 4 
i Genero rete 


cyc cyc 
Moreover, 
a be a 
LHS >4 4 >2 
7 Da sw: 2 eras = ew: 
be a 
—= 2 < <=> a? +b? +c? + 3abe > 2b 
ices ycem Ste uy ey 
Reducing to Schur’s. 
2)We have 
at i bt ’ cA a+ b34+¢3 
a+abt+b2 | B+be+2 °° 2+cata2~ atbte 
a* bt cA 3abe 
= 2 + (a? —ab+ (b? —be) +(e? 
. > habe Pare | Spade abe eta cen a 


4 
a 9 3abe 
“ 2 ea ae tad) = 0) 


But 


Tess 40) = oe =e 
at+a = — 
a? + ab + b? a? + ab + b? 14+¢42 


By Cauchy-Schwarz’s inequality we have 


14442 a 3+ (¢ + 4) ~ abt+be+ca ~a+b+e 


2 2 
3 b 2 (a+b+c) (a+b + c)abe . 3abc 


Hence (x) is true inequality. 
Q.E,D 


503., Prove that, for any positive real numbers a,b and c, 


a+P+ec | 12(a+b)(b+c)(e+a) , 41 
ab + be+ ca © (a+b+c) = 9 


Solution: 
a+b+c=3. Set w= ab+be+ca,r = abc, then We have a? + b? +c? = 9 — 2u, and 


(a+b) (b+c)(c+a) = (3—a)(3—6)(3—c) = (9-3(a+b)+ab)(3—c) = 27—-9(a+b+c)—abc+3(ab+bc+ca) = 3w—r. 


The desired inequality reads 


9-2w | 12(3w—r) hl 


w 27 —~ 9° 


Equivalently, 
27(9 — 2w) + 12w(3w — r) > 123w. 


504. 
, ab + ac+ bc > 0. Prove that 


(at+b+c)® > 27(a? +b? + c*)(ab + ac +t be)’. 
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Solution: 


in fact, 


(atb+c)°—27(a?+b? +c’) (abtbe+ca)*? = (a? +b? +c? +8(ab+be+ca)) (a? +b? +c? —ab—be—ca)? 


The latter expresion is positive whenever ab + bc+ ca > 0. 


Q.E.D 
505. 
, Prove that if x,y,z > 0 then 


(a9 + yt 2)? > 3(ay + yz + 2x)./3(a? + y? + 2). 


Solution: Since the desired is homogenous, We can suppose WLOG that «+y+z = 3. Set 


w=xry+yz+ 2x, now all We need to prove is 
27 > w?(9 — Qw). 


This is true since w < 3. 


it’s just am-gm... Mr. Green 


246? +c? b+b b+b 

(atb+c)? _ gla + tH e%) + (abt a eet) 3V/a2 + b? + c28/(ab + be + ca)? 
506. 
, Let a,b,c three non-negative real numbers such that a+ b+ c = 3. Prove the following 
inequality 

1 1 1 a 

pate ee +b° +c. 
Solution. 


We will use Thuan’s lemma: 
(a+b+c)> > 3(ab + be + ca)\/3(a? + B? + c?). 
Using a+b+c=3, We get 
27 > (ab + be + ca)*(a? +B? +c”). 


Now, if We prove that 
1 1 1 27 


T T = 
2" a a? ~ (ab+ be + ca)? 


We are done. This last inequality reduces to 


(ab-+ be + oa)? (2 peas =) 22 


T T 
2 2 a2 


But, this follows immediately from these two trivial inequalities: 


1 1 1 b 
ab+be+ca> 3abc(a + b + c)and— Serta oe ue 
a a a abc 
507. 
x,y,z are positive real numbers such, that «+ y+ z= 3. Prove that: 
1 1 1 9 


+ < 
etyz yteu zt+ay7 WAacy+az+yz) 
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Solution: 


it is equivalent to 


3 1 
= S 
2(ay + yz + 2x) me a(a+y +z) + 3yz 
We have 
1 1 (x — y)(x — z) 


Acytyz+ezer) ax(e@tytz)+3yz AWeytyzt zx)\(a(e+y+z) 4+ 3yz) 


it suffices to prove 


+ (@—y)(a— 2) 
Ses errr et 


cycl 
Assume x > y > z. Then 
(e-a)@-9) 
z(a+ytz)4+3ay — 
Further, 
(c—y)\(e@—-z) , (y-2)(y-2) z(2x + 2y — z)(a —y)? 


>0 
a(atyt+z)4+3yz ylatytz)+32r (a(at+ytz) + 3yz)\(y(a@tyt+2z) 4320) — 


and the Solution is completed. 


Q.ED. 
508. 


, Prove that, for any positive real numbers a,b and c, 


9 a + be <8 awt+e+ ec 
az#+(b+c)?~ 5 (a+b+c) 


cycl 


Solution: 


The inequality is equivalent to 


pp area Ge URC a 
at+(b+c? 5 (atb4+c? — 


Since (b +c)? > 4bc hence it suffices to prove 


3 (b+c)? , 8 av+eP+e? 
d(a2 + (b+0)2) '5 (atb+c)? ~ 


By Cauchy inequality We have 


a2+(b+c)2) ~ \\(a2+(b+c)2) 2(a2 +02 +?) + (at+b4+c)? 


(b+c)? (a+b+c)? (a+b+c) 
Parr 


WLOG, We may assume a+b+c=1. Setting « = a? + b? +c? then 3x > 1, it remains to 
prove that 


Which is true. 


WLOG, assume that a+ b+ c= 3. We have to prove that 


4a? + (3 — a)? 


2 2 2 2 
g@PtP +0) 2) aT Bay 
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This is an easy problem because: 


2, 402+(3-a? ll UL ee 
> 1)?(80a2 — 168a +171) >0... 
5° — a@? +a) = 25° 95 7 aie 


509. 
Let a,b,c be three positive real numbers. Prove that : 
1 @4+P4+e a b c ab + be + ca 
Se cr a 2 
2 ab+be+ca” b+ce c+a a+b 2(a? + b? + c? 
Solution: 
1 @&@4+bh4+ec? a b c 
( a “5 ) 
ab + be + ca b+ce cta a+b 
- S> (a? + abc) (b — c)? 
~ (a+b)(b+¢)(e +a)(2(ab + be + ca)) ~ 
a | b ae: ab + be + ca 
b+e ate atb' (a? +b? +c?) 
>> a3 (a — b)(a — c) + (a2 +B? +c?) (a? +.B? + c? — ab— be — ca) 
(a + b)(b+ c)(c + a)(2(a? + b? 4 c?)) = 
510. 
, Let a,b,c be three positive real numbers. Prove that : 
a? +b? + c? Or 6 
2° ab+be+ca~ b+e'c+a' a+b 
Solution: 
Using the AM-GM: 
abc a(b +c)? 
yy ee + dues <yety WtT ree 
cycl cycl cycl cycl cycl 
it seems two Solution are hard to chew. 
1 a@?4+?? oa 
= b)? - >0 
ee eae ee ) (copiceenccaen) 2 
a ab + be + ca ab + be + ca — a? 
5 = b)?. >0 
ae = 2(a2 + 6? + 2) da ) (a + b)(b+ c)(ab+ be + ca) g ~ 


cyc cyc 


Wlog assume c > b > a, thenS, > OandS, + Sp > 0. 


a ms Bet ig, ee is ab + be + ca 
b+e' cta’ atb— 2(a? + b? + c?) 
By Cauchy, 
a b c (a+b+c)? 


b+c - c+a . a+b ~ 2(ab-+ be + ca) 
it remains to prove that 
B? + A?C > 4BC(x) 


where A=a+b+c,B=ab+bc+caand C =a?+b?+4+c?. But 


A’?C = C? +2BC 
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So (*) becomes 
B? + C? > 2BC 


which is obvious. 
2) 
The following stronger inequality holds: 


a b c 13 2(ab + bc + ca) 
ni Gi z 
b+e ct+ta a+b” 6  3(a?+6? 4c?) 


Rewrite it as 


3 a 32 1 ab + be + ca 
a 2~— 3 a? + b? + c? 
_ py2 2 
5 (a — b) Sy (a — b) 
2(a+c)(b+c) 3(a? + b? + c?) 


cycl cycl 


P 1 1 
d(a-8) —o Wee) 2 


cycl 
and note that 


3(a? +6? +c”) — 2(a + c)(b+c) = (a +b—c)? + 2(a— b)? 
The best inequality of this type is: 


a See (1 ad 


a? + b2 + c2 


Hmm... inequality: 


1 1-3 
= Sia waa) 0 


cyc 
511. 
, Let a,b,c be real nonnegative numbers, prove that 
(a+b)(atc) (b+c)\(b/+a) (c+a)(ct+b) 
>5. 
a? + be b? + ca e+ab 


Solution: 


(a+b)(at+c)  (b4+c)(b+a) 2 (c+ a)(c+b) 


A> + 
a a2 + ab b? + ab ca + ab 
ig te 7 b+e | cta 
~ a b a 
A>5 
Another one is 
x Yy Zz S 2 


(@+u@t2 | tats) @+alety ~atyte 


We don’t know, maybe We misunderstanding something, but your inequality is equivalent 


with 
Aat+y)(ytz)(z+2) iS 


aly +z) +y(2z +a) + 2@+y) 2 
G+yt+z 
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Axtytz\(cy + yz + 20) > 2Xe+y)ytz\(et+2) 


(a+ y+ z)(ey+yzt+ 2a) 2 (a+ yyt zeta) & 


(c+yt2)(eyt+yz+ 22) > (e@+yt2\(cytyz+ 22) —ayz@ 
ryz > 0. 


512. 
Let a and b be positive real numbers, prove that 


| 2/3 4 72/3 
sole (e )3 


Suppose a3 +b3 =2 And We put a = 2°b = y® So We will have a new puzzle : «++ y* = 2. 
Prove that: 


Solution: 


o® +4 + 23y? <3 


We have : 


a +y8 + a%y? = 27(2—y*) + 0%y? +y?(2— 24) = (a? +y7)(2 — 27 y?) + 23 y? = 


1 1 1 
5 (6 — wy? — aly") + a%y® = 3+ a%y? — 5 (a*y? + aly") < 34 why? — 5(2v/2%y°) = 3 


Q.E.D 
513. 
Prove, for a,b,c > 0 
a? re b? oe 2 - 3 
(a+b)(atc) (b+c)(b+a) (ct+a)(e+b)~ 4 


Solution: 

is it the same as 
(a—b)(a—c) | (b—e)(b—a) (c—a)(c— b) 
(a+b)(atc) (b+c)(b+a) (c+a)(c+b) 


>0 


_@bt+o+P(ateot+e(a+b) (a+b)(at+c)(b+c)—2abc | 
aces (a+ b)(a+c)(b+c) 7 (a+ b)(a+c)(b+c) 7 
1 2abc 3 2abe 3 

(a+ b)(a+c)(b+c) ~ 8abe 4 


514. 
Let a,b,c > 0 and a+b6+c=3. Prove that: 


a 3 
5 3 2a 
bs +1 2 


Solution: 


Using a ill-known approach: 
abs/3 


3 a = a = é abs/3 wal pa/3 < 3 
~ Lippe = > Re ~ yes SL ae = 24 = 9 
cyc cyc cyc 


cycl cycl 
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since 


1 
35 _ ab4/* < So (ab? +2ab) < 3 (4 +b+c)(a?+b*+¢7)+2(ab+be+ea) = a?+b?+c?+2(ab+be+ca) = (at+b+c)? = 9 


cycl cycl 


where We use 3(ab? + bc? + ca”) < (a+b+c)(a? + b? +c?) which is not difficult to prove. 


515. 
, Prove that Va, b,c > 0 We have 


‘ a? — be >0 
b? + c? + 2a? —~ 


Yet another Solution: By Cauchy-Schwarz, 


c? — ab (a+b)? a? b? 
err: +H +e < LS are b2 + c2 


cyc 


516. 
Let x,y,z be positive real numbers such that. x? + y? + 22 < 3. Prove that 


1+ xy 1+ yz 1+ 2x 
etay vty: y+e 


Solution: 


by Cauchy-Schwarz, We get: 


1+ xy l+yz 1+ zx 2 
2 
1 > (3 
(De + xy)( +) (a ye ae > (3+ cy + yz + 22) 


so We should only to prove: 


(3+ay+yz+ 2a)" >3 (se + «y)(1+ ~) 


cyc 
=> 9+6) ay+ (S> ry)? > er +350 xyz? +9435 ay 
cyc cyc cyc cyc cyc 
=> 350 ay = 2S 0 a?y? + Saye 
cyc cyc cyc 


by 
gy +27 <3 


We should only to prove: 


o> cy)(>_ zg”) > ey + SS ryZ 


cyc cyc cyc cyc 


—> Saye ty ye 


sym cyc 


obvious true 


There is a shorter Solution but it uses a stronger result 


34 


34+ 32y ety? +27 + 3ry 
pe 25 = 


22+ ry 22+ xy 


cycl cycl 
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where the last inequality follows from 


For any three positive real numbers a, b, c, prove the inequality 


(b+c)” . (eta)? | (at+b)* 


! > 

a*#+be  b%+ca ~~ c?+ab : 

517. 

Let a,b,c three nonnegative real numbers. Prove that the following inequality holds true: 
+e | eta e+e? a? +b? 4 
a(b+c) b(c+a)° cla+b) ~~ ab+bce+ca’ 

Solution: 

By Chebyshev and Cauchy, 

Sy b? +c? _ 2(a? + b? +c?) 3 1 2(a? + b? +c?) 9 2, +P+e 

a(b+c) — 3 a(b+c) — 3 2(ab+be+ca) ~— ab+be+ca 


411, Let x,y, z be positive real numbers such that x + y+ z= 1. Prove that 
1 1 1 9 
+ 2 
Vatyz Sytrzu Vz+ay™ 2 
1 1 1 9 9 
> 


T T = 
ae Vytzxe VzFry” /83Sir4+3>iyz 2 


1 1 9 
Dame ae: ge reac ie Den ‘igg ae 


Since r+ y+z=1, We have e+ yz = xu(a+y+z)+yz = y(e@+z)+a(x+z) = (a@+2z)(y+2). 
Applying AM-GM inequality to get. 


@ Fayre) < 5(Qrt+yt2) 


Two other similar inequalities and AM-HM inequality solve the desired inequality. 


518. 
Prove that Va, b,c > 0 We have 


a“ — be 
ea) 
Vb? + c? + 2a2 
Solution: 
Observe that 


a” — be leo ( (b+)? ) 
= 2a? ++ 2 
es TV ete ce 


cycl cycl 


By Cauchy, \/2(a? + y?) > a+ y. Using this, 


S> 20? +P+E> > (a? +62 + a2 +c?) = =V25 0 Va? +0 


cycl V2 54 cycl 


On the other hand, also by Cauchy 


y (b+)? >> (b+ c) 
V 2a? 4 oe Va? +b? + Va? + 2 


cycl cycl 
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_ 2 
<v2)° (==: 


cycl 


Hence 


Te) 74? 7 


So 2a? +0? +2 > V2S° Va? +0? > > 


cycl cycl 


from which the result follows. 


a aS =V23° Va? +P 
ae re cycl 
(b+ c)? 
2a2 + b2 4+ c? 


cycl 


519. 
Given that a,b,c > 0 and abc = 1.Prove that: 
1 
years 
ce +64+1 


Solution: 


Let a = 2?,b = y?,c = 2° then xyz = 1 and our inequality becomes 


1 


1 
~S 
eer re = 


Using the fact that 2° + y? > xy(x + y) and 


can be bashed as follows: AM-GM yields 


LYZ 


i’ve done. 


a a aa 
Sd Set gee hoe cay 
bose 23 b ¢ 


and similarly 


2 3 
34] 7m a 34) = 30/8 =3a 


g + am 12> 3b; 
c a 
Se eS 3e 
a b 
Adding these three inequalities together, We get 
aa bb cc 
f-+—-4+-—+4+-+43> 384+ 304 3c = (2a+4+ 20+ 2c) + (at+b+c) 
b c¢c c aa 0b 
But AM-GM again gives 
a+b+c> 3Vabc = 3; 
hence, 
aa bb c 
+-4+-+-+4+-4-43> (2a+ 2b+ 2c) + (at+b+c) > (2a + 2b+ 2c) +3 
be ee b 
in other words, 
Sate RE a at PO 
bo oc c aa ob 


Now, algebraic computation, at first without 


1 1 1 


2a + 2b + 2c — ete +a?b+b?a4+ be 


the condition abc = 1, yields 


7b 4 ca) +2 


2abc 


| 
at+b+1. je eal 


Now, using abc = 1, We can simplify this to 


1= 


(atb+l(+e+l(c+at]) 


2a + 2b + 2c — (ac +a7b+b?a+b?e+ Cb+ ca) 


1 1 1 
b+e+1 ct+at+l 


(a+6+1)(6b+e+4+1)(c+a+1) 
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_ ba 2b+ 20 (8-2 +2424 4 +8) 
~  (atb+1)(b+e4+1)(e+at1) 


But this is negative, since We have already seen that 


b ob 
lo Wa ee ee AS ee Ya Sy Yon 
b ec ca a 6b 


Hence, We have 
1 1 1 


<r d. 
a+b+4+1 Fie eased = : 


Here is our Solution for 1. By Cauchy-Schwarz We have 


(a+b+1)(1+1+¢) > (Va+ Vb+ Vo)”, so 


1 c+2 
a+b+1™ (/a+vb+ ve)? 


Thus 


1 c+2 a+b+c+6 
eee - <1 
GEers (Vat vb+ ve)? (fa+vb+ Ve)? 
520. 
With the above conditions, prove that: 


Solution: 
y c = er S (at+b+c)? _ a? +b? +c + 2(ab + be + ca) 
on at+b+1 ai ac+be+e~ 2(ab+be+ca)+a+b+e  (a+b+c) +2(ab+ bc+ ca) 


it is easy by AM-GM to prove 
w+ht+e>atbt+e 


521. 


Let a,b,c be positive reals. Then 


sS- at+tb—e 3 
ail az+ab+b2~ at+bt+e 
Solution: 


it’s equivlent to 
Qe2 (39 
S- (a + b) Cc < 3 
a? + b? + ab 
3(a + b)? 
4 


Since 


a2 +b? +ab> 


the inequality becomes 
2 


Se 

(a+b)? ~— 4 

which is ill known. 522. 

Let a,b,c > 0 such that their sum is 3. Prove that the following inequality holds: 


a+abe be +abe +abe_ 3 


Ger rae Gane 2 
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Solution: 


Assume a > b> c. By Schur’s inequality, 


= (ote) © b)(a—c) >0 


Q 


it follows that 


~ a?(b+c) ~ a’ at+b+ec 3 
LHS > = > =H. 
a De ams: Deere 2 2 


By Chebyshev, then iran 1996, then Schur 


LHS > : (S02? + 2yz) (x a! 


5 8 (a py) > Het et enilo ty ty) 
A(xy + yz + 22) 2 cy tyz+ zn 
— = frac32 


which yields the desired result. 


We can do without iran 1996 as follows: by Chebyshev and CBS, 


3 ai +abe _ a® +b? +c? + 3abe ys 1 3(a? + 6? + c3 + 8abc) 
( 


> > 
(b+c)? — 3 b+c)? ~ 2(a? + 6? + c? + ab+ be + ca) 


cycl cycl 


and note that using Schur We have 
(ab + be + ca)(a+b+c) <a? +b? +c? 4 babe 
and 
(a? +6? +e?)\(atb+c) =a? +b? +3? +a7(b+c)+b°(c+a)+c?(at+b) < 2(a? +b? +c?) +3abe 


so that 


(a+b+c)(a? +b? +c? + ab+be+ ca) < 3(a? +b? + c3 + 3abc) 


523. 
, Let a,b,c be positive real numbers and a+ 6+ c= 1. Prove that this inequality holds: 


/ ab ac, | be eo 
ab+c_ actb- be+a~ 2 


Solution: 
be bc be 1 b Cc 
= = < it + ) 
be +a be+1—b-c (a+ b)(atc)~ 2°a+b ate 
a+b+ce a b Cc 
= + 
1l+a+b+e71+3a 1+3b 143c 
Solution: 
Rewrite as 
a+b+c f(a) + f(b) + f(d) 
f > 
3 3 
with 
f@)=— 
1+1/az 
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Another Solution: the given ineq is a special case of the following 
ns 


a1 
S- < 
1+ ka, nt+kS 


where k > OandS = S> a;, which, in turn, can be deduced from 
TiYi 


S "awed ywe 2 S "(ewe + yi) DS t+ Yi 


by letting x; = ka; and y; = 1. 


525. 
Let a,b,c,d be positive real numbers such that abcd = 1. Prove that 
1 1 1 1 
22 
a(l+b) b(1+c¢) c(l+d) d(l+a)~ 
Solution: 
Put 
(2S pote gS, 
x y z 


The given ineq becomes 


qa te - 


which can be easily proved using Cauchy-Schwarz. 


526. 
1) if a,b,c are positive reals such that a? + b? + c? = 1 prove that 


2abc(a +b +c) < 2(atb4+c)? +1. 


Solution: 


1= (a? +0? +’)? > (ab+ be + ca)? > 3abc(a +b +c) 
+ 4bc) = 


2(a+b+c)? +1= (a? +b? +c”)(3a? + 3b? + 8c" + dab + 4ac 


S- 3a* + 3a7b? + 3a2c? 4 


cyc 


| 4a3b + 4a%c + 4a%bc > 2abe(a +b +c) 


So se 3a* + 3a2b? + 3a7c? + 4a2b + 4a3c + 2a7bc > 0 
cyc 


2(at+b+c)?+1> 2labc(a+b+c) 


, Gn (n > 2) be positive reals, and let S = a, +---+a,. The for any k € Z, 


2) Let Q1,--- 
be k gk-1 


i=l 
n 
ak Sk Sk 7 


527. 


if a,b,c > 0 then 
a® 5° oO GeiPpie 


| | 
e+) B+8 °° 8&+a3 — 2 
Solution: 


The inequality is equivalent to: 


a*(ae—b°) Bb —c) | P(e —a*) 
2+3 " B+38 " 8+as = 
since , pie 
a“ + ab + 
~~. > 1 
a2 —ab+b? ~~’ 
it suffices to prove that: 
2(q — 
S- a (a b) > 0, 
a+b 


which is equivalent to: 


a(a? + b?) ie b(0? +?) | cla* +c?) 
at+b b+ce ate 


but We know that: 


a? +b? > (a+), 


Nl re 


similarly for others then it suffices to prove that: 
a? +07 +c >abtactbe 


which is true. 


2) 


is equivalent to 


We think that it follows from 


> ab+ac+ be 


Je 


2Qab? S 2a7b? 
a+b~ a+63 
which is 
(a+ )(a—b)? 20 
‘2 a? SE aes? a? a + b? 
A a? + 68 — 2 a a? + 63 4 
ahs (a — b)(3a* + 3a3b + 2a7b? + ab? + b*) —-5(a? — b?) 
=n a? + b 2 
(a — b)?(a? + 2a7b + 6ab? + 30°) 
- ye a? 4p? a 
528. 


Given a,b,c > 0. Prove that: 


) 


[0s 


(a4 +b44+4)\(2 +0 +2)\(a+b+c) > 9abc(a®+b' +c) 
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Solution: 


ineq became: 


a+b4+3 = 3(a® + b° +c?) 
3abe ~ (a+b+c)(at + 4 4 c+) 
atbt+e , ai +2bc(b+c)— (bP +be+C)(atbt+e) 
Qabe (a+b+c)(a4 + b4+c*) 
We easily to see Sa, Sb > 0 
We only need to prove that: Sb + Sc > 0 


Sa= 


We have: 
ae Ome) see 272 2 Sepik 
Sb4.Se> a+b+c 2abe+2(a* +b ee NGS OE Olas a+b+ec 20(a*+b rA)atbto J 4 
abc (at +b44+4)(a+b+c) abe 9(a4 + bt + c4) 
Because 
(a+b+c)? > 8labc(a? + b? + c*) 
=>Q.E.D 
529.. 


if a,b,c are non-negative numbers, no two of which are zero, then 


2a? + be . 9(a? + b? +c?) 
b+e ~ 2%(a+b+c) 


Solution: 


The inequality is equivalent to: 


2a? + ab 9 
S- EE epg tips > (a7 +0? +c”). 
b+e 2 


cyc 


Recalling the known inequality: 


it suffices to prove that: 


Assuming a > b> ¢, hence: 
Se = 0, 
Sp = 0, 


c?(a+ b+ 2c) + (a +b)(a— b)? a 


ae (a+ b)(b+ c)(c +a) a 


530. 
, Given a,b,c > 0. Prove that: 


Ja? + Abc +y/b? + dca +1/c2 + 4ab > /15(ab + be + ca) 
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Solution: 
Used AM-GM, We only need to prve that: 


216(a? + 4bc)(b? + 4ca)(c? + 4ab) > (11 S- ab — S- a) 
With a+b+c= 3, it’s becames: 
216(125r? + 4g? — 180gr + 432r) > (13q — 9) 


f'(r) = 216(432 + 250r — 180g) > 0 


=> f(r) > f(0)> Oalwaystrueswithg < 2.59 


4q—9 
Withq > 2.59,Wehave : f(r) > f(y ) = (3—q)(q + 4.48)(q — 2.02) > 0 
=>Q.E.D 
To allnames : 
First, squaring .Next, use am-gm 
Because of Schur: 
9+ 3abc > 4(ab+ be + ca) 


if k = 5, ineq is not true. if k < 3.59, We can prove easily by: 


1+k) 
(a? + kbc)(b? + kea)(c* + kab) > ( 37 (ab + be + ca)* 


So, k = 4 is nice 


d3l.. 


Let a,b and c be non-negative numbers, no two of them are zero. Prove that: 


abo ac ia be (a+b+c)(ab+ ac + bc) 
(a+b)? (atc)? (b+c)2 ~ A(a? + b3 + c3) 
Solution: 
s ab _ (ab + bc + ca)? gs (a+b+c)(ab + be + ca) 
a2 +b? ~ S°ab(a? +b?) ~ 2(a3 + b? + c3) 
& 2(ab + be + ca)(a? +b? +) > (at+b+c) S- ab(a? + b”) 
= > ab(a® + b°) > S a*b?(a +b) 
= © abla+b)(a—b)? >0 
532. 
Given a,b,c > 0. Prove that: 
1 1 1 9 
+ 2 
a+b b+e ce+@7 a+b+c+/3(ab+4 be + ca) 
Solution: 


The ineq is equivalent to : 


a? + b? +c? + 3(ab + be + ca) 


9 
(a+bb+e+a)  ~atbtet/3(ab+be+ ca) 
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Let 
a+b+c=3u,ab+ be+ ca = 3v’, abe = w? 
The ineq becomes: 
3u2 + v? 1 
Suv? — w3 ~ uty 


Therefore We only have to prove the ineq when a=b and c=0,which is trivial. 


We can continue without considering 2 cases(a=b and c=0). 
<=> w? + v? + 3u70 + 3u3 > Bur? 


<=> (w? + 3u? — 4uv”) + o(u — v)(3u—v) > 0 


which is true since 
(w? + 3u? — 4uv?) > 0 


(Schur ineq) and u > v 


== 0< 500-5) a?(b +0) — Gabe + (S02 +3) be) 3). be 
= 08 — S040) + 8abe—4 bea + (Sha? +3) ° be) 3) be 


(0 a? — 3 be) (355.0? +5 be) D5 bc 
(Sta? +330 be) V3 440 a/Sibe 


= So ala b)(a—c)+ 


Q.E.D 
533. 
Let a,b,c be nonnegative numbers and ab + bc + ca = 1. Prove: 
1 1 de 1 as 
(+a? G+? O+ap = 


Solution: 


1 1 2 
ae (1+a?)2 < 2 ae (a+b)? (a+c)? < (ab+ac+bc)? ° 


= (ab + ac + be)? 0 .,.(a7 + ab) < TToy-(a + 8)?. 


Let a+b+c¢=3u, ab+ be+ ca = 3v? and abe = w?. 


Hence, (ab + ac + bc)? 3) .,.(a? + ab) < TT eye(a + 6)? > w? < 9uv? — /27(3u? — v?)v4. 
But w® gets a maximal value when two numbers from {a,b,c} are equal. 
id est, it remains to prove that 


(ab + ac + be)? >. (a? + ab) < J],,.(a + 6)? for b=c=1, 


cyc cyc 


which gives 4a? + 3a + 2a+1> 0. 
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it is true because a > 0 
534. 
Let a,b,c > 0. Prove that: 


3a*+a7b? 3044+ b?e?— 33c4# +. 2a? 


>2 b 
ee Bae Sia = (a+b+c) 
Solution: 
3a4+a7b?  3b4+.b?c? — 3c4 4+. ca? 
>2 b 
a® + b8 v b3 + ¢3 x eO+a — ened) 
3a* + a?b? 
OO > 
( a? + B38 2a) 20 
~ { (a—b) (a3 +. a?b + 2ab?) 
= ( ab = 0 
. ( (a —) (a? + ab + 2ab?) 
SS 
<= ( Bae (a — b) 0 
(2c? — b?) (b— c)” (2a? — c?) (e- a)? ; (2b? — a?) (a— b)” 
b+ 3 c+ a8 ab + 68 
Setting 
_ Qe - b?) 
a b3 + ce 
5, = (2a? — c?) 
Cenas 
_ (=a) 
“a +03 
=> S,>0 


Then We will show that 
So + 25 2 0 


a? S? +2075, > 0 
First We will prove S, + 25, > 0. 


5 428 (2a? = e) (a3 + b?) + (a? + c?) (40? = 2a”) 
b cc 


(a? + b3) (a3 + c3) 


(a3 + b3) (a3 +. c3) 7 
Now We will prove std +2b7S, >0 
a’ S$? + 2075S, > 0 


a? (2a? _ ) 2b? (Qe _ b?) 


>0 
a’ + 3 bere 
. 2 2 2_ 2 2b2 2 2_ 42 
Setting f (a) = * Cee ) (ie 
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(2a?b° _ 2a) + (400? — arc? — bc?) + 4b?c3 o, 


307? 
> f@)>fO= e352 


Applying the two inequality We have proved We get 


S> Sa (b- 0)? > (s. (b— 0)? 4 fea Se 2, (See 2 Se (a 0°) >0 


We have done in the casea > b> c 
535. 
if a,b,c, d,e are positive real numbers such that a+ b+c+d+e=5, then 


Pty ts di 20 > 9 
abc de. @a+4+24+d@+e2 — 


Solution: 
in this Solution, >/,,,, f(a,6) means f(a,b) + f(a,c) + f(a,d) + f(a,e) + f(b, ¢) + f(b, d) 
+f(b,e) + f(c,d) + f(c,e) + f(d,e). We will firstly rewrite the inequality as 


Ty ih! Al ed 25 is A(a+b+et+d+e) 
a b ec de a+b+et+d+e7 5(a2 + b? + c? + d? +e?) 


and 5(a7 +b? +c? + d*+e7)—(atbt+tet+td+e) = i .,(a— 6)? 
We can rewrite again the inequality as 


1 ye (a = b)? > 4 aun le <_ b)? 


x 
atb+ctdt+e abo 6a? +b? +c? + dd? 4? 


sym 


or oe Sav(a — b)? > 0 where Szy = = BLES for all x,y € {a,b, c,d, e}. 
Assume that a>b>c>d>e> 0. We will show that S,.+ S,¢ > 0 and Soy + Sac + Saad + 


Sac > 0. indeed, We have 


1 1 8 
Pict Oba — FE oy am eee ee ee 
. 1 2 1 8 
be bd 40? +c? +d? 
1 8 
> } >0 
— be bd 2be+ 2bd — 
and 
1 1 L 1 16 16 16 
SabtSact ‘adt+Sae = t t t > >0 
3 ab ac ad ae a?+b?+c?+d?+e2 ~ a(b+etdte) a®+ F(b+c+d+e)? 


Hence, with notice that Syg > Spc and See > Sag > Sac > Sab We have Spq > 0 and 
Sae = 0, Sae + Sad = 0, S28 + Sad + Se > 0. Thus, 

Soa(b _ ay? + Sbe(b — c)? > (Sba + Sbe)(b — c)? >0 (1) 

and 


Sae(a—e)? +Saq(a—d)?+S5-(a—c)?+Sax(a—b)? > (Saet+Saa)(a—d)?+Sac(a—c)?+545(a—b)? 
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> (Sac + Sag + Sac)(a — €)? + Sap(a — b)? > (Sage + Saa + Sac + Sap)(a—b)? >0 (2) 


(1), (2) and (3) We get >°.. Sas(a — 6)? > 0. Equality occurs when a = b=c=d=e or 
@ = 2b = 2c = 2d = 2e 


On the other hand, Spe > Spq > O and Sage > See > Sca > Spa > 0 (3). Therefore, from 


536. 


Problem.For three positive real numbers a, b,c, prove that 


1 1 1 e 114+ 5/5 


(a — b)? (b—c)? (c—a)? ~ 2(a? + b? +c?) 


When does the equality hold ? 

Solution: 

Since the inequality is symmetric We can assume that 

a>b>c. if We fix a— b,b—c,c—a, then the maximum of RHS is when c = 0. 
So, x =a—b,y = b—c then the inequality is 


1 i it 1145/5 
2° yp * (w@ty)? ~ U(e+y)? + y?) 


Multiply x? to this inequality and 


ax 


Ble 


then,the inequality is 


1 1S 1l+5v5 
pe (+p)? ~ 2((1 +p)? +P?) 
and when We multiply 2(p? + (p + 1)”) to this inequality, 


it is equivalent to 


4 2(2p? + 2p + 1) 


+ +4p(p+1)>14+V5 
p(p + 1) p?(p + 1)? oe 


.£=p(p+1) 

then 

843442 >1+5v5. 

if We differentiate & + 3 + 4x to evaluate minimum, 


x? — 2x +1 = 0 is the condition which is equal to (x? — x — 1)(a + 1) = 0. Since x > 0, 
2? =2+land 2 = Hy. 


if We evaluate the value, minimum is when 
c= 14V8 


The condition of equality is c = 0, and 


bb ab 1+ V5 


nes 2. 2 
fash Geo 5 <— a’ —2ab+b 
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or 


537. 
if a,b,c are positive numbers such that a+b+c= 83, then 


a b Cc 3 
! | < 
3a+b2 3b+c? 38cta27 4 


Solution: 


The inequality is equivalent to 


b? 3 
ree 
b?+3a7~ 4 
By Cauchy Schwarz inequality, We have 


(Coane a 


LHS > 
~ Yat+(at+b+c)> ab? 


it suffices to prove 


A(a? +6? +¢?)? > 35 at +350 ab? +35 ° ab? +35 abe 
& (7? +04)? — 35— ab? + 305° a*h? — S abe) >0 
By VasC’s inequality, We have 
(a? +b? +)? —35 ad? >0 
By Am -GM inequality, 


Sah — S5 abe >0 


We are done. 


538. 


Let a,b,c > 0.Prove that: 


1 1 | 1 a+b+e 3 
a+b a b+e ' cta 2 2(ab+bc+ca) + a+b+c’ 


Let put p=a+b+c,q=ab+bc+ca,r = abc, This inequality is equivalent to: 


Solution: 


By expanding expression We have: 


(p” + 3)6p — p?(3p — r) — 18(3p — r) > 0 


<> 3p? 4+ p?r — 36p + 18r > 0 
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From the ill-known inequality, the third degree Schur’s inequality states: 


p>? —4pq+9r >0 — > p®?—12p4+9r>0 
We have: 


<> 3p? +p’r — 36p+ 18r > 0 
<> 3(p? —12p + 9r) +r(p? — 9) > 0 
On the other hand, We have: 


r(p?-9)>0 => (a—5b)? + (b—c)? + (c—a)? >0 


539// Let a,b,c be nonnegative real numbers, not all are zero. Prove that: 


7a 7d 7c 
+ t KES 
a+3b+ 3c b+ 3c+ 3a c+ 3a+ 3b 


By Cauchy Schwarz inequality, We have: 


Solution: 


7a 
(=< ep Cites 
OF ee nee Md (7a + 2b + 20) (a + 3b + 3c)! 


cyc 


D A9a(a + b +c) 
(17a + 2b + 2c)(a + 3b + 3c) 


We need to prove: 


3 A49a(a + b+ c) “4 
(17a + 2b + 2c)(a + 3b + 3c) — 


svi A9a(a + b +c) 205 0G (b+ c— 2a)(8a + 3b + 3c) 
ae (17a + 2b + 2c)(a + 36+ 30)! (17a + 2b + 2c)(a + 3b + 3c) 
Normalize that 
a+b+c=1 


, then the inequality becomes 


(b+ c— 2a)(5a 4+ 3) 
eae — 


be 5b4+3 da +3 
da sb 4 d(8 — 2b) (15a + 2)(3— 2a)! = 


cyc 


SS\(a + 30c — 50ab)(15¢ + 2)(3 — 2c) > 0 
cyc 


Without loss of generality, We may assume 


a>b>c7a> 
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}>0 


then We have 


1+ 30a — 50bc > 1 + 30a — 50( 9 


1 1 
= 5 (1104 25a” — 23) > 5 (110 25a” — 23.3a) = 4a > 0 


1+ 300 — 50ca = 1 + 30b — 500(a + c — b) + 50(a — b)(b— c) 
= 1+430b — 50b(1 — 2b) + 50(a — b)(b— c) 
= (10b — 1)? + 50(a — b)(b—c) > 0 


1+ 30b — 50ca + 1+ 30c — 50ab = 2 + 30(b + c) — 50a(b + c) 
= 2+ 30(1 — a) — 50a(1 — a) = 2(5a — 4)? > 0 
And 


(15b + 2)(3 — 2b) — (15¢ + 2)(3 — 2c) = (b — c)(41 — 30b — 30c) > 0 


Therefore 


LSH > (a—c)?(1+30b — 50ca)(15b + 2)(3 — 2b) + (a — b)?(1 + 30c — 50ab)(15c + 2)(3 — 2c) 


> (a — b)?(1 + 306 — 50ca)(15¢ + 2)(3 — 2c) + (a — b)?(1 + 30c — 50ab)(15c + 2)(3 — 2c) 


= (a — b)?((15¢ + 2)(3 — 2c)(1 + 30b — 50ca + 1 + 30c — 50ab) > 0 


Our inequality is proved. Equality holds if and only if 


or 


or any cyclic permutations. 
540. 


if a, b,c are nonnegative real numbers, then 


a*(a — b)(a — c)(3a — 5b)(3a — 5e) > 0 
Solution: 
Let a+ b+ c= 3u, ab+ac + be = 3v”, abe = w? and u? = tv”. 
Hence, 
S- a*(a — b)(a — c)(3a — 5b)(3a — 5c) 0S 


cyc 


= S°(4.5a° — 24a°b + 15a4b? + 32a*be — 40a%b?c + 12.507b’c?) > 0 


cyc 


& 49w® + 112(3u? — 4?) uw? + 9(9u? — 2v?)(3u? — 4v?)? > 0. 
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A = (3u? — 4v?)?(18v? — 17u?) 


. Thus, for t > 2 the inequality is true. 


While for 1 <t< - it’s enough to prove that 


as 8u(4v2 — 3u?) — (4v? — 3u2)V 18? — Lut 


W 


7 


(a — b)?(a — c)?(b —c)? > 0 gives w? < 3uv? — 2u? + 2,/(u? — v?)3. 


Hence, it remains to prove that. 


u(4v? — 3u?) — (40? — 3u2)V18v2 — 17u? 


3uv? — 2u® + 2./(u2 — v2)3 < 8 : ; 


which is equivalent to 


(4u? — 3u?)/18v? — 17u2 < luv? — 10u? — 14,/(u? — v2). 


lluv? — 10u? > 14,/(u? — v2)8 


Hence, 


is true for 1 <t< i. 


(4v? — 3u2)/18v2 — 17u2 < 1luv? — 10u® — 14\/(u? — v?2)3 & 
2 2 
S ((4v? ~ 3u2)/18v? — \7u?) < (due? —10u3 — 14,/(? — a) S 


& 449¢° — 1378t? + 1413t — 484 > 28(11 — 10t) /t(t- 18 


& 449? — 


929t + 484 > 28(11 — 10t),/t(t — 1) & 


 (3t — 4)?(117¢ — 121)? > 0, 


which is true. 
541. 
Leta, b,c,d,e > 0 


(a? +.1)(0? + 1)(2 


Solution: 


+ 1)(d? + 1)(e? +1) > (at+b+c+d+e-1) 


(a? +1)(b? + 1)(e? + 1)(d? +1)(e? +1) -(at+b+e+d+e-1)?> 


1 272 2 
Aas eet 


oa ae: 22 2 4 
36 (3a*b*c 


sym 


Let f(a, b,c) = 3a7b7c? +a7b?7 + 


Hence, 


1 a2 L 
5 ab? — = Sab + 2(a b+c+d+e)= 


sym sym 


a*b? + a2c? + b’c? — 2(ab+ ac + bc) +at+b+c) 


a?c? +b?c? —2(ab+ac+bc)+at+b+c, where a = min{a, b,c}. 


f(a,b,c) = f (a, Vbe, Vbe) = a?(b = 0)? — 2a(vb = Ve)? + (vb - Ve)? = 


= (vb — Vc)” ((vb4+ Vc)?a” — 2a+ 1) > (vb=- Ve)?(4a° — 2a + 1) = 


= (vb ve? 


(4a? + 0.5 +. 0.5 — 2a) > (Vb- Ve)?a > 0 


Hence, it remains to prove that f(a,b,b) > 0. 


But 
f(a, 6,6) >0@ 


(3b* + 2b*)a? — (4b — 1)a + b* — 26? + 26> 0 
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which is true for 
b< 


a 


because 
b* — 2b? + 2b = (b> +1+1-—3b4+b)>0 


Thus, it remains to prove that, 


(4b — 1)? — 4(3b* + 2b7)(b* — 2b? + 26) < 0 


Which is true for b > i. 
=>Q.E.D 


542. 
Let a,b,c > 0: ab+be+ ca = 2. Prove that : 


atte jo | (ote Z 2 
a2+be - b+ca | c2+ab — abc 
By Cauchy-Schwars inequality, 


(Sy SEE) <3(D}) (oe) - Fy 


We have 


Solution: 


~ (2a? + bc)(b+c¢ ~ (2b + c)(a? + bc) + c(a? — b? 
z" )( eS )( Jaret ) 


ee oe 


be( 252 4 
=3) (a+ ys —- J=3y a ee ater SoU oe wey = 


thus, 
2 
S 2a? + bc < 4 
a? + be ~ a2b2c? 


and that is the desired result. 
543. 
Suppose a,b,c,d are positive integers with ab+ cd = 1. 
Then, For We = 1,2,3,4,let (x;)? + (yi)? = 1, where 2; and y; are real numbers. 
Show that 
b d 


a (6 
(ay, + bys + cy3 + dys)? + (ax, 4 bas + cr + day)” <2(5+—+5+-). 


Solition: 
Use Cauchy-Schwartz , We have 


(ayy + by2 + cy3 + dys)? < 
(ay + bya)? (cys + dya)? 
ab cd 


(ay + bya)? (cys + dya)? 
ab cd 


(ab + cd)( 


= 
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Similar: 


(ax4 + ba3 + cxg + dx, 


(aa4 + bas)? 


ys 


(cxg + dx 1)? 


b 
(ab + cd)( A i ) 
(aq + bag)? | (cag + dai)? 
= + 
ab cd 
But: 
(ay, + bys)? < (ay. + bys)? + (ax, — bag)? =a+ht 2ab(y1 ye — £122) 
Similar. 
(cag + da)? <C4@+ 2cd(x1x2 — yry2) 
then We get: 
(ay: + by)? — (cere + dx1) 
ab cd = 
a fe b i Cc "2 d 
bo a dee 
(1) 
The same argument show that: 
(cy3 + dys)? (axa + bx3)? 
+ Ss 
cd ab 
a n b ia Cc m d 
b a dad 
(2) 
Combining (1);(2) We get . Q.E.D 
] 544. 
Let a,b,c > 0.Prove that: 
a? — be — ce —ab 
/8a? + (b+)? * ae + v Roe: (a+b)? 
Solution: 
5 nee ee - ti UG ee ee. 
cyc Fi (Wee) cyc 8a + (b+c) 
But 
‘ (a— b)(a+c)—(ce—a)(at+b) | 
vr 8a? + (b+ c)? 
7 S(a-b ate b+c _ 
a 8a? +(b+c)? — \/8b? + (a +c)? 
is (a — b)((a +c)? (8b? + (a +¢)”) — (b+6)?(8a? + (b+¢)”) 
cye \/ (8a2 + (b+ c)?)(8b2 + (a + c)?) ((a + ¢)\/8b? + (a+c)? + (b+ c)/ (8a? + (b+ o) 
7 ys (a — b)?(4c3 — 2(a + b)c? + 4(a? — 3ab + b?)c + (a + b)(a? + b7)) 
cre Ba? + (B+ PVR + (a+ 0?) (a+ 0) BP + (a+ oP + (b+ 0) (Ba? + OF OP) 
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. (a — b)?(4c3 — 2(a + b)c? — (a+ b)?c 4 Can _ 
cye \/ (8a2 + (b+ c)?)(8b2 + (a + c)?) ((a + ¢)\/8b? + (a+c)? + (b+) (8a? + (b+ oP) 

as (a — b)?(2c +a + b)(2c— a — b)? 
coe 2 (Ba? + (b + 6)2)(802 + (a+0 re Bb + (ate +(bte) (Ba? + (b+ c)?) 


Q.E.D 


545. 
Let a,b,c > 0, s.t.a+b6+c=3. Prove that: 
(ab + b?c4+ Ca)(ab + be + ca) < 9 


Solution: 
1)Let a+b+c¢=3u, abt ac + be = 3v?, abe = w? and u? = tv. 
Hence, t > 1 and (a?b+ b?c + c?a)(ab+ be + ca) <9S 


& 3u° > (a*b +b°o+ ea)v" S 


& 6u° — v? So (ab +ac) > v? So (ab -—a'c) Ss 


cyc cyc 


& bu? — 9uv* + 30?w > (a — b)(a — c)(b — cv? 
(a — b)?(a — c)?(b—c)? > 0 gives w? > 3uv? — 2u? — 2,/(u? — v2). Hence, 
2u° — 3uvt + v2w? > 2u> — 3uv4 + v? (su? — 2u? — 2./(u? — v3) >0 


because 
2u° — 3uv* + v? (3uv? — 2u3 — 24/(u? — a) >0s 


& w — uv? > v?,/(u2 — v2) = #8? —t +1 > 0, which is true. Hence, 
6u> — 9uv* + 307 w? >0 


and enough to prove that 


(6u° — 9uv* + 3v2w3)? > v4(a — b)?(a — c)?(b— c)?. 


Since, 


(a — b)*(a — c)?(b— c)* = 27(3u7v4* — 4u® + 6uv?w? — 4u3w? — w®) 


We obtain 


(6u° — 9uv* + 3v2w)? > v4(a— b)?(a— 0)? (b— 0)? & 
& vtw® + wv? (ut + 3u? — 6u4t)w? + ul — 3u8u4 + 3° > 0. 
id est, it remains to prove that u?v+(u+ + 3u? — 6v*)? — 4v4(ul? — 3u®v4* + 3u1°) < 0. But 
uv4 (ut + 3u? — 6v4)? — 4u4(ul® — 3u®ut + 301°) < 06 
& t(t? + 3t — 6)? — 4(¢° — 342 +. 3) <0 & (t- 1)72(#8 — 4t +4) > 0, 


which is true. 
Q.E.D 
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2)Let {x,y,z} = {a,b,c} such that x > y > z. By the Rearrangement inequality We have 


a’b + bce4+ ca = a(ab) + b(bc) + c(ca) < a(xy) + y(zx) + 2(yz) = y(a? +224 27) 


Using AM-GM inequality We get 


{ | Lom? 4 Ly 2)\2 
(zy + yz + zx)y(x? + ez + 27) as cee = Peeeee) = 
1 9 9 2aetyt 
= -y(¢+2zP?(2+y+2)? = —.2y.(z+2).(z+2) < =| ea )3 =9 
4 8 8 3 
Q.E.D 
546. 
Leta, b,c,d are non-negative reals. Prove that 
So at +S abc(a+b +e) > 25° a?b? + dabcd 
cyc cyc sym 
Solution: 
The following stronger inequality is also true 
~ yr atta So abe > = So a®b + = Yo 02? + = Ye abed 
6 2 — 3 6 6 
sym sym sym sym sym 
First 
) 7) 6) 0.1 4,1 Pt 1 3 1 2,9 1 
— ef a 
oa Bi ae oa Ge pe gt ag ee tee 
sym sym sym sym sym 
aie Se aes > (2abe-+a?b-+a2e)—= So (a?+30b)—= > (20?b-+2ab?)—= S| (abe+bed-+-cda+dab) 
6 2 3 6 6 
sym sym sym sym sym 
Resnarn 1 ae 
=3 8 +z abe-3 a b 
sym sym sym 


1 
= 5 ola? +B tc? + 3abe — a?b — ab? — be — be? — c?a — ac”) > 0 
sym 
So We can assume d = 0 


We only have to prove 


Yat + Ware > SS a+ 2 ae? 


cyc cyc sym sym 
(these sums are symmetric for a,b,c.) it comes from Schur. 
547. 

* Let a,b,c > 0, find the best k constant such that: 


245242 
ee pte Ee ee) 
boca ab + be + ca 


Solution: 
Let a+b+c¢ = 3u, ab+ac+ be = 3v”, where v > 0, abe = w?, k > 0 
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and v9 k4 Meee) = 3p. Then p > 1, ce = a and 


a b c k(a?+b?+c?) 2 3 
bee 2> 4/9 k ab+bc+ca F eye VC = 8pw aa 


S Deye(a7b +a’c) > 6pw? + eae -—ace 


& Juv* — 3w? > 6pw? + (a — b)(a — c)(b— Cc). 
Now We will understand when 9uv? — 3w? > 6pw? is true. 
(a — b)2(b—c)?(e— a)? > 0 w® — 2(3uv? — 2u3)w? + 408 — 3u?04 < 0. 


it gives w> < 3uv? — 2u3 + 2,/(u? — v?)8. 
Hence, if 3uv? > (1 + 2p) (Suv? — Qu? + 2./(u? — vs) is true then 9uv? — 3w? > 6pw? 


is true. 


But 3uv? > (1 + 2p) (Suv? — Qu? + 2y/(u? — ys) = 


3p2+k—3 8 
ED) 


3p2+k—3 
R 


> 


3p? +k-3 
@3>(14+2p)|3-2-.7 E 2 


2 3k2 (49 (k+0— 08 +2) 


< 6p? + 3p? — (k+ 6)p+k—3> (1+2p)\/ FR. 


But 6p? + 3p? — (k+6)p+k—3 = (p—1)(6p? + 9p —k +3) > 0 for all k < 18. 


Hence, for 0 < k < 18 We obtain 6p? + 3p? — (k + 6)p+k—3> (1+ 2p) ee 


(6p? + 3p? — (k++ 6)p +k — 3)?(3p? + k — 3) > 27(p? — 1)98(1 + 2p)? © 


© (p — 1)2(54p? — 9(k — 15)p? — 18(k — 6)p + k? — 9k +27) > 0. 


Let f(p) = 54p* — 9(k — 15)p? — 18(k — 6)p + k? — 9k + 27. 


Then f’(p) = 162p?—18(k—15)p—18(k—6) = 18(p+1)(9p—k+6) > O for all0 <k < 15. 


Hence, for all 0 < k < 15 We obtain f(p) > f(1) = k? — 36k + 324 = (k — 18)? > 0. 


if 15 <k<18 then f(p) S f (45%) _ so ee ai 


k3 4 18k? — 27k — 27 >O and k > 15 gives 15 < k < 6+ 6V3cos10° = 16.23... 


Thus, 9uv? — 3w® > 6pw? is true for all 0 < k < 6 + 6V3cos 10°. 


Now it remains to understand for which & the following inequality is true. 
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9uv? — 3w? > 6pw? 4 


But 9uv? — 3w? > 6pw? 4 


 (3uv? — (1+ 2p)w?)? > 3(3u2u4* — 4u§ + 2(3uv? — 2u?)w? — w®) 
& (1+ p+ p?)w® — 3(2uv? + pur? — u3)w? + 30° > 0S 

& (14+ pt p?)w® — 34/ Sp? tk—3 (2 +p esha) vw? + 3° >06 
& (1+p+p?)w® —3-4/ SpPtk—8 (5, + 3+ pk — 3p*)v>w? + 3v® > 0. 


if p > 4° then k +3 + pk — 3p? < 0 and our inequality holds. 


ifl<p< £3 then We need understand for which k holds: 


26 EY = Pe pp) 0: 


Paris ee _an2)2 
But 22k ae eek 3p") 


© (p—1)?g(p) < 0, where 


g(p) = 81p* — 54(k — 3)p* + 9(k? — 15k)p? + 18(k? — 6k — 9)p — k? + Ok? — 27k 


We see that g(1) = —k(k — 18)? <0 and g (£43) = —4k(k? + 9k + 27) <0. 


g' (p) = 18(p + 1)(18p? — 9(k — 1)p + k? — 6k — 9). 


3(k—1)—Vk2+30k+81 
Hence, Pmar = Ore) - , 


id est, it remains to solve the following inequality: 


‘ GH. ES) <0, which indeed gives k <3 (1+ */2)° and 
for k= (1 + 2)" We obtain Pmax = V2. 
Q.E.D 


548. 


Let a, b, c be positive real numbers such that a + 6+ c= 1. Prove inequality: 


1 | 1 Bo. aor 
betati actb+}¢  abt+ct+i © 3° 


Solution: 
1) 
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81. 


the inequality is equivalent to : 


ere ae 
be+a++ aed al 


( because a+6+c=1) 


oy a? (be + a) 4 


> 
abe+a?+17~ 31 


2 (a? (be + a)?) . 4 
(abc + a? + 1)(be +a) ~ 31 
but by cauchy shwarz : 


LHS()> (abe +a? + 1)(be +a)) > (So albe + a))? 


setting : r = abc,q = ab+ac+ be and since a+b+c= 1 it’s easy the check that: 


S— (abe + a? +1) (be + a) =2—-—2q+5r+ar 


S/ a(be + a) = 3r + 1-29 


so We need to prove that: 


A(2 — 2q¢ + 5r + qr) 2 


+ 1 — 2q)? 
(3r q) 31 0 
. 166r 376gr 23 116 
9r? 4 7 "4 14 49? >0 
31 3l 31 31 
now We put: 
166r 376qr 23 = 116q 
= 9r? 4 + Aq? 
TAG ar, ages hag gg 
We have: 
166  376q 
Pa +00 9 b"g 
{Oya et a gi 
it’s easy to check that : f(r)’ > 0 since q < 3 
so f is an increasing function , and by shur : r > Mel 
thus : , 
4q—1 12q 28q 8 
> = } 
M2 KG I= Sr 7 art 3 
hence it sufficies to prove , that : pe — 3145 >0 
wich is equivalent to : aa Dies) > 0, wich is true since g < 4 <2 
2) 


The ineq becomes to >> ae < zt 


=> 3150 a(ayz + 1+y’)(zyz+1+27)< 27] [ (eye +2? +1) 


351 


Let c+yt+z=3u=1 cyt yz+ 2x = 3? and zyz = w? 


‘> g(ryz +1+y?)\(ryz + 1+ 27) 


= ¢7y?2? oo xu+ ryz ye (xy? + 22y) + 2ryz) > at S- x+ > i + 27y) + zyz)) xy 


L 3y2y 2 


LHS = w® + w3(Quv? — 3w*) + 2w? + 1+ 9uv? — 3w 


= —2w® + 6w?v? — we +A 


[[ @yz+2? +1) 
=2x ayeze Sa era +50 2° +S "2? +23 y3z3 4497 y7%27 4 32yz4+1 


94 Qw® — 6w®v? — 3w3v? + 2w? + B 


the ineq becomes to 
f(w?) = 27w® + 116w® — 162w®v? — 267w3v? + 85w? > 0 
f'(w?) = 243w® + 232w? — 324wu? — 267v? + 85 


549. 
Let v,y,z >landa+y+z=-xyz. Find the minimum value of : 


Solution: 
This problem can be done by this way: 


+) We have 
A= (=> ) oS 1) iss 1) 3 
_@-)+W =) @-)FE =), N+) _, 
y? 2 x 
me | ) | (53 | (= z 32) . 
=@-NSt+StD+W-VGtatD+e-WGtatD-3 


ry «£ yz Y LZ z 
I sol aia i ae: re 
ol (Cor ier mie ae) Geyer b=) 
cy z TY YZ 2X 


and 


1 1 1 
(—+-+-) 
vc Y Zz 
1 1 1 1 1 1 1 1 1 
=(54 ! ea) +—)=3 
(2 pte) ry yz za = ie = 


Hence A > /3—2 Q.E.D 


550. 
Let a,b,c be positive integers such that a + b+ c= 3. Prove that 
3 
yeee 3a=pabepa7 S 31° 
Solution: 
By Schur inequality, We get 3abc > 4(ab + bc + ca) — 9. it suffices to prove that 


S- 3a e 3 
9a? + 4(ab + be + ca) +72 ~ 31 


3la(a+b+c) 
x (1 0 
9a? + 4(ab + be + ca) + 72 


S (7a + 8c + 10b)(c — a) — (7a + 8b + 10c)(a — b) a, 

a2+s = 
whete-¢ a 

23] vee i i | 
S\(a b)? 8a T 8b Tt 15ab T 10c(a T b) rs = 0 
(a? + s)(b? + 8) 
which is true. 
551. 
Let £1,£2,°+* 2m; Y1,Y2;°°* > Yn be positive real numbers. 
Denote by X = year HY = ja y- 
Prove that 
2xY Sy Soper ml 2X? Yolm ual t¥? SS Sol 
We=1j=1 j=l l=1 We=1k=1 

Solution: 


ill assume 71 > %2 >--- > 2, and X > Y, then make an induction : 
if the inequality is true for m — 1, then We can prove for x = 4, + x2 
the following statement, which will solve our problem in matter of fact: 


X Vea |t@—-yal-Y wens le—eil < X DF (e1—yyl+z2—ysl)— ¥ (Cyena (lei — vil + [te — eel) 4 


(*). 


First 


LHS = KD pemwl-¥ So be-all =30 YS wle-wl-o wile 


We=3 j=1We=1 j=1 We=3 


ee Y3| + |e2 — ygl)— Y Weea(le1 — vil + |e2 — x4|) + a1 — 22) = 
jet Wear (%i|@1—yj|+i|22—-Y51) — G1 Vweas (ysle1 — 2] + yjlv2 — il) + yyla1 — 22l) 
and now using the inequality 


|zxwe — ysx.| — |ygx — ygxi| < avila — yy| + vilte — yy| — yylai — ail — yyla2 — 2% 
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|ar1 


29|) 


which follows by verifying all cases - x1 > rg > yj; Ux = y; etc. , We will take what We 


need. 


Se 2XY we=1 21 |zcwe-y5| ma weet 1 lywe—yy|-Y? We=1 yi lzwe- 
aj| 2 2XY Vyens 4 Izyve—Yj1-X? Vent i lywe-ys|-Y? Divene Si |zye- 
z%,| > 0 by (*), where 2, = 41 + xq and tye = 2; for i > 3. 

Q.ED 


552. 
Leta, b,c > 0,a+b+c=1. Prove that 


a? + 3b B+ 3e.. +3 
b+e cta  atb 


Solution: 
We have :a+b+c=1 


a*+3b b?74+3c c?4+3a 
>5 
b+e cta a+b ~— 
First, We are regrouping LHS in the way: 


~ a? + 3b ~ a?—-1 3041 
LHS=)5_ =D Ge + ) 


a a b+e 
= (atbtetajty ote te 
=—-(a+b+c+3)+34 ate 
Dit 5 gs 


Now We have to prove: 


b+e 
a+ 3b 
Se pas 28 


After clearing denominators We have: 


S > (a+ 3b)(a + e)(b +e) > 6(a+b)(a + e)(b+e) 


<=> S- (a? + ac?) > 2S" arc 


Wich is true by Am-Gm inequality: 


Q.E.D 
553. 


if a,b,c are REALS such that a? + b? +c? = 1 Prove that a+b+¢— 2abe < V2 Solution: 
Use Cauchy-Schwartz: 
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LHS = a(1— 2bc) + (b+) < (a? + (b + ¢)?)((1 — 2bc)? + 1) 


So it’ll be enough to prove that : 


(a? + (b+ c)”)((1 — 2bc)? +1) < 24 (1+ 2be)(1 — be + 207?) < 1 & 4b?c? <1 


which is true because 
1>0b?+c > 2be 


554. 
Let a, b, c be positive reals satisfying a? + b? + c? = 3. Prove that 


(abe)? (a? +b? +c?) <3 
Solution: 


For the sake of convenience, let us introduce the new unknowns u, v, w as follows: 


u=a+b+c,v=ab+ be+ca,w = abc 


Now note that u? — 2v = 3 and a? +b? + 3 = u(u? — 3v) =u (3°). 


We are to prove that w? (u: es + 3w) <3. 
By AM-GM, We have 


b 
8/abe < — =—— Ww < = 
Hence, it suffices to prove that, 
9— 2 
ue . es + Mg 


2 37 
Hoiver, by QM-AM We have 


24424. ,2 
la ieee 3 att sts ey 


which proves the above inequality. 
555. 
Let a,b,c > 0 anda+b+c=1. Prove that : 


a b Cc 1 
= 
Ve+3c Ve+3a Va2?+3b~ V1+3abc 


Solution: 


1) 


Using Holder’s inequality 


(“ae So ab? + 3c) > (atbtc=1 


cyc cyc 
it is enough to prove that 

1+ 8abe > Vioye a(b? + 3c) 
Homogenise (a+b+c)?=1, 
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Also after Homogenising )°,,,,.a(b + 3c) = a7b + 0c + ca + abe + 3 sy 070 
(a+b+e)? =a9 +b) +c? + babe +3 >) sm ad 

it is enough to prove that 

e&&+0+3>ab4+bc+ca 

By AM-GM 

a® + a? +b? > 3a2b 

b? + 63 +c? > 3b? 

C+e+a° > 3ca 

Then a? +b? + 3 > a?b + b?c + c7a ,done 2) 


f(t) = Gil’ <0; f"(t) >0 


Using Jensen with iights a,b,c, We have 
af (b? + 3c) + bf (c? + 3a) + cf (a? + 3b) > f (ab? + bc? + ca” + 3ab + 3bc + 3ca) 


Now 


b 


By Holder, (a? + b? + c3) = ¥/(a3 + 63 + c3)(b3 + c3 + a3)(b3 + c3 + a3) > ab? + be? + ca? 


Again, 

3(a + b)(b+e)(c+a) 4 Babe = Yabe +3 S~ a7b = 3(a + b+ c)(ab + bc + ca) = 3(ab + be + ca) 
sym 

“1+ 8abe = (a+ b+)? + 3abc > ab? + bc? + ca? + 3ab + 3b + 3ca 

o. f(ab? + be? + ca? + 3ab + 3be + 3ca) > f(1 + 3abc) 


QED 
556. 


Let a,b,c,d be positive real numbers satisfying a+ b+c+d= 4.Prove that 


b 4ys il n 1 @ i i 
lita? ' 11+ ° 14+2° 114273 
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Solution: 11 
Lettax<b<c<d. if all of a,b,c,de€ | 0, 3) 
b d 4 1 
Then by Jensen, f(a) + f(b) + f(e) + f(d) < 4f (eee) =4f(1)= 5 
F (2) see < 0 (for all positive x) 
x) = ———_, r ve x 
(11 + 2)? : 
11 
At most 2 of a,b,c,d(namely c & d) can be greater than a 
in that case, 
a+b+c+d-8 
f(a) + f(b) + Fle) + F(a) < fla—1) + f(b-1) + fle 3)+ Fld 3) <4f ( Fi 
QED 
557. 
Let 0 <a < band tye € [a, b].Prove that 
1 1 1 2(a +b)? 
(ay + @g+...4+2%n)( —+—4+..4+ 2ue ) 
Ly 2X2 In dab 
Solution: 
1)We will prove that if a1,a2,...,@n € [a,b] (0 <a < 6) then 
i ae 1 +)? 
(aj tag +--+ +an)(—+—+---4 ee Yn 
ay a2 an dab 
1 1 1 
P= (a, +424 | eed meta atte 
ay ag an 
(aca Bea ar eh Se 
c c Cc ay a2 an 
la, ¢€ , a — an , €\2 
De ae? Sha ern 


11/11 
if x ( \/ ren a). f(z) 20 
diss : /11 /11 d or : 
Thus within the interval (- 3° t) , the quadratic polynomial is negative 
: ” : ee 11 11 
thereby making f”(a2) <0, and thus f(x) is concave within | — aeVa]- 


Function f(t) = ¢+ 4 have its maximum on [a,}] in a or b. We will choose c such that 


f(a) = f(b),¢= Vab. Then f(t) < /F + \/8. Then 


) = 4f( 


using Chebyshev. 
which is equal to 


2: 
ica os eels) (2: pee +] < ( Ezl +] 
Xn In —1 In 


by Cauchy-Schwartz. 


; 2 2 2 
Bigg hc Ot) ( a4...) Zien es 
rt; Va 2/ab In = 4ab 
Hence proved. 


558. 
Let x,y,z be positive real number such that xy + yz + zx = 1. Prove that 


Now 


? 


piety +22 +2) > Vaty+ Vy+2+ Veta) > 6v3 


Solution: 


From the constraint, We have 


(c+y)\ytz)=y +1 
(y+2)(z+2)=27+41 


(2+e)(at+y)=0? +1 


so that the right inequality can be rewritten as 


aotytet+ Var4+14 Vy? +14 V224+1> 3V3(1) 


(gty+2)7 =a? +y% +27 +2> eyt+ye+ 22 +2=3 


oty+z> 3(2) 
Also the function 


f®=vVt?+1 


is a convex function (its second derivative satisfies 


PO=e@+1) 7? >0 
Thus 


? 


Jett Vp+it V2 4 Tey (cae aaa 


and using (2) We obitan 


Vxr2tzt Vy? +14 V2241>2v3 
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Adding (2) and (3) yields (1). Asfor the left inequality ,it is equivalent to 
1 1 1 3V3 
| | < 
x? +1 ze+17 2 


T y2 ae 1 T 
The constraint allows us to write 


(4) 


a b € 
z= tan—,y = tan-, z = tan= 


2 2 2 
where a, b, ca are the angles of a triangle . Then (4) can be rewritten as 


a b c . 3Vv3 
COR 5 TP 5 CUE 2 


which holds because from the concavity of cos on (0, 5)We have 


< 


a b Cc ob e. 3/3 
< — : 
cos 5 + C085 C085 < 3cos 6 9 
559.(Tack Garfulkel inequality) 


Let triangle ABC.Prove that: 


3 
math thes Slatd+o 
Proof: 
Let 
r=p-a>O0,y=p-—b>0,z=p-c>0. 
=>a=yt2,b=24+4,c=4+y. 
We have 


a= GVEA = 5 VICES IEE 


1 
= 1 PTT TP mee = le py: 


= Fy[so+ 4 - Ta)(0+ = + van) 


4a 3(e + 5% - V(t 4 + VF) E 1 
“yd 2 ~ V3(2e + y +2 — Jz) 


And We have too: 


ly = ove op —5) < V/p(p—b) = Vy(e@tytz2) 


1, = 8 p= 9 < Vale = 9) = Vee Fura) 
Sanity ge BF ytAVy + v2) 
Qet+y+z-VJyz 2 WS ce 
as Fi + ve ty t2>-(vu + v2) 
Ste ty te Vet etutet SVatve? 
< Ble +y +2) (Va - v2)" 


1 V3 
< —3(4@+y+z)< = 
< hk y a5 


3 
=> marlisle < Platb+0)(1) 


V3 


=o Me ty thes (arbre) 


(a+b+c) 


Equality ocur ifa=b=c 
560. 
Let a,b,c be pove real number such that abc = 1.Prove that: 


ioe a+b+c+3 
< B 4/ 5 s 


Proof: 


S> 20? Foe = ST v _ we me </(x "hae re) ey =) 


< 4] 1/3 > (are + b?e2). 3D (sz) 


= 1[3(ab + be + ca) Va +b +e = /3(ab + be + ca) abc(a + b+) 


ab+be+ca 4p ab+bc+ca /a+b+c+3 
< t } — = < = 5 
< in bc + ca) A V3(ab + be + ca) < V3 4/ 5 


561. 

Let n is a positive integer, real numbers ay, @9,...,@p), and 11,19,...,7%p satisfies ay < ag < 
«<a, and0<7r1 <1T2 <... Ky, 

Prove that: 


n n 
S- S- ayaj;min(r;,r;) > 0 


i=1 j=l 
Proof: 
for n=1, it is trivial. 
assume n > 2, and awe(i = 1,2,...,n) are neither all positive nor all negative, otherwise 
LHS is obviously >=0. 
WLOG, let 
a, <0 < atqi 


letb; = —awe for i = 1,2,...,t, 


n n 
> S- a,aj;min(r;,r;) > 0 


i=1 j=1 
n n t t n t 
=—> ) ) avajmin(ri,r;) + ) y ayajmin(ri,r;) +2 y y avajmin(r;,rj) > 0 
i=t+1 j=t+1 i=1 j=l i=t+1 j=1 
n n t t n t 
=> ) ) avajmin(ry, rj) + ) ) bibjmin(ri,7;) — 2 y y aibjr; > 0 
j=t+1 j=t+1 i=2 j=1 i=t+1 j=1 
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t 
= 2 Ne agajri + See SS bine oir =a Sa eee 
t+l<i<j<n i=t4+1 1<i<jg<t t=t41 j=l 

ae = 0,it is trivial. If rz41 4 0 We have : 
Saree (i = 1,2,...,¢),since {rye} is monotonously increasing. 
Hence 


t 
2 S- ajajri + Ss atr; +2 oe bibyri + 3 ber, — 2( 5° ai)(S> byr;) 
j=l 


t+l<i<j<n i=t+1 l<i<j<t i=t+1 
Sran(eadt +2 birth + Sain 2 aC So a Dob) 
t+1 1<i<j<t ae i=t+l 
n t n 
_, bweri)? 
=rigi()_ ai)? + (Quiet i) 20-5, a(S? b;r;) > 0 
t+1 Mel i=t+1 j=l 
By AM-GWM’s inequalities. 
equality holds if r) = rz =... =r, and >", ria; = 0 
562. 


Let a,b,c > 0,a+b+c=3. Prove that: 


ae A cat oa ily ae, 8 
Ve@+l VB@+1 Ve+1 Va’ vo ve! V2 
Proof: 
1) 
Let 
fe) = et % = (y/2? +1) F + (Ve) 
Ve2+1 Va 
Inequality ‘ 
<=> f(a) + f(b) + flo) a5 
We have 3 
f(x) = (x? +1)72 (22? — 1) + vat 
f" (2) (x? +1)72 (2x? —1)+ sof >0 
S os Pe 
J(a2+1% 4v2x5 
© 4V/05. (2a? — 1) + 3\/(@? +1)> 5 0 
1 
Brae 
i 
TOSS I 
3.4/ (a2 +1)5 > 4y/x5 (22? — 1)? & 9.(2? +1)? > 162° (22? — 1)? 
We have 


LHS > 9.(2z)° > 16x° > 16x°(22 — 1)? = RHS 


Because 0 < 4 < 5 
Hence f’ (x) > OVa. 
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By fensen’s inequality, We have: 


a+b+c 3 
+ f(b) + f(c) > 3f(——_ ) = 3f (1) = 3+ = 
Fla) + f(b) + Fle) 2 8f(— 3) = 8f (1) Bs 
2) 
1 1 1 1 
LHS = ——— +4 +(1 F 
Ds t eg) tl Ze) DI) 
1 1 1 
>2 + (1 P 
~ DS rea ( Va LF) 
V2 1 9 
pe) + (1 —) ere 
SOG a) 1) ae 
9 i 9 
8/2. +(1 
= at+b+c+3 ( Woy J3(a+b+c) 
9 1 9 3 
343 | | ou V3.3 V2 
563. 
Let ABC be a triangle, and A, B, C its angles. Prove that 
: OH la BE 4s on ee BOSE ae SE gener 
sin > in — + sin < cos —, s— cos —5 
Proof: 
We have: 


Yeo 75£ > Ysin 2! = 2S sin 2 sin S + 7 sin > 


3) sin 4-4 sin? 4 = 43 sin £425 sin B sin S > 2 sin 4 (x) 


Now, We will prove that: 


9 ae eee pire, Fs Piles BN 2 As B (1) 
sin” 5 tsin' 5] +sing (sn +sin> | 2s8in> +sinG 
Indeed, We have: 


A A.B B 
oO 2 (sin? —sin Fin F + sin? Z) tin > 


2 2 2 
A+B A-B 
<=> 1-cosA+1-—cosB+ cos 5 cos 5 sin S > 1 


, what is truly. 


C 
= 1+ 2sin > > cos A + cos B + cos 


Similar, We have: 


B A 
2 (sin at sin® 5) + sin 9 (sin 


C B 
2 (si’ 5 sin >) + sin 5 sin 


From (1), (2) and (3) We have 


A By A 
4) jsin? 5 +2) (sin > sin 5 > 2) /sin 5 QED 
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564. 


If a, b, c are non-negative numbers,then 


pe Cs — bc) V a? + 4bc > 0 


Proof: 


Sp (a? — bc) fa? + 4b0 > 06 Soa Va? + 4bc > bev/ a? + 4bc & 


cyc cyc 


S S- (0° + 4atbe + 2a7b? \/(a2 + 4bc) (b? + 4ac)) > 


cyc 
> S- (20? + 4a3b? + 2c?ab\/(a? + 4bc)(b2 + ac) ) . 
cyc 


But 2ab? \/(a? + 4bc)(b? + 4ac) > 2a%b? + 8a7b?cVab and 


2c7aby/ (a? + 4bc)(b? + 4ac) < a3c?b + b3c7a + 4c2a7b + 4c3b7 4. 
Id est, it remains to prove that 


oy (a° — 2a3b? + 4a*be + 8a2b?cV ab — 5a°b?c — 5ac?b — abc?) > 0. 


cyc 


We obtain: 


So (a — 20°? + a*be) = So(a® a°b — ac + a*bc) 4 S (ab + a°c — 2a3b?) > 0 
cyc cyc cyc 
and 
So (We ab — a7b?c?) > 0. 
cyc 
Let’s assume a = x”, b = y? and c = z?, where x, y and z are non-negative numbers. 


Hence, it remains to prove that. 


Ge bay? — Sa*z? + Tay?) > OS 


cyc 


So S° (32° — 10ar4y? + 1427 y? — 1027y4 + 3y°) >03o 


cyc 


& So (a —y)?(Ba4 + 6a3y — xy? + bay? + By*) > 0. 
cyc 
565. 
Prove that if k, n € N* so that 


Svat = 1,then: Soa +] 2 > Vnk-T + (W/n)” 
las ai 


i=1 
Proof: 

Manifestly the statement have to specify k > 1, awe > 0. 
Because of AM — GM inequality We have 


Because of x* is convexe We have 


n n 


n(d—ai/n)* < a = 


i=l 


s0° >) ,4 di n'® Let! sdenotef(x)=x+ (naz so 


so f(a) is decreasing for x €]0, n]. 


k-1 k-1 


n 


We have ls 
0<A=Soaj<nF <n 
j=l 

so 

“ Be dl nee Oe ak 

doa + [= dai + (n/ da) AS (Gre Sn eat 

i=l w=1 i=1 i=l 
566. 


Let x,y, z are non-zero numbers such that «+ y+ z= 0. Find the maximum value of 


YZ eu ay 
aaa a) 
Proof: 
1) 
vad ee wd os 
v y 


where a, b,c are real numbers. 


zyz = az? = by? = c3z5, vty te= VaR ( 


1 
= -+54+-=0 


1 1 
a b oe 


Te le atid 
w+pts)= 
a Cc 


since xyz # OOntheotherhandabe = 1,ab + be + ca = 0%3 + H+ Y= a8 


(a+b+c)? —3[(a+b+c)(ab+ be + ca) — abc]= (a+ b+)? 


Let u be a real number such that u=a+b+e 


Then it is easy to see that a,b,c are roots of the polynomial P(t) = t? — ut? — 1 


Let f(t) be a function such that 


1 


EG ak cage 


Then a, b,c satisfy the equation f(t) = u Now We will prove that if 


Va 


then the equation f(¢) = u has no more than one root. 


U> 


iL 
Uu> 


Wt 
(¢—~7/-2) (: 


wn) 
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= = f=t-5>2 


2 Va 


=> 


1 
>0=— t>—= 


WA 


2 
= Fi)=1+ Gq >0 


This shows that if u > pp then the equation f(t) = u has no more than one root. 


ee 
max — VA 
15 
Emax = (u3 + 3) nak _ ae 


Equality holds when (2, y, z) = (k, k, —2k) 

2) 

By Dirichlet Principle , exits two number from 2, y, z ( assume that x,y ) such that xy > 0 
Then z = —(a+ y) And 


pe _¥ety) _ eety) ty 
x yr (w@t+y)” 
x a 2g 
ay ag zt a eae ) 
(@+y)? “yoo wy a 
< + -4= —2 So MaxE = —2 , equality holds when (z,y,z) = (k,k,—2k) or cyclic 
permutation. 
567. 


Let ABC be a triangle with altitudes ha, hy, he, angle bisectors Ig, Ip, Ie, exradiWe rq, rb, 


re, inradius r and circumradius R. Prove or disprove the inequality 


> hata thory + here 2 laa tlory + Lele Z 27 


e Rr ~ Rr 2 


Solution: 


Satan 2hetits ye 1 
Rr Rr rotte)- 


2rere 


This is because: 


a= 


rote. 


Walble 3 1 _ 2rarore Sra +17d) (Ta + Te) 
Rr r+re) Rr Tl(a + 10) ; 


Now we use the fact that: 


Then 


TaTole = pr, 
[[@a tr) = 47°, 
ba +rv)(Ta te) = Se + 3. har =(ratrot Te)" + 2 ri. 


Also 
Sra =4R+r 


ye Tato = p 
We put all these relations head to head and it follows that 
hata _ (4R +1)? +p? 
Rr 2R? : 
Thus we have 8Rr +r? + p? > 0, which is obvious. 


and 
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